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Abstract

We propose a neural network-based approach for the portfolio optimization problem
under 130/30 constraints. Specifically, we formulate the dynamic benchmark outper-
forming problem as a multi-period stochastic optimal control problem. To overcome
computational challenges due to high dimensionality and non-standard constraints
which depend on distinction between long or short positions, we propose a novel
relaxed-constraint neural network (RCNN) model to represent a feasible control. Us-
ing the proposed RCNN model, the original high dimensional constrained multi-period
stochastic optimal control problem is transformed into an unconstrained optimization
problem. This makes it feasible to discover the optimal 130/30 strategies directly by
solving a DNN using gradient descent, without using dynamic programming. In ad-
dition, we prove mathematically that the RCNN model can approximate the optimal
130/30 strategy with an arbitrary precision. Based on the cumulative quadratic short-
fall (CS) performance metric, using CRSP market data from 1/1/1926 to 1/1/2023,
we computationally demonstrate the advantages of 130/30 strategies over long-only
strategies in outperforming various benchmark portfolios, which includes better return
and risk profile.
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1 Introduction

1.1 Rise and fall of 130/30 strategy

130/30 strategies, or more generally, 1X0/X0 strategies, are known as relaxed constraint
(RC) or active extension strategies (Ang et al., 2017). These relaxed constraint strategies
constitute a class of investment strategies that allow portfolio managers to simultaneously
hold long and short positions in a diverse universe of securities. Among these strategies, the
130/30 strategy, in particular, has gained significant popularity and recognition. In the case
of the 130/30 strategy, the portfolio allows an aggregate long position of up to 130% of the
total wealth and a total short position of up to 30%. Alternative notable variants of 1X0/X0
strategies encompass distinct structures spanning from 120/20 to 150/ 50[] The primary focus
of this article is on the 130/30 strategy. However, the methodological framework proposed
herein can readily be applied to other variants within the 1X0/X0 family.

The 130/30 investment strategy represents a promising advancement over traditional
long-only portfolios by permitting short positions, enabling a more dynamic and sophis-
ticated approach to portfolio management. This strategy is particularly appealing to in-
vestors amidst the current environment of global economic uncertainties and a potential
regime switch in the financial market. By embracing short positions, the 130/30 strategy
offers investors access to more flexible investment vehicles to adapt and capitalize on both
positive and negative market trends, potentially enhancing their ability to navigate market
uncertainty and achieve desired investment outcomes.

Shortly before the financial crisis of 2007-2009, the 130/30 strategy gained much atten-
tion from the investment community. Numerous studies surrounding the 130/30 strategy
emerged amidst its increasing popularity (e.g. Johnson et al. (2007)); Gastineau (2008)); Lo
and Patel (2008); Krusen et al. (2008)). In 2007, Tabb Group, a consultancy firm, projected
that the size of 130/30 funds would reach $2 trillion by 2010 (Tabb and Johnson, 2007). Un-
fortunately, the actual performance of 130/30 funds since their inception was disappointing
(Gay, 2012). By the end of 2012, the total identifiable assets of 130/30 funds, across Europe
and the United States, amounted to a mere $9 billion, significantly below the optimistic
expectation set in 2007 (Johnson, 2013). Since then, 130/30 funds have never regained the
level of popularity witnessed in 2007. In a recent report by Morningstar, the concept of
130/30 funds is regarded as a “flopped” invention (Rekenthaler, 2022).

Some argue that the underperformance of 130/30 funds can be attributed to poor timing,
as many of these funds were launched just before the onset of the financial crisis of 2007-2009,
suffering market downturn alongside other active funds that had a net positive exposure to
the market. However, reports indicate that, even when compared to long-only funds, which
the 130/30 funds were designed to replace, the 130/30 funds did not demonstrate superior
returns (Johnson, |2013)). This is perplexing since 130/30 portfolios theoretically offer a larger
solution space than long-only portfolios due to the relaxed constraint. Indeed, empirical
evidence fails to support the anticipated performance advantage. Practitioners attribute

!The structure is capped at 150/50 due to Federal Reserve Board Regulation T (Federal Reserve Board,
1974).
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the poor performance of 130/30 funds to the managers’ inability to effectively apply their
knowledge of long-only strategies to shorting stocks.

A closer examination reveals that many 130/30 funds, particularly those managed quan-
titatively, adopted a heuristic stock ranking system as a means to manage their 130/30
portfolios. This ranking system involved assessing all stocks within the investment universe
and constructing the 130/30 portfolio by taking long positions in the highest-ranked stocks
and short positions in the lowest-ranked stocks (Leibowitz et al.,|2009; Korhonen and Kunz,
2010). In comparison to computing an optimal portfolio that maximizes a specific perfor-
mance metric based on an appropriately predefined investment objective, the use of a stock
ranking system appears simplistic and lacking in rigor. Fundamentally, this crude approach
may be the underlying cause of the poor performance observed in 130/30 funds.

Can the optimal 130/30 strategy significantly outperform the long-only strategy under
a suitable performance objective? To answer this question, it is necessary to first develop
a computational method to solve the challenging multi-period stochastic optimal control
problem under non-standard constraints, which is inherently more complex than that of
long-only portfolios, particularly in a high dimensional context. The complexity stems, in
part, from the non-standard 130/30 portfolio constraint, where the position bounds are
contingent on distinction between long and short positions. This portfolio approach allows
flexibility in taking short positions in any asset while imposing a limit on the total long
position. In fact, the literature on the topic of 130/30 portfolio optimization, particularly in
the context of multi-period settings, remains scarce, even to this day. Consequently, many
130/30 funds had to rely on less rigorous approaches, such as ranking systems, to construct
their portfolios. Given the limited knowledge and tools available at the time, it is perhaps not
surprising that these crude approaches failed to deliver satisfactory results. Consequently,
one of the primary objectives of this paper is to develop an efficient computational method to
identify optimal 130/30 strategies and evaluate their performance in comparison to long-only
strategies.

1.2 Portfolio optimization under 130/30 constraints

In this article, we propose a neural network portfolio optimization framework to address
the problem of constructing an optimal 130/30 portfolio. In particular, we formulate a
multi-period stochastic optimal control problem with 130/30 portfolio constraints, in which
security prices are assumed to be stochastic. The goal is to compute the parameters of the
neural network which approximates the optimal control function that represents the optimal
130/30 strategy.

Existing literature related to 130/30 strategies primarily focuses on empirical studies
and is not concerned with solving portfolio optimization problems under 130/30 constraints.
On the other hand, literature in the domain of multi-period portfolio optimization either
disregards allocation constraints at all (Zhou and Li, [2000; Li and Ng, 2000) or considers
simple constraints such as long-only stock positions with unbounded leverage (Li et al.,
2002)), with minimal attention given to the unique characteristics of 130/30 strategies. This
limited research can be attributed to the non-conventional nature of the total long position
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constraint imposed by the 130/30 rule, which existing methodologies do not address.

Given the scarcity of literature on the optimization of 130/30 portfolios, we aim to
bridge this gap by providing a novel portfolio optimization framework that addresses the
specific challenges posed by the 130/30 constraints. In particular, we propose to use a
neural network model to approximate the optimal 130/30 strategy. On a high level, the
idea of approximating the optimal control (allocation strategy) in a multi-period portfolio
optimization problem is also considered in Han et al.|(2016); Tsang and Wong (2020); Reppen
et al. (2023); |Li and Forsyth| (2019); van Staden et al.| (2023); Ni et al.| (2022} 2023)). However,
Han et al.| (2016)); Tsang and Wong (2020)) consider a stacked neural network approach which
uses a different subnetwork at every rebalancing time, which is computationally inefficient.
On the other hand, Li and Forsyth (2019)); Reppen et al.| (2023); van Staden et al.| (2023)
use a single recurrent neural network for all timesteps, in which time is considered a feature
for the network model.

In neural network models for portfolio optimization, it is common to incorporate con-
straints by designing the model in a way that satisfies the constraints automatically. One
common approach is to use the softmax activation function in the last layer of the network,
ensuring that the output allocation fractions are non-negative and sum up to one. This
technique is widely used in both portfolio optimization with long-only constraints and other
fields such as classification and probabilistic modeling. By formulating the problem as an un-
constrained optimization with appropriate activation functions, gradient-based optimization
algorithms, e.g., stochastic gradient descent (SGD) can be applied readily (Buehler et al.|
2019).

However, for the 130/30 constraints, which explicitly distinguish long and short positions
to limit the total long position of the portfolio to 130%, it is not immediately obvious how
to design such a neural network model. The closest work is the proposed methodology in |Ni
et al.| (2023)), in which the authors consider the multi-period portfolio optimization problem
where the portfolio allows bounded leverage. However, in |Ni et al.| (2023)), it is assumed that
the manager can only short a specific pre-determined subset of the universe of securities,
which does not pertain to the 130/30 portfolio setting.

To address this, we propose a novel relazed-constraint neural network (RCNN) model that
explicitly satisfies the 130/30 constraints by designing the neural network model with appro-
priate activation functions. Using the proposed RCNN, we convert the unusually constrained
stochastic optimization problem into an unconstrained optimization problem, making com-
puting a solution computationally feasible. Furthermore, we mathematically prove that the
RCNN can approximate any optimal 130/30 strategy arbitrarily well, implying the capability
of the proposed RCNN to yield the optimal 130/30 strategy via unconstrained optimization.

Since 130/30 funds are considered part of the long-only fund family in practice, and are
often evaluated based on their relative performance to a passive benchmark portfolio, we
deliberately choose a cumulative quadratic shortfall (CS) objective function that measures
the tracking performance of the active portfolio against the benchmark. However, the RCNN
is flexible and is immediately applicable to any continuous investment objective function.
As long as standard optimization methods can backpropagate through the chosen objective
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function, our methodology can be applied to a wide range of investment problems with ease.

To demonstrate, in this paper, we utilize the proposed RCNN to computationally investi-
gate the performance of the optimal 130/30 strategy in comparison to the optimal long-only
strategies in a four-asset investment universe. Our results demonstrate clear advantages of
the 130/30 strategy, showcasing superior returns and improved risk management outcomes.
This empirical evidence not only validates the effectiveness of our proposed RCNN approach
but also highlights the untapped potential of 130/30 portfolios that is yet to be fully realized.

2 Mathematical formulation

In this section, we mathematically formalize the multi-period portfolio optimization problem
with 130/30 constraints.

As mentioned in Section , 130/30 funds are considered part of the extended family of
long-only funds due to the net long exposure to the market, and are thus assessed against
a passive benchmark. Therefore, we compare two portfolios: an active portfolio and a
benchmark portfolio. We consider a fixed-horizon investment period of [ty,T]. At time
t € [to, T, let W (t), W (t) denote the wealth values of the active portfolio and the benchmark
portfolio respectively. To ensure a fair assessment of the relative performance of the two
portfolios, we assume both portfolios start with an equal initial value wy > 0, i.e. W(ty) =
W(to) = wy > 0.

For simplicity, we assume that both the active portfolio and the benchmark portfolio
can allocate among the same set of N, assets. Let vector S(t) € RM= denote prices of
the N, underlying assets at time ¢ € [to,T], where S(t) = (S;i(t) : i = 1,--- ,N,)". In
this article, asset prices S(t) € RYe are assumed to be stochastic. In addition, let vectors
plt) = (pgt) ci=1,---,N,)T € RV and p\¥ = (ﬁz@ ti=1,---,N,)" € RY denote the
allocation fractions to N, underlying assets at time t € [to, T, for the active portfolio and the
benchmark portfolio respectively. In this article, we consider a passive benchmark portfolio,
ie. p) = p, Vt € [0,T], where p is a constant vector that represents the pre-defined
allocation fractions to each asset.

Under an optimal control perspective, the allocation vector p® is a stochastic process
denoting the control value at time ¢, which defines the evolution of the portfolio values. In
general, the control is a function of the state variables that fully describe the state of the
dynamic system. It is shown that under common assumptions on the asset price evolutions,
e.g., jump-diffusion processes, the state variables for the optimal control are simply the
portfolio values and time (Dang and Forsyth, 2014)). While we consider the simple case of the
portfolio values and time as state variables in this article, incorporating additional features as

state variables poses no technical challenges for the proposed methodology. Mathematically,

PO = p(X(t) = (pi(X (1) 1 € {1,-++ ,N})T € R, where X(t) = (£, W(t), (1)) €

X CR3 and p; : X — R. Our goal is to find the optimal control function p : X — R3, so
that the relative performance measure of the active portfolio (following control p) over the
benchmark portfolio (following $')) is maximized.

We assume that the active portfolio and the benchmark portfolio follow the same discrete



190

191

192

194

195

196

197

198

199

200

201

202

203

204

205

206

207

208

209

210

211

212

213

214

215

216

217

rebalancing schedule denoted by T C [tg,T|. Specifically, we consider an equally spaced
discrete schedule with N rebalancing events, i.e.

T:{ti:z’:O,---,N—l}, (2.1)

where t; = iAt, and At =T/N.

2.1 Feasible strategies under 130/30 constraints
Here we first mathematically define the constraints for the feasible 130/30 strategies.

Definition 2.1. (Feasible strategies under 130/30 constraints). A strategy p : X + RNa s
a feasible strateqy under the 130/30 constraints if and only if

Im(p) C Z, (2.2)

where Im(p) denotes the image of p and Z C RN« encodes the 130/30 constraints, i.e. the
summation to one constraint and the mazimum total long position constraint, as follows,

Na Na
Z = {z ERYD z=1> (2)" < Praa; } (2.3)
i=1 i=1
where (z;)T = max(z;,0) is the positive part of z;, and Ppa. i a constant.

Furthermore, the set of all feasible strategies is denoted by A.

Remark 2.1. (Choice of ppa.). Since we focus on the 130/30 strategies in this article, we
choose ppar = 1.3 as the maximum total long position of the portfolio (consequently, the
total magnitude of fractions in the short position is upper bounded by 30%). However, the
methodology can be readily applied to other 1X0/X0 strategies to accommodate different
values of pp,q.. For example, for portfolios with the 150/50 constraints, py,q. will be 1.5.

2.2 Stochastic optimal control problem

In this article, we consider a registered investment fund operating as a limited-liability legal
entity (Carney, 1998). This structure is commonly found among investment funds in the
United States (Fung and Hsieh| |1999; McCrary, 2004). Limited liability is a crucial char-
acteristic of these funds that restricts investors’ liability to the amount they have invested
in the fund (Easterbrook and Fischel, [1985). Consequently, investors are protected from
personal liability for the fund’s debts or obligations beyond their initial investment.

Due to the nature of the active portfolio considered here, which permits both long and
short positions, there is a theoretical possibility for the value of the portfolio to become
negative. In such circumstances, the fund would initiate a bankruptcy process, resulting in
the settlement of outstanding liabilities and the cessation of future trading activities. From
a mathematical perspective, the portfolio value remains at zero throughout the remainder of



218

219

220

221

222

223

224

225

226

227

228

229

230

231

232

233

234

235

236

242

243

244

245

246

247

the investment horizon. In addition, for simplicity, we assume no subsequent cash injections
beyond the initial investment. Consequently, the evolution of the portfolio values, from the
perspective of an investor in a limited-liability fund, can be described as follows:

Na
Si j -S; j 3
(Zp(X () - S )W), i Wity) >0,
if W(t;) <0, vje{0,---,N-1},

Witj1) =

0,
Wtj1) = (Zﬁ Sl oS0 Yy (1),
(2.4)

Let W, = {W(t),t € T} and W; = {W(t),t € T} represent trajectories of the port-
folio values for the active portfolio and the benchmark portfolio respectively, following the
dynamics specified in equation ( . We denote an investment metric by F(W,, W, 5) € R,
which quantifies the relative performance of the active portfolio in relation to the benchmark
portfolio based on their respective value trajectories.

Note that the value trajectories W, Wp, and the performance metric F' (Wp,W ) are
also stochastic, since asset prices S(t) € RN« are stochastic. Therefore, when investment
managers aim to optimize an investment metric, the evaluation typically is the expectation
of the chosen random performance metric.

Let Ef"0[F (W,, W;)] denote the expectation of the performance metric F, given a
specific initial value (i.e. the initial cash injection amount) wy = W(0) = W(0) at time
to = 0. Furthermore, the expectation is evaluated for the wealth trajectories following the
admissible investment strategies p € A and the benchmark investment strategy p. As we
assume the benchmark strategy to be predetermined and known, we keep the benchmark
strategy p implicit in this notation for simplicity. Subsequently, we try to solve the following
stochastic optimization (SO) problem:

(Stochastic optimization problem): 1n£ E{fow0) [F (W, Wﬁ)]. (2.5)

pe
Solving the constrained stochastic optimal control problem (2.5 is challenging due to the
presence of the intricate feasibility constraint (2.2)) represented by the set A. In the subse-
quent section, we propose a neural network methodology that circumvents the complexity in

handling this constraint through the introduction of a specially designed relaxed-constraint
neural network (RCNN) model.

3 Relaxed-constraint neural network (RCNN)

In this section, we propose a neural network for solving the stochastic optimization problem
(2.5) with 130/30 constraints. Given the non-standard nature of these constraints, which
involve discerning between long and short positions and imposing an upper limit on total
long positions, the key idea is to approximate the optimal control function by designing a
neural network function that automatically satisfies the feasibility constraint .
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In other words, we want to design a neural network fg : X — R™a, where § € RYe
represents the parameters of the neural network (i.e., weights and biases), that approximates
the control function p as follows:

p(X (1) =~ fo(X (1)), (3.1)

and
fo(X(t) € Z, VX (t) € X, (3.2)

where Z is defined in (2.3)).

Then, the output of the neural network fg is automatically a feasible 130/30 strategy, i.e.,
fo € A, where A is the set of 130/30 strategies described in Definition with pres = 1.3.
Consequently, the original constrained optimization problem can be transformed into
the following unconstrained optimization problem, which is computationally solvable using
standard optimization methods for unconstrained minimization problems:

(Unconstrained optimization problem): , é%fv ) EE};’“’O) [F(We, Wp)} (3.3)
Here Wy is the wealth trajectory of the active portfolio with control following the neural
network parameterized by 6.

3.1 Model design

To achieve 130/30 constraint explicitly, our proposed RCNN applies a tailored activation
function to the output of a fully connected feed-forward network, which is described below
following notations used in Lu and Lu (2020).

Definition 3.1. (Fully connected feedforward neural network fg). A fully connected feed-
forward neural network (FNN) maps an input vector & € R% to an output vector h € Rx+1,
and contains K hidden layers of sizes dyi,--- ,dx. The neural network is parameterized by
the weight matrices ) € R¥%—1%d aqnd bias vectors OZEk) eER, fork=1,---,K+1. Then,
the output h is derived from the input x iteratively as follows.

— m)
20 =o((09) 2tV o) 1<k <K, (3.4)
h— (9(K+1))T ) 4 gl

Here o is the pointwise sigmoid activation function, i.e. for any vector z, [o(z)]; = o(z;).
For notational simplicity, we flatten and assembly all weight matrices and bias vectors into a
single parameter vector @ = (8, 05,1), con QUEFD Ol()KH))T € RMo where Ng = kK:Jrll(dk_l-

dr+dy). Furthermore, we use the 2-tuple (K, (dy,--- ,dK)T> to denote the hyperparameters,

i.e. the number of hidden layers and the sizes of each hidden layer.
The function defined by the above fully connected feedforward neural network parameter-
ized by O 1s denoted by fg.
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Note that the size of @ depends on hyperparameters (K, (dy, - ,dK)T). However, for

notational simplicity, we omit the 2-tuple in fq.

We propose the following relaxed-constraint activation function, which is applied to the
output of FNN fp.

(hla e 7hNa—1)T €
define the “bounded

Definition 3.2. (Relaxed-constraint activation function). Let h
RNt be any output of a FNN fg. Given a constant o € R, a #
mapping”, ¢ : RNa=1 s RNe=1 g5 follows,

N = ||
-

d1(h) = (1 —a) + (2a — 1) - o(h). (3.5)

Here o : RNe=1 s RNe=1 s the pointwise sigmoid function, i.e. [o(h)]; = o(h;). ¢1 maps
the unbounded real vector space RN*=1 into the bounded open set of (1 —a, )Nt if a > %
or (a,1—a)¥1 ifa < 1P

Next, for any u = (u1,--- ,uy,_1)" € RN~1 define the “extension mapping”, ¢y :

RNe=1 5 RNa | gs
Ng—1 T
do(u) = (u,l— > u) . (3.6)

i=1
&9 extends a vector from RN~ into a vector in RN« which has the property that all entries
of this vector sum up to one.

Furthermore, for any v = (vy,---,vn,)" € RN and a constant pne. > 1, define the
“scaling mapping”, ¢5 : RNe s RNe | gs

¢ (’U) . {’07 Zf Zz 1(”2) S Pmaz, (3 7)
3 - + . Pmaz - 1—pmax '

v z:z]'\[:a1(vi)7L tv 1‘2?:‘11 v;)t’ Zf ZZ 1(1}1) = Pmaz-
Here (v;)™ = max(v;,0),Vi € {1,--+ ,N,}. v7 = (max(vy,0),- - ,max(vNa,O))T € RN+ and
v = (min(vl,O), e ,rnin('uj\za,O))T € RM are the positive and negative parts of vector v.

o5 scales any vector in RN« so that the sum of all positive entries of the scaled vector is less
than or equal to the constant p,,a..
Finally, define the “relaved-constraint activation function”, ¢ : RNa=1 s RNe  qs

¢ =¢30¢3009. (3.8)

In other words, the relaxed-constraint activation function ¢ is a composition of ¢s, ps and

1.

Finally, we define the relaxed-constraint neural network (RCNN) as follows.

20bviously, if o = %, then ¢ becomes a trivial constant mapping.
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Definition 3.3. (Relaxed-constraint neural network). Let X C R% be the state space (do-
main of the feature state variables). Given hyperparameters (K, (dy,--- ,dK)T) representing
the number of hidden layers and their sizes, and given weight and bias parameter @, let
fo : X — RNe=1 be the fully connected feedforward neural network (FNN) function param-
eterized by 0 as defined in Definition . Let ¢ : RNa=1 s RNe pe the relazed-constraint
activation function defined in Definition 3.9 Then, we define the relaxed-constraint neural
network (RCNN) function, fo: X — RNe  as

fo=d0 fo. (3.9)

We first establish the following Lemma to show that the RCNN function defined in
Definition is a feasible strategy that satisfies the 130/30 constraints.

Lemma 3.1. (Feasibility of RCNN function). For any hyperparameters (K, (dy,--- ,dg)")
(i.e. number of hidden layers and their sizes), and parameter 0, let fg be the corresponding
RCNN function defined in Definition . Then, for any € € X C R%, fo(x) € Z, where
Z is the feasibility region defined in , i.e., fg 1s a feasible strateqy under the 130/30
constraints, as described in Definition[2.1]

Proof. For any @ € X, let h = fo(x) and y = fg(x), where fg is the FNN in Definition .
We show that y € Z. Let y = (y1,--- ,yn,) . This is equivalent to establishing

{25\21 yi =1, (3‘10)

ZZN:al (yz)Jr S Pmaz-

Let ¢1, 92 and ¢35 be the bounded mapping, extension mapping, and scaling mapping in
Definition . Let v = ¢o(h1(h)) € RNe and y = ¢3(v). Note that S0 v; = 1 follows from
definition of ¢,.

If Zivz“l(viﬁ < Prmaz, then y = ¢3(v) = v € Z. On the other hand, if Zivz“l(viﬁ > Dinaz
then

y = d3(v) = (v)* - LmeE__y (p) L Pmar (3.11)

> i (i)t ' 1= (o)t

Note that —fzez— > 0, —=kmee— > (. Thus,

21:1(vi)+ ’ lfzzj‘v:tﬁ(vi)
) =) s
(y)* — (rv)* . ll__lpma:c (312)
N 1_Z£\211(7Ji)+ ’
Then, we have
Z’f\il (yz)+ = p;nm Zf\g (UZ)+ = Pmax < Pmazx
1 ZN (v;)+ ( 1 ) (3'13)
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and

Nea N, Na
Zyi = Z(yz>+ + Z(?/z)_ =1 (3.14)
i=1 i=1 i=1

Therefore, both conditions in (3.10]) are satisfied, thus concluding the proof. O

Remark 3.1. (Intuition behind the RCNN design). As shown in Definition [3.3) the RCNN
function is constructed by applying the relaxed-constraint activation function ¢ in Definition
to the output of a FNN in Definition [3.1} The FNN provides universal approximation
by connecting sufficient hidden layers and nodes via the sigmoid activation functions. The
relaxed-constraint activation function ¢, on the other hand, guarantees that the RCNN
function satisfies the 130/30 constraints. In particular, recall the three mappings ¢1, ¢o and
¢3 in Definition . ¢1 maps the output of the FNN (which is scattered over R¥~1) into
a bounded region of (1 — a, ) if & > L or (a,1 — &)™~ if @ < 1. In the context
of asset allocation, the output of ¢; represents an initial estimate of the allocation fraction
for the first N, — 1 assets. Since the total long position is upper bounded by pna. > 1,
the allocation fraction for each asset lies in [1 — paz, Pmaz]. Therefore, we choose a to be
slightly larger than p,,.. (in numerical experiments, we use a = P, + € where ¢ = 107°
is a small constant), so that (1 — a, a)M+~1 tightly covers [1 — Pz, Pmae) e L. As we will
show in the following lemma, choosing o > p,... guarantees the existence of a right inverse
of ¢, which is critical to ensuring the RCNN function can approximate the optimal 130/30
strategy accurately. Subsequently, ¢, guarantees that the summation to one constraint is
satisfied, and ¢3 guarantees that the maximum total long position constraint is satisfied
while preserving the summation to one property obtained from ¢5. It is worth noting that
without ¢;, the RCNN function is still a feasible 130/30 strategy. However, we find that
applying ¢, allows faster convergence in the training of the neural network, since it narrows
down roughly into the correct range.

As discussed in Remark 3.1 we show that ¢ has a right inverse if @ > P

Lemma 3.2. (Ezistence of right-inverse of ¢). Given a relaxed constraint activation function
¢ RNe=1 s RN gs defined in Definition . Let ppaz be the maximum total long position
in . If & > Ppae, then there exists a function ¢ : Im(p) — RNa=1 such that

03 () = 9, Yy € Im(9),
i.€e., E) 1s the right-inverse of ¢.
Proof. Let y = (y1,-++ ,yn,) € Im(¢) C R, According to Lemma
Im(4) C 2. (3.15)

From (3.10), i € [1 — Pmazs Pmaz), Vi € {1,--+ , N, }. Then,

’L_l — MPmazx mam_l 0 20 — 1
Y —l—ae[a P a+Dp ] ( «Q )z(O,l).

Nl
200 — 1 20—1 "7 2a-—1 20— 1" 2a— 1 (3.16)
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We can then define ¢ : I'm(¢) — RM~1 as
— a1+« 1 /UN—1 — 14 )T
_ - Y1 — 1T 1
¢ (y) <a Gt ) O ) (3:17)
where o~!(+) is the inverse function of tge sigmoid function.
Then, it can be easily verified that ¢ is a right-inverse of ¢, i.e. for all y € I'm(¢)

6(3 () = . (3.18)
0

Denote the wealth trajectory corresponding to control fg by Wy. Then, the original
optimization problem ([2.5)) constrained by the 130/30 rule is converted into the following
unconstrained optimization problem:

(Unconstrained parameterized problem): , éﬁzfv ) EEZ;O’“’O) [F(We, Wﬁ)}. (3.19)

However, an essential question remains unanswered: for the optimal 130/30 strategy
p*, can we find a selection of the hyperparameters (K, (dy,--- ,dK)T> and parameter @ so

that the corresponding RCNN function fg can be arbitrarily close to p*? If the answer is
affirmative, it assures that solving the unconstrained problem ([3.19)) can yield an accurate
approximation of the optimal 130/30 strategy. To address this crucial question, we establish
an approximation theorem in the following section, which provides a formal proof of the
existence of such approximations. This theorem will justify the theoretical effectiveness of
the proposed neural network model for approximating the optimal 130/30 strategy.

4 Universal approximation theorem for RCNN

Before we prove the approximation theorem for the RCNN, we first describe some standard
assumptions necessary for establishing the mathematical results.

Assumption 4.1. (Assumption on state space and optimal control).

(i) The state space X is a compact set.

(ii) The optimal control p* : X — Z is continuous.

Remark 4.1. (Remark on Assumption . In our particular problem of outperforming
a benchmark portfolio, the state variable vector is X (t) = (¢, W(t),W(t))T € X where
t € [0,T]. In this case, assumption (i) is equivalent to the assumption that the wealth of the
active portfolio and benchmark portfolio is bounded, i.e. X = [0,T] X [0, Wyaz) X [0, Winax),
where w,,q, and W,,., are the respective upper bounds for the portfolio values. Assumption
(ii) assumes that the optimal control is a continuous function, which is an intuitive and

common assumption.
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Before presenting the approximation theorem, we briefly review the results of Kratsios
and Bilokopytov| (2020)).

Lemma 4.1. Let X C R! be a compact set, and Y C R™. Let p : R s Y satisfy the
following:

(i) p is continuous and has a right inverse on Im(p), i.e. 37 : Im(p) — R, s.t.

p(7(2)) = 2, ¥z € Im(p).
(i) Im(p) is dense in Y.

Then, for any continuous g : X +— Y, and any € > 0, there exists a choice of hyperparam-
eters (K, (dy,--- ,dK)T) and parameter @, such that the corresponding FNN fg : X — R"
described in Definition [3.1] satisfies

sup | (fo(@)) = 9@l < e.va € x. (4.1)

Here || - || denotes the vector norm.

Proof. This is a direct application of Theorem 3.3 of Kratsios and Bilokopytov| (2020) (for
general topological spaces) in the metric space. O

Intuitively, the second assumption of Lemma allows the use of an activation function
(such as the softmax function) which outputs an open set, as long as this open set is dense
in ) (which can be a closed set). The two assumptions ensure the existence of a continuous
mapping whose image almost covers ).

Next, we present the approximation theorem for the RCNN.

Theorem 4.1. (Approzimation of optimal 130/30 strategqy). Assume the constant o in
Definition (3.4 satisfies o > pmae. Given the optimal control p* and following Assumption

Ve > 0, there exists <K, (dy,--- ,dK)T>, and @ € RNe such that the corresponding
RCNN fq described in Definition satisfies the following:

sup [fo(x) —p"(x)|| <e. (4.2)

Proof. Let ¢ be the relaxed constraint activation function in Definition [3.2] According to
Lemma [3.0]
Im(¢) C Z. (4.3)

Furthermore, Vz = (21, -+, 2x,)" € Z, 2 € [1 — Pimazs Pmaz), Vi € {1,+-+, N,}. For the same
— 0 -
reason as 1) ¢ (z) is well-defined and ¢( ¢ (2)) = z. Therefore,

Z C Im(o). (4.4)

Combine (4.4) with (4.3), we know that Im(¢) = Z, and thus Im(¢) is dense in Z. In
addition, ¢ is continuous and has a right-inverse, according to Lemma [3.2]
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Then, following Lemma, , we know that there exists (K, (dy,--- ,dK)T>, and @ € RMe,
such that the corresponding FNN fg (Definition and RCNN fg = ¢ o fy satisfy

sup [fo(x) —p*(@)] = sup l6(fo(x)) —p*(2)]| <« (4.5)

]

Remark 4.2. (Implication of Theorem [4.1)). Theorem [£.1]provides valuable insight that, for
any feasible control that satisfies the 130/30 constraints, there exists a selection of hyper-
parameters and weight parameter values that enables the corresponding RCNN to approx-
imate the control arbitrarily well. Intuitively, when RCNN is sufficiently large in terms of
the number of hidden nodes, solving the unconstrained optimization problem results
in a solution that closely approximates the optimal control p*.

5 Computational performance evaluation

In this section, we computationally assess the performance of the RCNN model based on
market data directly. We compute the optimal parameters 8* of the RCNN model based
on problem and assess the performance of the corresponding optimal strategy. Sub-
sequently, we first provide a brief overview of how we compute the parameters.

For the numerical experiments, we approximate the expectation in by utilizing
a finite set of samples from a training set Y = Y j =1, ... Ny, where N, denotes the
number of samples. Here, YU represents a sample of a time series comprising joint obser-
vations of asset returns {R;(t),i € {1,---,N,}}, observed at t € ’7'. Mathematically, the
approximation of problem can be formulated as follows:

Ng
1 . o
inf { —> F (WP W) 8. 1
9;%1\79 {Nd ; (WO ’Wp ) (5 )

Here, W(gj ) = (Wéj ) (o), -+ ,Wb(,j) (tN)) represents the wealth trajectory of the active port-

folio, which follows the RCNN model parameterized by 6. Wzgj) = (W9D(tg), -, WI(ty))
denotes the wealth trajectory of the benchmark portfolio, following the benchmark strategy
p. Both portfolios are evaluated based on the j-th time series sample, Y 0.

We adopt a shallow neural network structure, specifically, with a single hidden layer
consisting of 10 hidden nodes (K = 1 and d; = 10). The feature input to the RCNN
network is a 3-tuple vector (¢, Wy(t), W (¢))T. Here, at time ¢ € [to, T], We(t) represents the
wealth of the active portfolio governed by the RCNN model parameterized by 6, while W(t)
represents the wealth of the benchmark portfolio.

An important computational advantage of the proposed neural network framework is its
capability to directly compute model parameters using gradient descent-based methods. In

3Tt should be noted that the corresponding set of asset prices can be easily inferred from the set of asset
returns, and vice versa.
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essence, the model functions as a recurrent neural network (RNN), and the procedure for
calculating the gradient for a specific path in a sample set Y is outlined in Appendix §A]

Subsequently, the optimal parameter 8* can be determined numerically by solving prob-
lem using gradient-based optimization algorithms such as SGD or ADAM (Kingma
and Bay, 2014). This process is commonly referred to as the “training” of the neural network
model, and the set Y is commonly known as the training dataset (Goodfellow et al., 2016]).
Once the model is trained, we evaluate the performance of the model on a distinct set of
data samples Y., often referred to as the testing dataset.

5.1 Bootstrap resampled data

We use the U.S. monthly data from the Center for Research in Security Prices (CRSP)EI
from January 1926 to January 2023 as the original dataset for computational assessment.
In particular, we obtain the real historical returns of the equal-weighted/cap-weighted U.S.
stock indexes and 10-year/30-day treasury indexes by adjusting for the CPI index.

Conventional approaches in mathematical finance often involve fitting synthetic models,
such as stochastic process models, to the original historical asset price data and subsequently
resampling from these fitted models (Merton, [1976; Koul, 2002)). While synthetic models offer
the advantage of often providing closed-form solutions, they also present certain disadvan-
tages. Firstly, accurate estimation of model parameters is often challenging and requires a
substantial historical data period (Black, 1993} [Brigo et al., 2008]). Secondly, the assump-
tions for synthetic models may not always align sufficiently well with the characteristics of
the real-world financial markets. Consequently, the validity of synthetic models can be up
to debate.

To avoid these limitations, we employ the stationary block bootstrap resampling tech-
nique to generate the training and testing datasets. In essence, the block bootstrap resam-
pling method randomly selects blocks from the underlying historical time series data and
combines them to form a new time series path. In contrast to synthetic models, the bootstrap
resampling method avoids imposing assumptions regarding the underlying data-generating
model and can be a relatively unbiased approach to resampling data from historical time
series.

The stationary block bootstrap resampling method, originally proposed by [Politis and
Romano (1994)), preserves the stationarity of the original time series data by employing
random block sizes. The pseudo-code for the algorithm can be found in Appendix [B] In our
study, we adopt an expected block size of 6 months and resample 20,000 paths for both the
training and testing datasets from the real historical returns.

Finally, we note that the use of bootstrap resampling for testing investment strategies is
widely adopted by practitioners (Alizadeh and Nomikos|, |2007; |Cogneau and Zakamouline),

4©)2023 Center for Research in Security Prices (CRSP), The University of Chicago Booth School of
Business. Wharton Research Data Services (WRDS) was used in preparing this article. This service and
the data available thereon constitute valuable intellectual property and trade secrets of WRDS and/or its
third-party suppliers.
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2013; Dichtl et al.l 2016; Scott and Cavaglia, 2017} [Shahzad et al., 2019; Cavaglia et al.,
2022; |Simonian and Martirosyan|, 2022) as well as academics (Anarkulova et al., 2022).

5.2 Choice of performance metric

A commonly used metric for evaluating the relative performance of an active portfolio com-
pared to a benchmark portfolio is the information ratio (IR). In a dynamic context, the IR
of the active portfolio over the interval [0,77] is defined as follows:

- E}(?to,wo) [W(T) _ W(T)]
IRp W) =

Stdevflo) [W(T) - W(T)} ' >

where W(T') and W (T') represent the terminal value of the active and benchmark portfolios,
respectively. The IR measures the volatility-adjusted relative performance of the active
portfolio at the terminal time 7. However, it does not capture the intermediate tracking
performance of the portfolio, which is a crucial aspect of evaluating the performance of an
active portfolio.

To address this limitation, van Staden et al. (2024)) introduce the cumulative quadratic
tracking difference (CD) metric:

(©D): FW, W)= 3 (W) —eﬂtW(t)>2At. (5.3)
teTU{T}

In the CD metric, the parameter § represents a predefined outperformance target. The
CD metric quantifies how closely the value of the active portfolio tracks an elevated target
eﬁtW(t), a concept proposed by Ni et al. (2022)). Unlike , the CD objective captures
the intermediate tracking performance of the portfolio, and the parameter § provides a clear
performance goal.

However, the CD metric minimizes the relative performance between the active
portfolio and the elevated target quadratically. In practice, the outperformance of the active
portfolio over the elevated target is desirable. Therefore, instead of the CD metric, we use
the following cumulative quadratic shortfall (CS) metric in the numerical experiments.

(CS): FW W) = ¥ (min(W(t)—eﬁtW(t),o))zAt. (5.4)
teTU{T}

Consequently, we investigate the following optimization problem in numerical experi-

ments:
mf{ Z 3 (mm (1) — PO (1), )>2At}. (5.5)

] 1 teTUu{T}

It is of course possible to use various techniques to generate training data, see e.g. [Yoon
et al| (2019). However, we focus on block bootstrap resampling in this work, due to its
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wide acceptance in the practitioner community. Finally, it is worth mentioning that our
proposed neural network approach is agnostic to the choice of the objective function and can
be applied to a broad range of performance metrics.

5.3 Performance on resampled market data

In this section, we present a case study focusing on optimal asset allocation for outperforming
a benchmark portfolio, imposing the 130/30 constraints. The objective of the study is to
assess the potential advantages offered by a 130/30 portfolio compared to long-only portfolios.
Specifically, we analyze and compare the performance of the optimal 130/30 portfolio, as
determined by the RCNN, with the optimal long-only portfolio generated by the state-of-
the-art model for long-only constraints (Li and Forsyth, 2019; [Ni et al., [2022), using the
same investment specifications, which are outlined in Table [5.1} Essentially, both the active
portfolio and the benchmark portfolio commence with an initial wealth of 100 at time tq = 0.
Monthly rebalancing is implemented for both portfolios over a 10-year investment horizon.
Our empirical case allows the investment manager to allocate among four distinct investment
assets: the equal-weighted stock index, the cap-weighted stock index, the 30-day U.S. T-bill
index, and the 10-year U.S. T-bond index.

Asin|Ni et al.| (2023), we choose the benchmark portfolio to be a constant weight portfolio
with 70% in the equal-weighted stock and 30% in the 30-day T-bill index. By varying the
outperformance target rates () across the range of 0.5% to 5% (incremental with a 0.5%

step size), we obtain the corresponding optimal portfolios through the cumulative quadratic
shortfall (CS) objective.

Investment horizon T' (years) 10

Underlying assets CRSP cap-weighted /equal-weighted index (real)
CRSP 30-day/10-year U.S. treasury index (real)

Index samples for bootstrap 1926/01 to 2023/01

Initial portfolio wealth 100

Rebalancing frequency Monthly

Cash injections 0

Benchmark portfolio 70% equal-weighted index/30% 30-day T-bill

Performance metric Cumulative quadratic shortfall (CS)

Outperformance target rate 3 0.5% - 5%, incremental by 0.5%

Table 5.1: Investment scenario.

In Table , we compare the performance of computed optimal 130/30 portfolios with
that of the optimal long-only portfolios in outperforming the same elevated target across
time on test data sets. In particular, the outperformance across time is reflected in the
value of the CS objective, which measures the cumulative quadratic shortfall with respect
to elevated targets defined by the target rate .
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B 0.5% 1% 1.5% 2% 25% 3% 35% 4% 45% 5%
130/30 275 402 622 985 1491 2434 3427 4782 6518 8709
Long-only 280 432 708 1150 1841 2855 4547 6430 9041 12594

Table 5.2: Cumulative quadratic shortfall (CS) objective function values from the trained
models evaluated on Y. for various 5 (a lower value is better.)

As we can observe from Table even though the optimal long-only portfolio is obtained
under the same investment specifications and optimized under the same objective function,
it achieves significantly worse performance compared to the optimal 130/30 portfolio.

In particular, the gap between the CS objective function values widens as the target
outperformance rate J increases, indicating that the long-only portfolio is further restricted
by the long-only constraints as the outperformance target becomes more ambitious. This
phenomenon is further demonstrated in Table[5.3] in which we list the median annual return
of both portfolios.

B 0.5% 1% 15% 2% 25% 3% 35% 4% 4.5% 5%
130/30  72% 7.6% 81% 85% 89% 94% 9.7% 10.0% 10.2% 10.5%
Long-only 7.2% 7.6% 8.1% 85% 88% 89% 89% 89% 89% 8.9%

Table 5.3: Median annualized returns from the trained models evaluated on Y. for various
B3. The benchmark portfolio has a median annualized return of 6.7%.

As we can see from Table [5.3] when [ is modest, e.g., 5 < 3%, the long-only portfolio
shows similar median returns as the 130/30 portfolio (despite the fact that the objective
function value is slightly worse). However, as § becomes more ambitious, e.g., 5 > 3%,
the long-only portfolio trails behind the 130/30 portfolio. Specifically, we can see that the
median return of the long-only portfolio stagnates for 5 > 3%.

We now examine in greater detail the performance comparison for § = 3%. We plot
the quantiles of the wealth ratio g—gg, which measures the relative performance of the active
portfolio with respect to the benchmark portfolio throughout the investment horizon.

From Figure , it is evident that the 130/30 portfolio outperforms the long-only portfolio
across various quantiles. The wealth ratios of the 130/30 portfolio consistently exceed those
of the long-only portfolio, indicating superior performance.

Unsurprisingly, the enhanced performance of the 130/30 portfolio can be attributed to
its relaxed portfolio constraints. We plot the median allocation fractions of the 130/30
portfolio and long-only portfolio in Figure[5.2] We can see from Figure that the optimal
130/30 portfolio strategically leverages its position by exceeding 100% exposure to the equal-
weighted stock index in the first half of the investment period. Interestingly, the 130/30
portfolio longs the equal-weighted stock and the long-term bond, and shorts the cap-weighted
stock and the short-term bond, creating long/short patterns within both asset classes (i.e.
stock and bond). On the other hand, as observed from Figure , the long-only portfolio
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Figure 5.1: Quantiles of wealth ratio over the investment horizon [0, 7]. 5 = 3%. Outperfor-
mance is indicated when the wealth ratio is greater than one. The 130/30 portfolio follows
the RCNN trained on Y. The long-only portfolio follows the neural network model from
(Li and Forsyth, [2019; [Ni et al. 2022) trained on Y. Results in the plots are testing results
evaluated on Y eq:.

is obviously restricted by the long-only constraint. It yields an almost trivial strategy that
has a close to 100% allocation to the equal-weighted stock index throughout the investment
horizon.

We note that, when 5 = 3%, the optimal long-only portfolio is already allocating almost
100% allocation to the equal-weighted stock index, the riskiest asset with the highest ex-
pected return. There is little room for the long-only portfolio to take more risks due to the
long-only constraint to meet the more aggressive § values. On the other hand, we can see
that the median return of the optimal 130/30 portfolio increases alongside [.

We remark that there is no free lunch, and the 130/30 strategy achieves superior results
with some compromises. In particular, if we examine the extreme tail statistics such as the
1% CVaRﬂ of the terminal wealth (i.e. the mean of the lowest 1% of the terminal wealth), we
can see that the 130/30 portfolios have slightly worse results than the long-only portfolios,
as shown in Table [5.4] This is because the 130/30 portfolios are leveraged and exposed to
greater market risk and thus perform worse in consistent bear market scenarios.

®Note that we define CVaR in terms of the final wealth, not losses. Hence a larger CVaR is better.
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Figure 5.2: Median allocation fractions over the investment horizon [0,7]. § = 3%. The
130/30 portfolio follows the RCNN trained on Y. The long-only portfolio follows the neural
network model from (Li and Forsyth, 2019; Ni et al. 2022) trained on Y. Results in the

plots are testing results evaluated on Y ;..

Ié] 05% 1% 15% 2% 2.5% 3% 3.5% 4% 4.5% 5%
130/30 4 38 32 29 27 2 24 23 22 22
Long-only 44 39 36 35 34 33 32 32 32 32

Table 5.4: 1%-CVaR of terminal wealth (higher is better). CVaR here is the mean of the
worst one percent of the outcomes. The results are based on the performance of trained
models evaluated on Y ;..

However, Table might be regarded as an overly pessimistic risk comparison between
the 130/30 strategy and the long-only strategy. Note that the initial portfolio value for both
strategies is 100. Consider the case for 8 = 5% in Table[5.4] In this case, the 1% CVaR for
the 130/30 strategy is 22, while it is 32 for the long-only policy. The long-only policy has a
higher (better) CVaR, but both strategies yield extremely poor results, i.e. losses of 70-80%
of the original investment after ten years. It is perhaps more instructive to examine the 20th
quantile of the wealth ratio in Figure . We can observe that the optimal 130/30 portfolio
exhibits better wealth ratios compared to the optimal long-only portfolio, in particular over
the 2-10 year time period. This behavior is not surprising. In terms of the risk measure (5.4)),
the 130/30 strategy outperforms the long-only strategy, since the 130/30 policy has a larger
admissible set of controls. This is reflected in the behavior of the 20th quantile in Figure
. This suggests that the 130/30 portfolio is capable of mitigating downside risks in most
scenarios. Of course, if the investor is really concerned primarily with left tail risk (relative
to the benchmark) it is possible to construct an objective function based on a relative CVaR,
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but this is beyond the scope of this work.

Overall, the numerical experiments illustrate the enhanced performance of the 130/30
portfolio over the long-only portfolio using the across-time outperformance-based invest-
ment objective. The 130/30 portfolio not only achieves more ambitious returns but also
demonstrates good risk management. This can be attributed to the broader range of port-
folio strategies available within the 130/30 structure, which allows for more flexibility and
potential for generating excess return and risk control.

Additionally, we note that the optimization algorithm automatically discovers which
assets to long and which assets to short, based on achieving the best performance measure.

6 Conclusion

In this article, we introduced a neural network-based solution for the portfolio optimiza-
tion problem under 130/30 constraints. By formulating the benchmark outperforming asset
allocation problem as a constrained multi-period stochastic optimal control problem, we
proposed a novel relaxed-constraint neural network (RCNN) model to compute the opti-
mal control. By solving this constrained optimal control problem directly based on data
samples without dynamic programming, we are able to compute optimal solutions to the
high dimensional 130/30 allocation problems via a gradient-type method for unconstrained
optimization.

By designing a tailored activation function that outputs feasible strategies, the proposed
RCNN explicitly handles the original optimization problem with non-standard constraints
that differentiate between long and short positions while imposing an upper limit on total
long positions, thus converting it into an unconstrained problem that can be solved efficiently.
We provided mathematical proof demonstrating that the RCNN can accurately approximate
the leverage-constrained long/short strategy.

Based on directly resampled market returns, we compared the optimal 130/30 portfolio
following the RCNN with the optimal long-only portfolio, with the objective of outperforming
a benchmark portfolio. The results consistently indicate that the optimal 130/30 portfolio
achieves enhanced performance over the long-only portfolio in terms of the chosen investment
objective.

We believe the methodology developed in this article can be applied to investment prob-
lems of widespread interest, such as finding optimal portfolios of factor ETFs (Glushkov,
2015)). In addition, in the future, it may be worthwhile to consider other types of securities
such as options in the portfolio (Andersson and Oosterlee, |2023), which may yield better
performance in practice.
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A Gradient Calculation

Here we provide details of gradient computation, assuming a given training set. Consider
the j-th sample path Y.

N

N OF .

VoF (ng’,wg”) =3 ). (A1)
o1 OWg' (4)

Let R(t;) = (Ri(t;), -, Ri(t;))" € RM denote the return vector at t;, then, the wealth
dynamics for the value of the active portfolio described in (2.4) can be summarized as

We () = fo(We (ti), WO (i), tia) (1 + Rt ))Wéj)(ti—l)lwm( pso (A2)

where fg is the RCNN parameterized by 6, and 1, is a scalar indicator function.

J)
(ti—1)>0
Note that VQWGJ )(to) = 0, since the initial portfoho value is a constant value. Then, for
any i € {1,--- , N}, the gradients VgWéJ )(ti) in D can be obtained recursively using the
chain rule, i.e.,

Vowéj) (t;) = Vg (fo (Wg(j)(ti—l)a WO(t;_y), ti—l)T (1+ R(ti))Wéj)(ti—l)lwéj)(tFl»O)
(A.3)

= Vo(fo (Wéj)(t,-_l), WO 1), ti) " (14 R() )W () Lo,y

(fe W(J)( 1), ti_l)T(l + R(ti))lwéj)(ti_lb()) Vewéj)(ti_l)
(A4)

(vg Fo(Wy (tioa), WO (t;_1), tH))(l + R(t:)Wg (b)) 1y o0

Ofe WOJ) ti—1), W(j)(ti—l
( J)
( i— 1)

fo( W(J ), WO(ti1), b, 1) (1 +R(ti))1W(§j)(ti,1)>o)VGWéj)(tifl)
(A.5)

+

+

), tica T )
) (1 +R(ti))1Wéj)(ti,1)>0v9W0 (ti—l)

_|_

B Stationary block bootstrap algorithm

s« Algorithm presents the pseudocode for the stationary block bootstrap. See |Ni et al.

625

(2022)) for more discussion.
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Algorithm B.1: Pseudocode for stationary block bootstrap

/* initialization */
bootstrap_samples = [ |;
/* loop until the total number of required samples are reached x/
while True do
/* choose random starting index in [1,...,N], N is the index of the
last historical sample */

index = UniformRandom( 1, N );
/* actual blocksize follows a shifted geometric distribution with

the expected value of exp block size */
blocksize = GeometricRandom( m )

for (i =0; i <blocksize; i =1i+1) {

/* if the chosen block exceeds the range of the historical data
array, do a circular bootstrap */

if index + i > N then

‘ bootstrap_samples.append( historical data[ index +1i- N ] );

else

‘ bootstrap_samples.append( historical_data[ index + i | );

end

if bootstrap_samples.len() == number_required then

‘ return bootstrap_samples;

end

end
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