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Abstract

When formulated as an impulse control problem, the no-arbitrage pricing of Guaranteed Minimum
Withdrawal Benefit contracts with continuous withdrawals results in a Hamilton-Jacobi-Bellman
Quasi-Variational Inequality (HIJB-QVI), which must be solved numerically. In this paper, using
an associated Green’s function, we develop a numerical Fourier method which is only monotone
within a tolerance € > 0 to solve the above HIB-QVI under jump-diffusion dynamics. We appeal to a
Barles-Souganidis-type analysis in [14], which is originally developed for strictly monotone scheme, to
rigorously prove the convergence of our scheme to the viscosity solution of the HJB-QVI as ¢ — 0. Ex-
tensive numerical experiments demonstrate an excellent agreement with benchmark results obtained
by finite difference methods and Monte Carlo simulation.

Keywords: Variable annuities, guaranteed minimum withdrawal benefit, impulse control, HJB equa-
tion, Fourier series, viscosity solution, monotonicity

AMS Classification 65N06, 93C20

1 Introduction

In a continuous withdrawal setting, the no-arbitrage pricing problem of Guaranteed Minimum With-
drawal Benefit (GMWB) contracts can be formulated using either impulse control or singular control,
typically resulting in an Hamilton-Jacobi-Bellman Quasi-Variational Inequality (HJB-QVI). This HIJB-
QVI must be solved numerically, since a closed-form solution for it is not known to exist. The reader
is referred to [15, 24, 40, 41, 42, 54] and [7, 19, 20] for an analysis of singular control and impulse con-
trol formulations, respectively. Generally speaking, the impulse control approach is suitable for many
complex situations in stochastic optimal control [3, 8, 16, 25, 31, 37, 46, 57, 64]. For GMWB contracts,
impulse control is more convenient than singular control in handling complex contract features, such as
is the reset provision[l, 24, 26, 38, 54, 67].

Provable convergence of numerical methods for HJB equations are typically built upon the framework
established by Barles and Souganidis in [14]. This framework requires numerical methods to be (i) mono-
tone (in the viscosity sense), (ii) stable, and (iii) consistent. Among these requirements, monotonicity
is often the most challenging to achieve, and consistency in the viscosity sense is usually the most diffi-
cult to prove theoretically, especially for equations with complex boundary conditions. Non-monotone
schemes could produce numerical solutions that fail to converge to viscosity solutions, resulting in a
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Research Council (ARC), and an Australian Government Research Training Program (RTP) Scholarship.
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violation of the no-arbitrage principle [55, 59, 68]. When a finite difference method is used, monotonicity
is ensured by a positive coefficient discretization method [34, 52, 59, 66].! In the context of pricing
GMWRB contracts with continuous withdrawal, convergence of finite difference scheme to the viscosity
solution of the associated HIB-QVI is studied in great detail in [19, 20, 24, 40, 41, 42].

Pricing GMWB contracts with discrete withdrawals typically involves solving, between fixed inter-
vention times, either (i) an associated linear Partial-Integro Differential Equation (PIDE) using finite
differences [19, 24], or (ii) an expectation problem using numerical integration [1, 15, 44, 45, 51, 62],
or regression-type Monte Carlo [9, 43]. Across intervention times, an optimization problem needs to
be solved. Numerical integration Fourier-based methods often depend on the availability of a closed-
form expression of the Fourier transform of the underlying transition density function or an associated
Green’s function [1, 45]. It is well-known that, if applicable, Fourier-based methods offer several im-
portant advantages over finite differences, such as no timestepping error between intervention times,
and the capability of straightforward handling of realistic underlying dynamics, such as jump diffusion
and regime-switching. However, a major drawback of existing Fourier-based methods is their lack of
strict monotonicity. This issue is particularly problematic in the context of stochastic optimal control
in general where optimal decisions are determined by comparing numerically computed value functions.
Furthermore, another challenge with Fourier-based methods is potential wraparound contamination in
numerical solutions. This matter is also crucial to stochastic optimal control problems, especially to
impulse control formulations, due to the non-local nature of impulses. To the best of our knowledge,
both of these deficiencies of Fourier-based methods have not been addressed adequately in the impulse
control literature. The reader is referred to [18, 23, 33, 49, 50] for analysis of error bounds, and [1, 45]
for zero padding techniques in GMWB pricing.

The main focus of this paper is the development of a provably convergent Fourier method to tackle
the challenging HJB-QVTI arising from an impulse control formulation of GMWB contracts under jump-
diffusion dynamics. Major contributions of the paper are as follows.

e We propose the pricing problem of GMWB contracts with continuous withdrawals under jump-
diffusion dynamics [47, 53] as an HIJB-QVI posed on an infinite definition domain consisting of a
finite interior and infinite boundary sub-domains with appropriate boundary conditions.

e Using the Green’s function of an associated PIDE, we study proper truncation of boundary sub-
domains to ensure loss of information is negligible. We then develop a Fourier scheme which is
monotone within a tolerance € > 0 to solve the above HJB-QVI on a finite computational domain.
Under a suitable growth condition, the scheme is shown to be /. -stable and consistent in the
viscosity sense with respect to the HIB-QVI defined on the infinite domain.

e We propose an efficient implementation of the scheme via Fast Fourier Transform, including a
proper handling of boundary conditions and padding techniques. We mathematically prove that
our padding techniques, whilst simple, can effectively control wraparound errors in the numerical
solutions.

e We prove a strong comparison principle result for the finite interior sub-domain and parts of its
boundary. We then appeal to a Barles-Souganidis-type analysis in [14], to rigorously prove the
convergence of our scheme the unique viscosity solution of the HJB-QVI as the discretization
parameter and the monotonicity tolerance € approach zero.

e Numerical experiments confirm excellent agreement with benchmark results obtained by finite dif-
ference methods and Monte Carlo simulation, as well as the robustness of the proposed e-monotone
Fourier method. Through experiments, we also numerically show that inadequate treatments of

When dealing with cross derivative terms, a wide-stencil method based on a local coordinate rotation can be used to
construct monotone finite difference schemes [28, 52, 52]; however, this could be computationally expensive.
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padding areas could significantly contaminate the numerical solutions of the impulse control for-
mulation.

Although we focus specifically on GMWB, our comprehensive and systematic approach could serve as a
numerical and convergence analysis framework for the development of similar weakly monotone methods
for HJB-QVIs arising from impulse control problems in finance.

2 Underlying processes

This section briefly reviews the impulse control formulation [7, 19, 20] and introduces the notation to
be used in this paper. We respectively denote by Z(t) and A(t) the balance of the personal sub-account
and of the guarantee account at time ¢, ¢ € [0, 7], where T' > 0 is a fixed investment horizon. Let z
be the up-front premium to the insurer, which is placed in the personal account at the inception of the
contract, hence Z(0) = zp. The policy guarantees that the sum of withdrawals throughout the policy’s
life is equal to the premium, hence A(0) = 2. For subsequent use, let t~ =t — &, where ¢ | 0.

Roughly speaking, the holder of the policy can either (i) withdraw continuously at a rate determined
by the holder, or (ii) withdraw specific amounts at specific times, both determined by the holder, subject
to a penalty charge imposed by the insurer. Regarding (i), as almost all policies with a GMWB have
a cap on the maximum allowed continuous withdrawal rate without penalty [24], we let C, be such a
contractual (continuous) withdrawal rate. For (ii), withdrawing a finite amount is subject to a penalty
charge proportional to the withdrawal amount as well as a strictly positive fixed cost. We let y < 1 be
the positive penalty rate, and ¢ be the positive fixed cost.

Under an impulse control framework [46, 57], the time-t control for the holder consists of (i) a con-
tinuous control 4(t), () € [0, Cy], representing continuous withdrawal rate, and (ii) an impulse control
{(t*,v*)}r<x, K < oo, representing intervention times {t*}1<x and associated impulses {7*} <, where
each tF corresponds to a time at which the holder instantaneously withdraws a finite amount, and ",
vk € [0, A(t*7)], corresponds to the withdrawal amount at that time. Here, {t*};<f is any sequence of
(F;)-stopping times satisfying 0 < ¢ <! <2 < ... <t < T, and {y*};<x is a corresponding sequence
of random variables with each * being of F,x-measurable for all t*. Due to penalty charge, the net
revenue cash flow provided to the policy holder at time t* is (1 — pu)y* — c.

As shown in [24], the dynamics of A(t) are given by

dA(t) = _’/}\/(t)l{A(t)>0}dt, for t # tk, k=1,2,..., K,
Alt) = Alt)—~F, for t=tF k=1,2..., K. (2.1)
The dynamics of Z(t) are assumed to follow
m(t)
dz(t )
Z((t)) = (r=B=XR)dt+odW(t)+d > (%i—1) | =4 1z0,40 014,
i=1
for t£tF, k=1,2,...,K,
Z(t) = max (Z(t‘) - ’yk,O) o for t=t* k=12 .. . K. (2.2)

In (2.2), W(t) denotes a standard Wiener process, r > 0 and o > 0 are the risk-free rate and volatility,
respectively, § is the proportional annual insurance rate paid by the policy holder, and 7 (t) is a Poisson
process with intensity A > 0. Denote by 1 the random number representing the jump multiplier, and
k = E [t — 1] with E[] being the expectation operator. Finally, ¢; are i.i.d. random variables having the
same distribution as ¢ with v¢;, 7 (t) and W (¢) assumed to all be mutually independent. The mean and
variance of ¢ are assumed to be finite.

As a specific example for dynamics (2.2), we consider two jump distributions for v, namely the log-
normal distribution [53] and the log-double-exponential distribution [47]. Let b(y) be the density of In.
In the first case, In is normally distributed with mean v and standard deviation ¢, with b(y) given by

() = - 127T exp {_(y%z)} . (2.3)
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In the latter case, In has an asymmetric double-exponential distribution, with b(y) given by

b (y) = Pumefmyl{yzo} + (1 - pu) 77267]21/1{y<0}' (2'4)
Here, p, € [0,1], 71 > 1 and 72 > 0. Given that a jump occurs, p,, is the probability of an upward jump,
and (1 — p,) is the probability of a downward jump.

3 Impulse control formulation

For the controlled processes (Z(t), A(t)), t € [0,T7], let (z,a) be the state of the system. We denote by
u(z, a,t) the time-t no-arbitrage price of a variable annuity with a GMWB when Z(t) = z and A(t) = a.
Using dynamic programming, u(z, a,t) is shown to satisfy the impulse control formulation [4, 19]

min{ —u—L'u—Ju— sup A (1—u.ls0p — ta) Ligso}

Y€[0,C]
u— suop [u(max (z —7,0),a —~,t) + (1 — )y — ¢ } =0, (3.1)
where (z,a,t) € [0,00) X [amin, am:j :] [0,T). Here, amin = 0 and apax = 20 and
L'u(z,a,t) = UZ;ZUZZ +(r—Ae—B)zu, — (r+Nu, Ju(z,a,t)= )\/OO u(zeY,a,7)b(y) dy, (3.2)

with b(-) being the probability density function of In. We note that the fixed cost ¢ is introduced as a
technical tool to ensure uniqueness of the impulse formulation, as commonly done in the impulse control
literature [57, 58, 65].

Let 7 = T'—t, and for z > 0, we apply the change of variable w = In(z) € (—o0,00). Let x = (w, a, ),
and denote by v(x) = v(w,a,7) = u(e®,a,T —t). Since log(-) is undefined at zero, in (3.1), under the
log-transformation in z, the term max(u — ,0) becomes In (max (¥ — ,e">)) for a finite w.., < 0.
With these in mind, formulation (3.1) becomes

min {vT —Lv—Jv— sup A (1—e “vy—vq) Loz,

4€[0,Cr]
o= swp [on(max (e = 7. e™)) a0+ =@y —d | = 0. (33)
where (w,a,7) € O~ = (—12[, ;2) X [@min; Gmax] X [0,T), and £(-) and J(-) are defined by
Lo (x) = (jvww + (r— ;2 — A= By — (r+N)v, Jv(x) = /\/OO v(w+y,a,7) b(y) dy. (3.4)

3.1 Localization

Under the log transformation, the GBMW formulation (3.3) is posed on the infinite domain . For
the problem statement and convergence analysis of numerical schemes, we define a localized GMWB
impulse formulation. To this end, with wpin < 0 < Wmax, |Wmin| and wmax sufficiently large, we define
the following sub-domains:

Q= (—00,00) X [@min, Gmax] X {0}, a?amw —
wmax = [Wmax; 00) X [@min, Gmax] X (0,77,
i = (700 i ¢ (i ] (0. 5 o O
Q.. = (Wmin, Wmax) X {@min} X (0,7, (3.5) max
Qo = (=00, Wiin] X {amin} x (0,77,
Qi = 0\ O\ 2\ W\ D \ Qi o i
0y = Qi U (Wiins Wimax) X [@min, Gmax] X {0} _ - ——

Amin

U {wmin;wmax} X [aminaamax] X [OaT]
FicUure 3.1: Spatial computational do-

An illustration of the sub-domains for the localized .
main at each T.

problem is given in Figure 3.1.
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We now present equations for sub-domains defined in (3.5). We note that boundary conditions for
T =0, w— —00, w — 00, and @ — amiy are obtained by relevant asymptotic forms of the HJB-QVI
(3.1) when t - T, 2 — 0, 2 — 00, and a@ — amin, respectively, similar to [19, 24]. We also note that the
initial and boundary solutions in Q3 and Q ~ may grow unbounded as w — oco. Therefore, to ensure

boundedness of numerical solutions in the interior sub-domains €, U Q2 where convergence to the

Qmin?

unique viscosity solution is studied, we require the initial and boundary solutions in 2% and € to
be bounded as w — oo. This is detailed below.

e For (w,a,T) € Qy, we have (3.3).

e For (w,a,7) € €, we use the initial condition v(w,a,0) = max(e", (1 — u)a —c) A e for a finite
Wy, > Winax, Where x Ay = min(z,y).

e For (w,a,7) €

Wmax?

according to [24], the withdrawal guarantee becomes insignificant for w suf-
ficiently large. As suggested in [40], the exact boundary condition at point (w,a,7) € Q

is v(w,a,7) = e e (1 + O (“‘6“%)) Therefore, following [24, 40], in € , we impose the
(bounded) Dirichlet-type boundary condition

v=ePT(e¥ Aev). (3.6)

We note that the theoretical quantity w,, is needed to indicate that the solutions Q3 and €27
are bounded as w — oo, and it does not need to be numerically specified. It is possible to relax
this boundedness requirement to an exponential growth via a simple change of variable (see, for
example, [32][Remark 3.7]).

e Asw — —o0, z=¢€" — 0. Set z=01in (3.1), and then transform back to the w = In z coordinates
to obtain

min {’UT +rv— sup §(1—va)lggs0y, v — sup [v(w,a—7,7)+v(1—p)— c]} =0. (3.7
4€[0,Cr] ~v€[0,a]

Further justification of this boundary condition is given in [24]. We use the boundary condition
(3.7) for point (w,a,7) € €, . This is essentially a Dirichlet boundary condition since it can be
solved independently without using any information other than from €27 .

e For (w,a,7) €
can be solved independently without using any information other than at a = 0.

the impulse formulation becomes the linear PIDE v, — Lv — Jv = 0 which

Qmin?

e For (w,a,7) € Q3, ., (3.7) becomes v, + rv = 0.2

Note that no further information is needed along the boundary a = amnax due to the hyperbolic nature
of the variable a in the HIB-QVI (3.1).

3.2 Compact representation

We now write the GMWB pricing problem in a compact form, which includes the terminal and boundary
conditions in a single equation. We define the intervention operator

U(’U),a—"y,’]’) +7(1 _M) —C X e QZmin’ (38&)
M(y)o(x) = w w
v (In(max(e” — v, ), a—v,7) +v(1 —p) —c x € Qiy. (3.8b)
With x = (w, a,7), we let Dv(x) = (v, Vg, v7) and D?v(X) = vy, and define
Fox (x,0) = Fox (Xa v(x), DU(X)v DQ’U(X)7 Jv(x), MU(X>) ) (39)

*There exists a unique viscosity solution in {Q . UQs, .} \ {@Wmin} X [@min, Gmax] x (0,77 (see [10, 63]).

Wmin
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=
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where

Fox (Xv ’U)

with operators

En (X7 ,U)

E

Gmin

(x,v)
(x,v)

Fwamin (X7 U)
meax (X’ U)
F., (x,v)

F,

Wmin

F, (x,v) = F, (x,v(x), Dv(x), D*v(x), Jv(x), Mo(x)), x € Qin,
Foow (x,0) = F, . (x,0(x), Dv(x), D?*v(x), Jv(x)), X € Qo
Fy,.. (x,v) = F,_. (x,0(x),Dv(x), Mu(x)), xey
Fua,;, (xX,0) = Fuq,,, (x,0(x), Dv(x)), xeQy,
Fy,... (X,0) = Fy,... (x,0(x)), xeQy
F, (x,v) = F,(x,v(x)), x €Oy,
= min [v;—Lv—TJv— sup 4 (1 —e vy — vq) 1{a>0}, V— sup M(w)v],
I 4€[0,Cy] ~€l0,a]
= v, —Lv—Jv,
= min [v; +7v— sup § (1 —va)L{gs0p, v — sup M(’y)v] ,
L 4€(0,Cr] ~v€(0,a]
= v+ 1o,

v— e PT(e¥ A W),

v—max(e”, (1 —p)a—c)Ne

Woo

(3.10)
(3.11)
(3.12)

(3.13)
(3.14)
(3.15)

Definition 3.1 (Impulse control GMWB pricing problem). The pricing problem for the GMWB under
an impulse control formulation is defined as

Fox (x,v(x), Dv(x), D*v(x), Jv(x), Mv(x))

0,

where the operator Fo~(-) is defined in (3.9).

(3.16)

We note that Fo~ is discontinuous [11, 14] since we include boundary equations in F~, which are

in general not the limit of the equations from the interior.

Next, we recall the notions of the upper semicontinuous (u.s.c. in short) and the lower semicontinuous

(Ls.c. in short) envelops of a function u : X — R, where X is a closed subset of R”. They are respectively

denoted by u*(-) (for the u.s.c. envelop) and u.(-) (for the l.s.c. envelop), and are given by

u*(%X) = limsupu(x) (resp. wu.(X) = liminfu(x)).
x—X XX
x,%eX x,XeX

In general, the solution to impulse control problems are non-smooth, and we seek the viscosity
solution of (3.16) [27, 39, 61]. To this end, let G(£2*) be the set of bounded functions defined by [13, 61]

g(v)

= {u Q> R, sup |u(x)| < oo}

xeN>®

(3.17)

Definition 3.2 (Viscosity solution of equation (3.16)). (i) A locally bounded function v € G(™) is a
viscosity subsolution (resp. supersolution) of (3.16) in Q> if for all test function ¢ € G(2*) NC*(2)
and for all points X € Q> such that v* — ¢ has a global maximum on Q* at X and v*(X) = ¢(X) (resp.

vx — ¢ has a global minimum on Q* at X and v.(X) = ¢(X)), we have

(resp.

(Fa~), (%,0(%), D$(X), D*$(X), T$(X), M$(X))
(Fo~)" (%, (%), D3(X), D*¢(%), T $(%), Mp(%))

AVARVAN

where the operator Fo~(-) is defined in (3.9).

(ii) A locally bounded function v € G(*) is a viscosity solution of (3.16) in QU Qg
viscosity subsolution and a viscosity supersolution in ;, U Q)

Gmin *

(3.18)

ifvisa
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Remark 3.1 (Equivalent definitions). In the existing literature, there are several equivalent definitions of
viscosity solution for HIB-QVIs arising from general impulse control problems [27, 61]. Here, equivalence
between two different definitions of viscosity solution means that a subsolution (resp. supersolution) in
the sense of one definition is also a subsolution (resp. supersolution) in the sense of the other. For
ezample, in Definition 3.2 (i), it is possible to replace ¢ € G(Q2*) NC*(Q*) by ¢ € G(Q™) NCHQ>) [12].
It is also possible to replace ¢(X) by v*(X) (resp. v«(X)) in the non-local terms J(-) and M(-), as these
terms contain no partial derivatives [27]. For the GMWB pricing problem as given in (3.16), equivalence
between these definitions can be established (see Appendix B). For the purpose of verifying consistency
of a numerical scheme, it is convenient to use Definition 3.2.

Remark 3.2 (Strong comparison result and convergence region). Using an equivalent definition of
viscosity solution, we can show that the GMWB pricing problem as given in (3.16) satisfies a strong
C 0y, (see Appendix B). That is, if ui(x) and
ug(x) respectively are subsolution and supersolution in €, U< of (3.16), then ui(x) < ug(x) for all
x € Q;, UQy, ... Hence, a unique continuous viscosity solution exists in $2;, U €2

In general, we cannot hope for a continuous solution to the GMWB problem (3.16) on all the boundary

comparison principle result in €, U Q where )

Gmin ? Gmin
Gmin ’

Qmin *

I'=0Q,\ Qq,,, as it is possible that loss of boundary data can occur over parts of I', i.e. as T — 0 and
w = {Wnin, Wmax} [40, 58, 65]. However, these problematic parts of I' are trivial in the sense that
either the boundary data is used or is irrelevant. In all cases, we consider the computed solution as the
limiting value approaching I' from the interior.

4 Numerical methods

The GMWB pricing problem as given in (3.16) is still posed in an infinite domain, due to the infinite
boundary sub-domains in w. For computational purposes, we need to truncate these infinite sub-domains
into finite ones. For the purpose of proving convergence, we also need to make sure that the boundary
truncation error, i.e. loss of information in the boundary due to this truncation, vanish sufficiently fast
as a discretization parameter approaches zero. This is discussed in Subsection 4.1 below.

4.1 Computational domain

A key step of our numerical scheme is a timestepping method based on a convolution integral that involves
the Green’s function of an associated PIDE in w. In the following, for ease of exposition, we ignore the
dependence on a by letting a € [amin, @max] be fixed, and we primarily focus on the dependence on w
and 7. Let {r,,}, m = 0,..., M, be an equally spaced partition in the 7-dimension, where 7,,, = mAT
and AT =T /M. For a fixed 7,,, > 0 such that 7,11 < T, we consider the PIDE

vy —Lv—=Jv=0, we€ (—-00,00), T E (Tm,Tm+1]s (4.1)

subject to the initial condition at time 7, given by a function v(w, -, 74,,) where

Vpe(w, -, Ty ) satisfies (3.7) w € (—00, Win],
@('LU, . Tm) = v(w, . Tm) w e (wminy wmax)v (42)
Vpe(w, -, Ty ) satisfies (3.6) W E [Wiax, 00)-

We denote by g (+) the Green’s function of the PIDE (4.1) which has the form g(w, w’, A1) = g(w — w', A7 ).
The solution v(w, -, Tpy+1) for w € (Wmin, Wmax) can be represented as the convolution of g(-) and o(-) as
follows [30, 36]

v(w, ) 7-erl) - / g (w - wlv AT) @(wlv ) Tm) dw,> w e (wmim wmaX)' (4'3)

The solution v(w, +, Ty41) for w € (—00, Wpin] U [Wmax, 00) are given by the boundary conditions (3.6)
and (3.7). In the analysis below, we focus on integral (4.3).
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For computational purposes, we truncate the infinite interval of integration of (4.3) to [wjnin, wjnax],

where wjnm L Wpin < 0 < Wpax <K winax and ]wjmn| and winax are sufficiently large, resulting in
wmax
v(w, -, Tmt1) =~ /T g(w —w', AT) D(w', - 7)) dw',  w € (Wmin, Winax)- (4.4)
w.

We denote by &, the error of the above truncation of the integration domain, i.e.

/

& = / g(w —w', A7) D(w', -, 7)) dw',  w € (Wmin, Wmax), (4.5)
R\[w]; whax]

For subsequent use in the paper, let PT = way — wjmn. Results in [21][Proposition 4.2] indicate that,
for general jump diffusion models, such as those considered in this paper, &, is bounded by

& < KlATe_IQPT, YVw € (Wmin, Wmax), K1, K2 > 0 independent of AT, pt. (4.6)

For fixed [wLin,ernax], and hence fixed PT, (4.6) shows & — 0, as AT — 0. However, as typically
required for showing consistency, one would need to ensure % — 0 as A7 — 0. Therefore, from (4.6),
we need P! — oo as A7 — 0, which can be achieved by letting Pt = C/Ar, for a finite C > 0.3
(For relevant discussions, see, for example, [32][Theorem 4.2]). We note that, for practical purposes, if
P' is chosen sufficiently large, it can be kept constant for all A7 refinement levels (as we let AT — 0).
The effectiveness of this practical approach is demonstrated through numerical experiments in Section 6.

Remark 4.1 (Padding considerations). For the PIDE (4.1), the Green’s function g(w,AT) is not
known in closed-form. However, we do have a closed-form representation for the Fourier transform
of g(w, At). Therefore, we can approximate (4.4) efficiently by discrete convolution via Fast Fourier
Transform (FFT). As noted in the introduction, wraparound error (due to periodic extension) is an im-
portant issue for Fourier methods, particularly in the case of impulse control problems. For our scheme,
Without

loss of generality, for convenience, we assume that |wmyin| and wmax are chosen sufficiently large so that

the intervals [wlﬂin, Wmin] and [Wmax, w;[nax] also serve as padding areas for nodes in Q;, U

Gmin *

w — Wmi w — Ws
wITnin = Wmin — w7 and U}-rrnax = Wmax + W- (47)
In Subsection 4.4, we show that, for practical purposes, this simple choice for padding areas is sufficient

for eliminating wraparound error. This is also verified by extensive numerical experiments in Section 6.
T

We now have a finite computational domain € = [w, .., w;rnax] X [@min, @max) X [0, T, which consists of

i, = defined in (3.5), Qg .. = defined in (3.5),
Qr = [wimna w;rnax] X [@min; Gmax] X {0}, Qupy = [wjninv Winin] X (@min, Gmax] X (0,77,
Qwamin = [w;rnin, wmin] X {amin} X (O7T]7 meax = [wmamw;rnax] X [aminu amax] X (O7T] (48)

Due to withdrawals, the non-local impulse operator M(-) for €,, defined in (3.8b), may require evaluat-

ing a candidate value at a point having w = In(max (e — v, €*-~)), which could be outside [wjnin, w;fnax],
T

if w, <w.;,. Without loss of generality, we assume w.,, > wjnin.

4.2 Discretization

We denote by N (respectively NT) the number of points of a uniform partition of [Wmin, Wmax] (respec-
tively [wlTnin, w;rnax]). For convenience, we typically choose NT = 2N so that only one set of w-coordinates
is needed. Recall that Pt = w;rnax — wjnin, and also let P = wWmax — Wmin- We define Aw = % = %. We
use an equally spaced partition in the w-direction, denoted by {w,}, where

w, = wo+nAw; n = —NT/2... NT/2, where (4.9)

Aw = P/N = PNt and @y = (wmin + wmax)/2 = (w . +wh )/2.

min

3For the special case of a GBM, straightforward calculus shows that |E] < Ce_l/AT/\/ AT, for a finite C > 0, and hence,

even with fixed P, we still have % — 0, as AT — 0.
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We use an unequally spaced partition in the a-direction, denoted by {a;}, 7 =0,...,J, with ag = amin,
and a; = amax. We use the same previously defined uniform partition {7,,}, m =0,..., M, 7,, = mAT
and AT = T/M.* Let Atmax = max; (aj+1 — @j), Aamin = min; (a1 — a;), 7 =0,...,J —1. In
addition, we assume that there is a discretization parameter h > 0 such that

Aw = Cih, Aamax = Coh, Aam = Chh, A7 =Csh, Pl =C%/h, (4.10)
where the positive constants C1, Ca, C}, C3 and CY are independent of h. We denote by v,,; & numerical
approximation to the exact solution v(wy, a;, 7,) at node (wp, aj, ) = X, ;- Form =1,..., M, nodes
X,; having (i) n = ~NT/2,...,=N/2, are in Q. U Qyuq.., (i) n = —N/2+1,...N/2 — 1, are in

D UQ and (iii) n = N/2,... NT/2, are in Q
straightforward to ensure the theoretical requirement P — oo as h — 0. For example, with Cy=1in

We conclude this subsection by noting that it is

Gmin? Wmax *

(4.10), we can quadruple N as we halve h.

4.3 Numerical scheme

For (wy,aj, 1) € 7, we impose the initial condition (3.15) by

v); = max(e”, (1—paj—c)Ae”™, n=—NT/2,. . NI/2—1, j=0,...J (4.11)
We impose the condition (3.14) for (wy, aj, Tm+1) € Quwmae DY
o = e TPt (etn pe¥x) = N/2,... NT/2, j=0,....J, m=0,...,M—1. (4.12)

n7j

In the subsequent discussion, we denote by 7;"; is the control representing the withdrawal amount at
node (wp,aj,7m), n=—-N1/2,....,N/2—1,7=0,...,J,m=0,...,M —1. Welet 7,; = 7,,, +¢, e | 0F.

4.31 Q. UQuypa, .

Wmin

For (wp,aj, Tm+1) in Q U Qs let 137%- be an approximation to v(wy,a; — ’y;’fj, Tm) computed by

Wmin

linear interpolation. To this end, we denote by Z{v™} (w,a) a two-dimensional linear interpolation
operator acting on the time-7,, discrete solutions { ((wl, ay) ,v%) }, = —NT/Q, . ,NT/Q, k=0,...,J,

m=20,...,M — 1. Then, 177%- is computed as follows
o =T{"} (wn,a; —3p5), n=-N/2,...,=N/2, j=0,...,J. (4.13)

We compute intermediate results v:?j by solving

ot = su[g (O + f (), n=—-Nt/2,...,=N/2, j=0,...,J, (4.14)
'Y,%G %

where ¥;,'; is given in (4.13) and f () is the cash amount received by the investor and is defined by

y if 0<~<C,AT,
fy) = : ’ (4.15)
Y1 = p) + pCrAT — ¢ if CLAT < 7.
To advance to time 7,,+1, we solve the first-order ODE v, + rv = 0 with the initial condition given by
v;”;r in (4.14) by simply applying a finite difference timestepping method
ol = ™t Ar (mgfjl) L n=-NT/2, . -N/2, j=0,....J, m=0,...,M—1.  (4.16)

We note that (4.16) is strictly monotone. We also emphasize that numerical solutions in 2 and

Wmax

winin Y Qway,;, can be computed without using information from €2, or €, ;. .

4While it is straightforward to generalize the numerical method to non-uniform partitioning of the 7-dimension, for the
purposes of proving convergence, uniform partitioning suffices.
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4.3.2 Q;,UQ : scheme

Qmin *

For (wp, aj, Tm+1) in 2, UQ let ;"; be an approximation to v(In(max(e"n —~" e jnm)), aj =T Tm)

Qmin >’

computed by linear interpolation. We compute 0'; by linear interpolation as follows

oy =T {v™} (ln (max (ew” - %Tj,ewrfnin)) ,aj — 77%) , n=-N/2+1,...,N/2—-1. (4.17)

We note that the min{-} operator of (3.3) contains two terms, with the continuous control 4 in the
first term having a local nature (§ € [0,C,]), while the impulse control v in the second term having
a non-local nature (y € [0,a]). Motivated by this observation, as in [19], with the convention that
(CrAT, 0] =0 if a; < C.AT, we partition [0, a]] into [0, min(a;, C; AT)] and (C,AT,a;]. We compute

respective intermediate results (vloc) " and ( nk) by solving the optimization problems

n,j
(U],,p)”nnj_ sup (@;rf] + f ('}’ij)) s (Unlc)nm7j: sup ('DZ?] + f (’Y;L??])) )
Yo, €[0,min(a;,CrAT v €(CrAT a;]
7’LI—N/2—|—1,...,N/2—1, j=0,....J, m=0,....M —1, (418)

where f(-) is defined in (4.15) and 9;";, n = —N/2+1,...,N/2 — 1 is given in (4.17). Intuitively, as
h — 0, (u,.) and (v,,.) in (4.18) respectively correspond to the solutions of the first and the second term
of the min{-} operator of (3.3) set equal to zero.

Remark 4.2 (Attainability of supremum). It is straightforward to show that, due to boundedness of

nodal values used in Z{v™}(:) (see Lemma 5.1 on stability), the interpolated value vy'; in (4.17) is
J,_
n,j
(U,,,,C)ij in (4.18) can be achieved by a control in [0,min(a;, C,AT)] and (CrAT,a;], respectively, with

uniformly continuous in 'ygfj. As a result, the supremum in the discrete equations for (Ul,,,,) and

the latter case being made possible due to ¢ >0 [19].

To prepare for time advancement to 7,41, m =0,..., M — 1, we combine boundary values €2, . U
Qua,;, and Q. with results from (4.18) as below (with a slight abuse of notation)
oy in (4.16), 1= —-NT1/2,...,—N/2,
('Uloc)[n’;‘—i_ (vloc);r}+ .
5 = ’ in (4.18), I|=—-N/2+1,...,N/2 -1, 4.19
(resp. (vnl(,)?;r) (resp. (vnlc)?ff) (4.18) / / (4.19)
o in (4.12), 1= N/2,...,Nt/2 1.

For 7 € [1,}, Tim41], our timestepping method for solving the PIDE (4.1) is the convolution (4.4) with
the Green’s function being g(w, A7) and the initial Condition O(w, -, 7;5) given by a linear combination

of discrete values in (4.19). Specifically, using (v,.)/"", 1 = =NT/2,...,Nt/2 — 1, o(w, -, 7;}) is given by

lj
Nt/2—1
o) = Y e w) )], w € [wh wha- (4.20)
I=—Nt/2

Here, {¢)(w)}, I =—NT1/2,... NT/2 — 1, are piecewise linear basis functions defined by®

(w—wi—1) /Aw, w1 <w < wy,
o(w) = (w1 —w) [Aw, w <w < wiy, (4.21)
0, otherwise.

The timestepping results (v.)" ', n=—N/2+41,...,N/2 — 1, is given by the discrete convolution

n?]
Whiax Nt/2—1
(o) = / g w0, A7) w7 dw=Aw Y Glwn — wn A7) ()5, (4.22)
Winin l:—NT/Z
1 Wmax
where g, = g(w, —w;, AT) = Aw / or(w) g(wy, —w, AT) dw. (4.23)
w

min

®For a discussion of different choices of basis functions, see [35].
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Using similar steps on (vnk)}f?, l=—Nt/2,...,Nt/2 — 1, in (4.19), gives us the timestepping results
(V)™ n==N/2+1,...,N/2—1,j=0,....,J,and m=0,...,M — 1.

n’j )
That is, with §,—; given in (4.23) we compute two discrete convolutions

Nf/2-1 Nf/2-1
(Uloc)nmj_l = A’LU Z gnfl (’Ulon)’[r’r;'—i_ ’ (vnlc)gj_l = A’LU Z gn,l (’Unlc)’l,t}—‘r . (424)
I=—N1/2 I=—Nt/2

n=-N/24+1,...,N/2—1, j=0,...,J, m=0,...,M —1.

Finally, we compute UZZH by

v::f;.“l = max ((vloc)?:;rl, (vnlc)g;rl) , where (vloc)gjl and (vnlc)zljl from (4.24),

n=-N/2+1,...,N/2—1, j=0,...,J, m=0,...,M — 1. (4.25)

In (4.25), the exact value of §,_;, n = —N/2+1,...,N/2 —1,1 = —NT/2,... ,NT/2 — 1, defined in
(4.23), is strictly positive. Therefore, scheme (4.25) is strictly monotone. However, since a closed-form
representation for g(w, A7) is not known, the exact value of §,,_; can only approximated, and hence, this
potentially results in negative weights, i.e. loss of monotonicity. In the next subsection, we will show
that it is possible to achieve monotonicity, for fixed N and Ar, for any tolerance € > 0.

Remark 4.3 (Optimization method). In (4.18), we discretize the control ~,"; with spacing O(h), and
solve the optimization problem at each node by erhaustive search, using binary search to query the
database of discrete solution values on the unequally spaced (w,a) mesh. As has been proven in [19,
Proposition 1], the error in this step is O(h?) for any smooth test function. One dimensional optimization
methods could be used to reduce the computational cost, but there is then no guarantee of obtaining the
global mazximum as h — 0.

4.3.3 Q;,UN : e-monotonicity

Qmin *
To approximate §,—_;, we follow the same steps as in [35]. For the sake of completeness, we provide some
key steps below. We recall the Fourier transform and inverse Fourier transform

Flg()] = Gy, Ar) = /

—00

g, Ar)du, FG)) = glw Ay = [ G, Ar)dn.(4:26)

— 0o
It is straightforward to show that a closed-form expression for G (n, A7), the Fourier transform of the
Green’s function of equation (4.1), is

G(n,At) = exp(¥(n) A7), with

U(n) = <—302(27r77)2 + <r — Xk — %02 - B) (2min) — (r + A\) + AB (77)) . (4.27)

Here, B (n) is the complex conjugate of the integral B (n) = [ b(y) e 2™ dy, noting b(y) is the
density function of In (¢)), where v is the random variable representing the jump multiplier.
For a fixed n € {~N/2+1,...,N/2 — 1}, to approximate §,_;, [ = —NT/2,...,NT/2 — 1, in (4.23),

we replace g(w, AT) by its localized, periodic approximation g(w, AT) given by

1

BF Z MY G (e, AT) with mp = —, Pl =] —w! (4.28)

PT ’ max min*

g(w,At) =

k=—00

Remark 4.4. We note that the coefficients G(ng, A1) in (4.28) are the exact coefficients corresponding
to the Green’s function of the PIDE (4.1) with periodic boundary conditions at w;rni
g(w, A1) is a valid Green’s function, and in particular g(-) > 0.

We note that, for a fized A, §g(w,At) # g(w,AT), w € [wjnm,wjnax]. However, as At — 0, or
equivalently, as h — 0, we have

g(w, AT) © / 2T G (n, AT)dn 4+ O (1/(PT)2> (4%6) g(w,AT) 4+ O (h2) : (4.29)

. and wInaX. Hence,

11
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Here, (i) is due to PT — 0o as h — 0, ensuring in an O (1/(P1)?) ~ O (h?) error for the traperzoidal
rule approximation of the integral.

After replacing g(w, A7) by g(w, A7) in (4.23), we integrate the resulting finite integral and obtain

o0 ) s 02
S emimn-haw (WWU) G(WAT)) , (4.30)

. L 1
Jn-1 = Gn-1(00) = Pt (WWAU))z

k=—0o0
For a € {2,4,8,...}, (4.30) is truncated to aNT terms, resulting in an approximation

aNT/2-1

.2
S P (W) G, A7) | - (4.31)
k=—aNt/2 (W?]kAUJ)

1

gn—l(a) = ﬁ

As o — o0, there is no loss of information in the discrete convolution (4.31). However, for any finite «,
there is an error due to the use of a truncated Fourier series. This error is given by [35]

|Gn-1(@) = Gn—1(00)| = O(e™/™). (4.32)

To show (4.32), we note that, for a finite «, we have

- - 1 s it (r— sin? 7, Aw
n—1(0) = Gn_i(c0 — T e wing (n—1)Aw < G ,AT
(@)~ i) = | > IS ) Gl )
1 —olt/2-1 sin? oy, Aw
T 2ming (n—1)Aw k
TP kz_:oo ‘ ( (mnrAw)? > Gl A7)
2 = 1
< o —— 5 |G, A7)
pt kzgv:T/Q (WnkAw)2
M 2 4 &
< P22 Z |G (K, AT)
k=aNt/2
() 8 - 20 2 _2 2
< P Z exp (—k (20°m*AT)/(P") )
k=aNT/2

(2) 8 exp ( — 027T2AT(NT)2042/(2(PT)2))

= O(e7/M). 4.33
Pir2a? 1 —exp (— 20272ATNTa/(P1)?) (™) (4.33)

(mklAw)2 < W24a2, since n = %, Aw = %, and k > aNT/2. For (ii), using the

closed-form expression of W(n) given in (4.27), with 1 = g, noting Re(B(n;)) < 1 and r > 0, we have

Here, (i) is due to

Re(W (1)) = —50*(@m)? = -+ X) + ARe(B(m)) < —50%(2mm)?

resulting in
G A7) = exp (Bm)A)| < exp ( = go*(2mm)*Ar ) = exp ( = K(20nA0) /(P ).

In (iii), we bound the error using the sum of an associated infinite geometric series, then introduce the
discretization parameter h via (4.10).

Although the error in (4.32) indicates a rapid convergence of truncated Fourier series as o — o0,
strict monotonicity is not guaranteed for a finite a. To control this potential loss of monotonicity for a
finite «, the selected o must satisfy

Nt/2—1
A
Aw Yy |min(go—i(@).0)| < e%, Vne{-N/2+41,...,N/2 -1}, (4.34)
I=—Nt/2

where 0 < € < 1 is an user-defined monotonicity tolerance. We note that the left-hand-side of the
monotonicity test (4.34) is scaled by Aw so that it is bounded as h — 0. In addition, € is scaled by %

12
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in order to eliminate the number of timesteps from the bounds of potential loss of monotonicity. This is
a key step in achieving stability of the proposed scheme, as demonstrated in Section 5. As also discussed
in detail in Section 5, to show convergence of the numerical scheme, we need ¢ — 0 as h — 0. In
practice, however, if € is chosen sufficiently small, it can be kept constant for all refinement levels (as we
let h — 0). The effectiveness of this practical approach is demonstrated through numerical experiments
in Section 6.

4.3.4 Efficient implementation via FFT and algorithms

For a fixed a € {2,4,8, ...}, the sequence {G_yt /o(), ..., Gnt/2—1()} is N'-periodic. That is, we have
gq(@) = G,y Nt (@), for any g € {-NT/2,...,NT/2}. With this in mind, we let ¢ = n — [ in the discrete
convolution (4.31), and, for a fixed «, the set of approximate weights in the physical domain to be
determined is g, (), ¢ = —NT/2,..., NT/2 — 1. Using this notation, in (4.31), with ¢ = n — [, we rewrite
eQm'nk(nfl)Aw _ 627rik:aq/(aNT)’ and obtain

aNt/2-1

~ 1 ik (o aNT
do() = oy > DN g Ny N2, (4:35)
k=—aNt/2
sin? R Aw aNT aNT
where y, = | ———= | G(ni, A1), k=——,...,— — 1.

It is observed from (4.35) that, given {yx}, {gs()} can be computed efficiently via a single FFT of
size aNT. A suitable value for o, i.e. satisfying the e-monotonicity condition (4.34), can be determined
through an iterative procedure based on formula (4.35). Let this value be a.. We also observe that,
once a. is found, the discrete convolutions (4.24) can also be computed efficiently using an FFT. This
suggests that we only need to compute the weights in the Fourier domain, i.e. the DFT of {g,(c)}, only
once, and reuse them for all timesteps. We define {G, ()} to be the DFT of {g,(a.)} given by

) pt Nf/2-1 o

G, AT, o) = NF ZT/ e~ 2mak/NT 5 (), k=-Nt/2,... Nt/2-1. (4.36)

q=—NT1/2

An iterative procedure for computing {éq(ae)} is given in Algorithm 4.1, where we also use the stopping

t/9—
criterion Aw Zflvszl/g |Gq(cr) = Gg(r/2)| < €1, 0 < €1 < 1.

Algorithm 4.1 Computation of weights éq(ae), q=—N%/2,...,Nt/2 — 1, in Fourier domain.

1: set @ = 1 and compute §,(a), g = —NT/2,...,NT/2 — 1 using (4.35);
2: for a = 2,4, ... until convergence do

3:  compute g,(a) ¢ =—NT/2,...,NT/2 — 1, using (4.35);

4:  compute test; = Aw E(J]\:g\ﬂlﬂ min (g4(a), 0) for monotonicity test;

Nt/2—-1

compute testo = Aw ) ’gq(a) - gq(a/Z)’ for accuracy test;

: qg=—N1/2
6: if |testi]| < e(A7/T) and testy < €; then
7: Qe = @
break from for loop;
8 end if
9: end for

10: use (4.36) to compute and output weights éq(ae), q=—NT7/2,...,NT/2 — 1, in Fourier domain.

We note that, using the error bound (4.33), noting that g, ;(c0) > 0, quantity “test;” on Line 4 of
Algorithm 4.1 can be bounded as follows
8 exp (—o?m?AT(NT)2a?/(2(PT)?))

test < ,
ftesta] < m2a? 1 —exp (— 20212 ATNTa/(P1)?)

13
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and |teste| can be bounded similarly. Therefore, for any €,¢; > 0, Algorithm 4.1 stops after a finite
number of iterations. In a practical setting, the algorithm only takes about 1 or 2 iterations to stop, i.e.
Q. is typically about 2 or 4 for practical purposes.

Remark 4.5. For simplicity, unless otherwise stated, we adopt the notional convention gn—; = Gn—1(c)
and G(ng, AT) = G(ng, AT, a.), where o is selected by Algorithm 4.1, hence satisfies the e-monotonicity

condition (4.34): Aw ZN /?wl/Q | min (§,—1(@),0)| < €57, >0, foralln € {~N/2+1,...,N/2—1}.

The discrete convolutions (4.24) can then be implemented efficiently via an FFT as follows

Nf/2-1
. T ~
o)t = Y 2N Y (g, a5,k Glng, AT), (4.37)
q=—NT/2
Nt/2—1
with ‘/loc (77(1, aj, 7'7:) = m Z e—27r7qu/NT (Uloc);g‘—i_ , 4= _NT/27 ) ]\'ﬁ/2 - 17
I=—N1/2

where G(1,, AT) is given by (4.36). Similarly, we can compute (vnlc)zljl, n=-N/2+1,...,N/2 -1,
j=20,...,J,and m = 0,...,M — 1, using an FFT as above. Putting everything together, an e-
monotone algorithm for € is presented in Algorithm 4.2, where, for simplicity, we use the notation

Nf = {-NTf/2,...,Nt/2 - 1}.

Algorithm 4.2 An e-monotone Fourier algorithm for GMWB problem defined in Definition (3.1). xoy
is the Hadamard product of vectors = and y; NT = {—~NT/2,... NT/2 —1}.

1: compute vector G = [é(nq, AT)} Nt using Algorithm 4.1;
qe

e 1 t to
2: initialize v0 . = max (e“", (1 — p)a; — c), n——NT,...,NT,j:Q...,J;

7]
3: form=0,...,M —1do

4: solve (4.18) to obtain (vy.)'s and (v.)n T, n=—5 +1,. ,J=0,...,J; [/ UQ

] n,J "’ Amin

5. combine results in Line-4 with v}, in Q. Qwamin and meax, to obtaln vectors

m+ __ m+ m+ __ m+ . .

(vloc)j - |:(vloc) n,j i|n€NJr and (Un,lo)j - [(U'nlc)n,j :|n NT7 J = 07 R J7

6: compute vectors [(vlm,)nmjl} . IFFT {FFT {(vlm)m } o G} j=0,...,J;
i ne
7:  compute vectors [(Umc);njl} - = IFFT {FFT {( nl(,)m } o G} j=0,...,J;
8:  discard FFT values in Q,,_. , Qwamm and Qo , Namely (Ul,,c)njl and (U,,,,C)ijl,
i

n:—%,...,—g,andn—% —1,]20,...,J;

9:  set vm;rl—max((vlm)mJrl (v ,Lk)nm;r1>,n:1¥+1,...,g1,j:0,...,J; [/ U Qg
10:  compute v:{f;fl, n= g, cey NTT, j=0,...,J, using (4.12); /] Qs
11:  compute v:{f;.rl, n = ]\;T v, =5, =0,...,J, using (4.16); /] Qi Y Quas
12: end for

Remark 4.6 (Algorithm complexity). The complexity of Algorithm 4.2, at each timestep, consists of
two magor parts, intervention action and time advancement. For intervention action, a binary search
is carried out for each mesh node, with each search costing O(|log(1/h)|). For each timestep, we need
to solve O(1/h?%) optimization problems (that is, for each mesh node (wy,a;) with n = fNTT, e % -1,
j =0,...,J), each optimization performs O(1/h) linear interpolations (i.e. for O(1/h) elements in
the admissible control set). The intervention action results in O(|log(1/h)|/h3) computational cost at
each timestep. Regarding time advancement, we basically solve O(1/h) PIDEs (i.e. for each a; when
j=0,...,J) using the e-monotone Fourier method. Apart from a preprocessing step in Algorithm 4.1,
the complexity of the time advancement mainly depends on the FFT to evaluate the discrete convolution,

with each FFT costing O(|log(1/h)|/h). In total, the computational cost of the time advancement is
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O(|log(1/h)|/h?) at each timestep. Thus the major cost of Algorithm 4.2 is determined by the interven-
tion action, that is by the local optimization problems.

4.4 Wraparound error

A well-known issue requiring special attention is that FFT algorithms effectively assumes that the input
functions are periodic. This tends to cause wraparound pollution near the boundaries, unless special
care is taken when implementing the algorithms [29]. In our case, wraparound error may occur at nodes
and €2 U Quapin OF Qwmar s With the
contamination being particularly problematic near wyj,. This is because the non-local impulse operator

near Wpyin and Wmax, i.€. near the boundaries between €2, UQ, . Wnin

always moves the solution to smaller w values, due to withdrawals.
UQya,,, and Q
act as padding areas to minimize the wraparound error in the computation of discrete convolutions (4.24)

As introduced in Remark 4.1, the boundary sub-domains {2 are also set up to

Wmin Wmax

via an FFT in (4.37). Specifically, as stated in Algorithm 4.2, for each 7,,, solutions in the boundary
are combined with (Uzoc)nmj and (vnlc)gj in Q,UQ, . (Lines 4-5)
to form the data for an FFT (Lines 6-7). After an FFT is applied, all results of auxiliary padding nodes
in Q0 U Quayy, and Q

(Line 8). Note that our treatment is different from the zero padding technique used in [1, 45], which

sub-domains Q. Uyq,., and Q

Wmax

wmax € discarded to minimize the wraparound error at nodes in {2, U Q.

might produce errors near wmin. In the below, we show that, with our choice of NT = 2N, N is chosen
large enough, our handling of wraparound described above is sufficiently effective.
For full generality, we consider the generic recursion in the form of the discrete convolution (4.24)

Nt/2—1
Wit =Aw Y gau’, n=-N/2+1.. N/2-1 (4.38)
I=—Nt1/2

As noted above, wraparound in (4.38) may occur if (n —1) < —NT/2 or (n—1)> NT/2 —1. (Also see
Appendix A.) This leads us to the following formal definition of wraparound error at each time 7,,.

Definition 4.1 (wraparound error). Assume {g,}, ¢ = —NT/2,...,N1/2—1, is periodic with period N
and u*, for l < —N/24+1 orl > N/2 — 1, are determined by boundary data with Nt =2N. Then, the

wraparound error for equation (4.38), at timestep m, denoted by Comapr 1S

Nt/2—1
Comp = 7N/2+{17§16}3;N/271 l_E:NT/Q Gn—1 UT’ (1{(n—l)<—NT/2} +1{(n—l)>NT/2—1}>-

We now state a theorem on the effectiveness of our padding technique. See Appendix A for a proof.

Theorem 4.1. Let {g,}, ¢ = —NT/2,...,NT/2—1, be periodic with period N1, and u”, forl < —N/2+41
orl> N/2 —1, be determined by boundary data with Nt = 2N. Assume further that {u;"} is bounded
in Loo-norm, so that for 0 < m < M, there exists a constant C > 0 such that

| <C, | = —NT/2,...,NT/2-1. (4.39)

If N is selected sufficiently large so that

—N/2 Nt/2—1
~ € - €
Aw g g < ;AT and Aw g g < geAT, €e > 0, (4.40)
I=—NT/2 I=N/2

then the wraparound error after M steps is bounded by T'Ce,.
We now have a corollary about the wraparound error of our scheme.

Corollary 4.1. The wraparound error, defined in Definition 4.1, of scheme (4.11), (4.12), (4.16), and
(4.25), is bounded by T'Ce., where €, > 0 can be made arbitrarily small by choosing N sufficiently large.
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22 D Convergence to the viscosity solution

sis It is established by Barles-Souganidis in [14] that, provided a comparison result for PDEs applies, a
si6 numerical scheme converges to the unique viscosity solution of the equation if the scheme is ¢..-stable,
si7 - strictly monotone, and consistent. In our case, as noted in Remark 3.2, a provable strong comparison

sis. principle result exists for €2, U However, our scheme is only monotone within a tolerance € > 0

Gmin *
s19  (see (4.34)), and hence, the framework in [14] is not directly applicable. Nonetheless, [14] does note that
s20 the monotonicity requirement can be relaxed. This idea was explored in [17].

521 In this section, we appeal to a Barles-Souganidis-type analysis to rigorously study the convergence of

52 our scheme in €, U as h — 0 by verifying three properties: /,,-stability, e-monotonicity (as opposed

@min
523 to strict monotonicity), and consistency. We will show that convergence of our scheme is ensured if the
s24 monotonicity tolerance e — 0 as h — 0. Although our proofs share some similarities with those in [19]
s25  for a strictly monotone scheme, we stress that these are distant similarities. Specifically, due to key
s26 differences in the monotonicity property and the use of Fourier methods which requires careful handling
so7 - of boundary regions, our proof techniques are significantly more involved. We will emphasize these key

s28  differences where suitable.

529 For subsequent use, we state two results below: for any n € {—N/2+1,...,N/2 — 1}, we have
Nt/2—1 Nt/2—1 A
T AT
o Aw Y gea=e Aw YT (max(@e,0) + min (Gu,0)]) £ 14267 <X FL (5.1
I=—Nt/2 I=—Nt/2

s In (5.1), the second result follows from the first, noting ,,_; = max(g,_;,0)+min(g,_;,0), and e 727 < 1,
s32  together with the monotonicity condition (4.34). The first result in (5.1) can be proven as follows.

533 Recalling Aw = %, with ¢ = n — [, we have
Nt/2—1 Nt/2—1
. w P _
534 Aw Z -t = NF Z 9q
I=—Nt/2 q=—Nt/2
NT/2-1 acNT/2-1 . 9
@ Pt 1 omineqAw [ S TNEAW
535 - Nt ) P >, e (T Aw)? G, A7)
g=—Nt/2"  k=—a.Nt/2
tro_ tro_
1 aENZ/Q ! sin? mn, Aw G, A7) Nﬁ ! 2migk
= — - T ex
e Nt (T Aw)? Tk P\
k=—a.Nt/2 a=—N1/2
537 (2) G(O, AT) (izv) e TAT.
s3s  Here, in (i), we use the fact that the sequence {g_m/z, .. ,gm/g_l} is Nt-periodic. In (ii), recalling the

s notional convention g, = gq(c) in Remark (4.5), we replace gq(a.) by the definition of g,(a) given in
sa0 (4.31), with o = . In (iii), we apply properties of roots of unity. Finally, in (iv), we use the closed-form
sa1 expression of W(n) in (4.27), with 7 = ;.

542 Our scheme consists of the following equations: (4.11) for Q,, (4.12) for ..., (4.16) for 2
a3 and finally (4.25) for O, U, . . We start by verifying -stability of our scheme.

Wmin U Qwamin7
saa O.1 Stabihty

sss Lemma 5.1 ((oo-stability). Suppose the discretization parameter h satisfies (4.10). If linear inter-

s polation is used to compute U'; in (4.13) and (4.17), then scheme (4.11), (4.12), (4.16), and (4.25)

s satisfies sup |[v"™||, < 0o for allm =0,..., M, as the discretization parameter h — 0. Here, ||[v™] =
h>0

s maxpj o], n=—N1/2,... ,NT/2—1, and j =0,...,J.

5In fact, we have Aw Zf\:i/i;rl/z Gn_i(a) = e "7 for any o € {2,4,8, ...}, of which the first result of (5.1) is a special
case with o = a.. However, the second result of (5.1) only holds for @ = ., i.e. when the monotonicity condition (4.34)
satisfied.
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Proof. We note that, for any fixed h > 0, we have HUOHOO < 00, and therefore, sup,~ HUOHOO < 0.
Motivated by this observation, to demonstrate {o-stability of our scheme, we will show that, for a fixed
h >0, at any (wp,aj, Tm), we have

lups] < K(HUOHOO +aj), K >0 bounded above independently of h. (5.2)

Since a; < zp < oo, where zy is the up-front premium to the insurer, (5.2) essentially means that
[v™|| < oo for a fixed h > 0. Therefore, we obtain supj.q|[v™| . < oo for all m = 0,...,M, as
wanted. We note that the constant K > 0 is typically of the form 62’”EA =0,...,M, where € is the
monotonicity tolerance used in (4.34) with 0 < e < 1. Since mA7T < T, K is bounded above by €.

For the rest of the proof, we will show the key inequality (5.2) when h > 0 is fixed. For clarity, we
will address stability for the boundary and interior sub-domains (together with their respective initial
conditions) separately, starting with the boundary sub-domains. It is straightforward to show that (4.11)
and (4.12) are {-stable, since

max|v |<H’U0H n=N/2,...NT/2, j=0,...,J, m=0,..., M. (5.3)
n,j

Similarly, we can also show /-stability of (4.11) and (4.16) by proving maxy ; [v;;| < HUOH +a; via
0< oy <|° +aj, n=-N'/2,...—N/2, j=0,....J, m=0,..., M. (5.4)

This can be done by induction on m in a straightforward manner, noting that (4.11) and (4.16) are
strictly monotone. We omit this for brevity.

We now prove stability for (4.11) and (4.25). Forn =—-N/2+1,...,N/2—1and j=0,...,J, and
m =20,...,M, we define the measures

HUT-”JFH = max v, ) and vaH = max vy'i|, where
o J n,j
m-+ _ m-+ m _ m m-+ _ : m-+ m _ : m
(57 e = e (R D e = e L [o1], —H%%“{”w b [0 = min {0113}
Similarly, we also have ‘(UM)TH (U,,lp);”H , and other respective measures.
o0 o0

Recall the monotonicity tolerance €, where 0 < € < 1, used in (4.34). To prove stability for (4.11)
and (4.25), we show that, for m € {0,... M}, we have

o7l < e2me’s (0% +as), G=0,....J, (5.5)
which is bounded above by e? HUOHOO + 20) independently of h, since mA7 < T. We typically use
€ < 1/2 in the proof below. To show (5.5), using induction on m, m =0, ..., M, we will show that, for
all j €{0,...,J},

5 e < 7T ([0l +09). (5.6)
A ar
—ame ST (|0 ) < [, 5.7)

We note that numerical solutions at nodes in €2
je{j=0,...,J}and m € {0,..., M},

—NT/anl%);—N/Q {of;} satisfies (5.6), and —NT/QIQLI;—N/Q {o;} satisfies (5.7). (5.8)
Base case: when m = 0, (5.6)-(5.7) hold for all j € {0,...,J}, which follows from the initial condition
(4.11) forn=—-N/2+4+1,...,N/2 — 1.
Hypothesis: we assume that (5.6)-(5.7) hold for m = 7, where m < M —1,and n = —N/2+1,...,N/2—1,
i=0,...,J.
Induction: we show that (5.6)-(5.7) also hold for m = m+1 and j =0,...,J. This is done in two steps.
In Step 1, we show, for j =0,...,J,

|:U‘;/h+:| max

“ (1O + as)

U Qya,,;,, satisfy the bounds (5.6)-(5.7) at the same

Wmin

IN

2T (||00]| + aj) (5.9)

AT oinesy [u;ﬂ . (5.10)

—2me—

IN
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In Step 2, we bound the timestepping result (4.25) at m = m + 1 using (5.9)-(5.10).

Step 1 - Bound for v} + : Since v ]+ = max ((v,m);ﬁj , (Unlc)nﬁf;r) using (4.18), we have

vy’;”;r = sup [I {vm} <max (ewn _ ,yg?jvewjnh) ,aj — %Tj) + f(ry:ffj)} ) (5.11)
’Yﬂje[o)aj]

As noted in Remark 4.2, for the case ¢ > 0 as considered here, the supremum of (5.11) is achieved by
an optimal control v* € [0, a;]. That is, (5.11) becomes

v:;'f;r = I{vm} (max (ew” - 7*,6“’1&11) ,aj — 7*) + f(v"), " €[0,a4]. (5.12)

+
We assume that max (ew“ - ’y* e“’min> € [e¥n, e"+1] and (a;—7*) € [a;, a;jr11], and nodes that are used
Xpf jro e ,X;@HJ,H). We note that these node could be outside €;, U {2
U Quay,,- However, by (5.8), the numerical solutions at these nodes satisfy the same bounds

for linear interpolation are (x”}
ln mein
(5.6)-(5.7). Computing v, + using linear interpolation results in

Gmin?

vm;’ =1z, (xw Vg o+ (1 = 2y) UZ?HJ,> + (1 —x) (xw UZ?J,H + (1 —zy) UZ?HJ,H) , (5.13)
where 0 <z, <1 and 0 < z,, < 1 are interpolation weights. In particular,

g, = 1T (0= 7). (5.14)

aj’+1 — aj/

Using (5.8) and the induction hypothesis for (5.6) gives abound for nodal values used in (5.13)

. . . . LA
{”ﬁ,jf’vlﬁu,ﬂ"} < T (|0l + az), {”Z},juru vq’;'?+1,j'+1} < T ([0 ]loo + agra). (5.15)

Taking into account the non-negative weights in linear interpolation, particularly (5.14), and upper
bounds in (5.15), the interpolated result Z {v™} (-) in (5.12) is bounded by

I{Um} <maX (ewn _ ,7*,ewjnin) ,aj — 7*) < e2me = (HUOHoo (aj _ ,7*)) (5.16)
Using (5.16) and f(7*) < ~* (by definition in (4.15)), (5.12) becomes

vt < T (1000 + a5 = 77) +77 < 2™ F ([0]]oo +a5)

which proves (5.9) at m = m.

For subsequent use, we note, since U;n;r = max ((v,oc)?’;|r , (Unlc)n g ) (5.9) results in

{(vloc):’zj b (vnlc)nm’j} S U:;rf;_ S 2m6 (H/UOHOO + a]) (517)
Next, we derive a lower bound for (vlop)n and (v nlf)n ;- By the induction hypothesis for (5.7), we have
vgfj > —2m6% 2m€£ HUOHOO + a;j). Comparing (Um)n] given by the supremum in (4.18) with vnj,

which is the candidate for the supremum evaluated at v,,"; = 0, yields

AT 25 AT

(V)i = oy > — 2hee 2T (|00 + ay) (5.18)

which proves (5 10) at m = m.

For (v nlc)n !
J
esis and non- negatlve weights of linear interpolation, noting v* > 0 and assuming f(v*) > 0, gives

in (4.18), consider optimal v = v*, where v* € (C, Ar, a;]. Using the induction hypoth-

; . AT 5. ar . . . AT 5. Ar
vy = =2 =T ([0 + (a5 = 7)) + () 2 =2 T ([0 +a;) . (5.19)
From (5.17)-(5.18) and (5.19), noting € < 1/2, we have

{1 @i 1 a1} < ¥ (10l + ay) (5.20)
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Step 2 - Bound for Ugf;-rl: We will show that (5.6)-(5.7) hold at m = 7 + 1. For all n = —N/2 +

1,...,N/2—1,and j =0,...,J, we have ‘(UW m+1‘ ’Zf\f/?\ﬁlﬂ Tn—1 (v,g,,)l;r‘ ..
Nt/2—1 0 Nt/2—1
~ -~ A AT ~ o~
AW Y g )5 < T (0o + a)Aw Y (max(Ga—y, 0) + [min(gn_, 0)])
I=—Nt/2 I=—Nt1/2
() o Ay
< e2m6A*(||v0||oo +a;)(1 + 2eAr/T)

< DT (o0 o0 + ). (5.21)

Here, (i) comes from (5.20), and (ii) comes from (5.1). Similarly, for n = —N/2+1,...,N/2 — 1, and
7=0,...,J, we also have A
| it | < VT (000 + a5), (5.22)

n?]

Therefore, from (5.21)-(5.22), we conclude, for n = —-N/2+1,...,N/2 — 1,and j =0,...,J,

] < 2HDEE (0|0 + ay),

which is bounded above by 62(HUOHOO + zp) independently of h, since mA7 < T. This proves (5.6) at

time m =m + 1.

t N
To prove (5.7) at m = 7 + 1, note that (v,n,,)mJrl Aw EN /i”% Jn—1 (vl(,p);Tr
A Nt/2—1 Nt/2—1
. AT 95 A7 ~ heT 0 (7
L> —27716?62”‘6 T (|00l 0o + aj)Aw Z max(gn_1,0) — 27T (|00 + a;)Aw Z [min (g5, 0)]
I=—NT/2 I=—Nt/2
Ar Nf/2-1
2 —2Mme— M F (|1]|oo + ap)Aw Y (max(§n-i, 0) + [min (g1, 0)])
I=—N1/2
AT A A A .
> ~2ie—- 2T (00| 0o + a) (1 + 26%) > (i + 1)6%620”“)6% (%]l 0 + ;) -
This proves (5.7) at m = m + 1 and concludes the proof. O

Remark 5.1. In the above proof, to derive (5.19), for simplicity, we assume that, for an optimal
€ (CrAT,a;], f(v*) > 0. If this is not the case, we still have {x-stability with (5.6) becoming

[vm} . < 2meF (HUOHOO +aj +c), and (5.7) becoming [v}”} > —2me%€2me%(Hv0Hw +aj+ o),

min
and hence (5.5) becomes Hv}"H < e2me (HUOHOO +aj + c), noting the constant fized cost ¢ > 0. The
assumption 0 < € < 1/2 is enti?%ly for ease of exposition, and is trivially satisfied in any setting.
Finally, if € = 0, i.e. strictly monotone, the lower bounds (5.7) and (5.10) become zero, while the
upper bounds (5.6) and (5.9) become HUOHOO + a;, which are the same as bounds established in [19] for
a monotone finite difference method for fixred computational domain.

5.2 Consistency

While equations (4.11), (4.12), (4.16), and (4.25) are convenient for computation, they are not in a form
amendable for analysis. For purposes of verifying consistency, it is more convenient to rewrite them in

a single equation. Unless noted otherwise, in the following, j =0,...,J,and m =0,..., M — 1.
For (Wn, aj, Tm+1) € Qs U Quagyys 16 m = —NT/2, ..., —N/2, we define the operators
1
Aerl (h,vm+1 vz‘rz ) - = vm{rl _ sup om.4 f ,ym' + AT <,m}m+1> ’
n,j { , }kgg AT n,j ’ije[o,min(aj,CrAfr)]( n,J ( n,j)) n,j

Bm+1 (h,vn ]'H {vﬁ}kﬁ) = v;rf;fl — sup (O + f () + AT( ;”;q) , (5.23)
Y €(CrATa;)

where 9;%;, n = —NT/2,...,—N/2, is given in (4.13), and f () is defined in (4.15).
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For (wn, aj, Tm+1) € Qi UQ

where f)znj, l=

eyt (o

m+1 m+1 m
Dnj (h’vn,j ’ ”hk}kgj)

Gmin?

m+1
Y n]

Do)

~N/241,...

ieen=-N/2+1,..

.N/2 — 1, we define the operators

—Aw Z In—1 UZTZ‘ - Aw Z In—1 Ulr,nja

I=—Nt/2

I=N/2

,N/2 —1, is given (4.17), and f (-) is defined in (4.15).
Using Agjl (+)s BZ?;FI () CZ?;FI () and DZ?LI (+) defined above, our numerical scheme at the reference

node (wp, aj, Tm+1) € £ can be rewritten in an equivalent form

0

HmH (h vt

i es)

»Un.g
A?:;rl () Wi < wp < Wi, 0 < aj < CAT,
min { A7 (), B () W < wp < wmim,  CrAT < aj < ay,
o () Wnin < Wy < W, 0 < a; < AT,
min {CZ,LJJ'FI () ’DZ,L}H ()} Wiin < Wp < Wmax, CrAT <a; <ay,
vg:jl — e BTm+1pwn Wax < Wy < U);rnax, 0<a; <ay,
ijl B maX( (1 - 'u)aj - C) w;rnin <wp < w;rnax, 0<L a; < ay,

Tm+1 = 0.

N/2—1
1 - .
A{U;'fjl “Aw Y G sup (@15 + £ (i)
T I=—N/2+41 'yl””LjE[O,min(aﬁCrAT)]
—N/2 Nf/2-1
S SRR S
I=—Nt/2 I=N/2
N/2-1
it Aw Yy ge sup (8 + 1 (003))
I=—N/2+1 5 €(CraTa)
—N/2 Nf/2-1

(5.24)

(5.25)

0 < Tmt1 < T,
0 < Tmt1 < T,
0 < Tmt1 < T,
0<7Tmt1 < T,
0<Tm41 &T

To verify the consistency in the viscosity sense of (5.25), we first need some supporting results related

to local consistency of our scheme. To this end, we define operators Fi and F,
min

CrAT, ie. 0 <a/AT < Cy,

Below, we state the key supporting lemma related to local consistency of scheme (5.25).

-Fin’

(x,v) vy — L —

vT—i-rv—

Jv— sup  F(1—e vy —va) Lgsop 0=<a/AT <G,
4€[0,a/AT]
sup 4 (1 —va) Lianoy, 0<a/AT <G

Y€[0,a/AT]

for the case 0 < a; <

(5.26)

Lemma 5.2 (Local consistency). Suppose that (i) the discretization parameter h satisfies (4.10), (ii) lin-

ear interpolation in (4.13) and (4.17) is used, and (i) wmin satisfies

Then, for any test function ¢ € G(2*) NC>*(Q*), with ¢

for a sufficiently small h, we have

Hgfjl (h ¢m+1 + & {of% + é}kéj)

) i
67.Umm — ewmin Z CTAT-

Fi (+,) c(x)€+O0(h) + (x5 k) Wmin < Wy < Wimax, CrAT < aj <ay,
Fm () + c(x)§+ O(h) + (x5 h)  Wmin < Wy, < Wmax, 0 < a; < CrAT,
Fopin ( ) ) (X) §+ O(h) Wmin < Wnp < Wnax, 5 = 0,
Fuin () + c(x) €+ O(h) Wi < Wn < Wanin, AT < 4 < ay,
() +e(x)E+O(h) who < wy < Wainy 0 < @y < CLAT,
Fwamm (-, )+ ¢(x) €+ O(h) wh o < wy < Wi,  aj =0,
Fomax (’7 ) + C(X)f Wmax < Wy < w;rnaxu 0< a; < ayj,
Fry(h) +e(x)€ wh < w, < whax, 0<a; <ay,
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0 < Tt
0< Tm+1
0< Tm4-1
0 < Tt
0< Tm41
0 < T+t
0< Tm41

(5.27)

ij =¢ (){ij) and X = (wnvajaTerl) € Q, and

(5.28)

<T;
<T;
<T;
<T;
<T;
<T;
<T;

Tm+1 = 0.



678

679

680

681

682

683

684

685

686

687

688

689

690

691

692

693

694

695

696

697

698

699

700

701

702

703

704

705

706

707

708

709

710

711

Here, & is a constant and c(-) is a bounded function satisfying |c(x)| < max(r,1) for allx € £, and
E(xyjsh) — 0 as h — 0. The operators Fiy (,+), Fop (3)s Fun (57)s Fuwapin (57)s Fupa, (7) and
Fr (v,+), defined in (3.10)-(3.15), as well as Fiy and F,y  defined in (5.26), are function of (x, ¢ (x)).
To prove Lemma 5.2, starting from a discrete convolution of the Green’s function g(-, A7) and a function
q € G(§2*), we typically need to recover an associated continuous convolution (in w) and then utilize the
Fourier Transform and inverse Fourier Transform. There are two cases: (i) ¢ is not necessarily smooth,
but locally bounded (as it is in G(£2*)), which corresponds to non-local impulses, and (ii) ¢ is a test
function in G(2*)NC>(2*), which corresponds to local impulses. We first present some auxiliary results,

namely Lemma 5.3 (for case (i)) and in Lemma 5.4 (for case (ii)).

Lemma 5.3 (Function in G(2¥)). Suppose the discretization parameter h satisfies (4.10). Let p(w,a,T)
be in G(2*). For any x™. ., ne{-N/2+1,...N/2—-1}, 7€ {0,...,J} and m e {1,..., M}, we have

TL,j’
Nt/2—1
Aw Z Gn-1 Plj = DPnjt O(h?) + E(xpj h),  where £(xp';,h) — 0 as h — 0.
I=—Nt/2

Proof of Lemma 5.3. We fix a = aj and 7 = 7,,,, and instead of writing p(w, aj, 7,), we will write p(w)
which is a bounded function of w € R. We will also write p; instead of P
Since p(w) does not need to be in L'(R), we first construct a function p(w) : R — R which is in

L'(R) and bounded in R and agrees with p(w) in [wl];lin, wfnax]. This can be achieved by using a standard

smooth cut-off function [48]. To this end, with wy = (w;rnin + wlTnaX) /2, we define Dy(wg) = {w €
R : Jw — | < d}, the closed ball centered at wy with radius d sufficiently large so that [w;fnin,wjnax]
is contained in Dgy(wp). Consider a smooth cut-off function ¢(w), w € R, satisfying 0 < ((w) < 1,
¢(w) =1 on Dy(10g) and ((w) = 0 outside of Day(1g). Then the function p(w) = ((w)@(w) satisfies our
requirements.

Consider function ¢ : R — R defined as follows: (i) ¢(w) = Zl]\:_/?\;}? mpr(w), w e [wjnin, Whay], and

(i) g(w) = p(w), w € R\ [w;rnin, ernaX}, where {¢;(w)} are piecewise linear basis functions given in (4.21).
It is straightforward to see that ¢(w) is in L!'(R) and bounded in R. We have

NT/2—1 () NT/2_1 () Wmax
Aw > Gnap=Aw Y Gai(00) pr+ & = /T q(w) §(wn —w, AT) dw + & + &

I=—Nt/2 I=—Nt/2 “min

(&) / q(w) g(w, —w,AT) dw+ & + & + &

+
Win

. o0
(2)/ Q(w) g(wn_w7AT) dw+€f+go+€g+€b

—0o0
O £+ Et € E £, (5.29)

where the errors &, &,, &, &, and &. are described below.

e In (i), & = &;(x7;, h) is the Fourier series error arising from truncating g,—;(c0), defined in (4.30),

t0 ui(a), @ € {2,4,8,...}, in (4.31). As noted in (4.32), & (x7;,h) = O(e™#).
e In (ii), & = & (%7, 1) is the error associated with projecting g(w) onto ¢(-), and is given by
thnax NT/271
& = Eo(xy 5, h) = [ Z pmer(w) — q(w)| § (w, —w, A7) dw, (5.30)
Wmin l:_NT/Q

which, by the definition of function ¢(w), is zero.
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712 e In (iii), the error & = & (x]",, h) is due to approximating g(w, A) by its localized, periodic approx-

TLj’

713 imation g(w,A), and is defined by
wmax
714 & = &(xy,h) = /T q(w) (g(wn, —w, A7) — g(wy, — w, AT)) dw. (5.31)
Win

715 Using (4.29) with ¢(w) € L*(R) and its boundedness in R, we obtain E(xp;,h) =0 (h?) as h — 0.

716 e In (iv), & = &(x;';, h) is the boundary truncation error defined in (4.5), satisfying |&] < K AreK2P'
77 where K and K3 are positive constants independent of h, hence &(xy';,h) = O(hef%) as h — 0.

718 e In (v), & = &(xy h) = 75 9(wn — w, A7) (¢(w) — q(wy)) dw. By the “cancelation properties”

710 of the Green’s function [30, 36]), noting the continuity of ¢(-), we have &(x7';,h) — 0as h — 0.

720 Letting £(x"., h) =

TL]’

Ee(xy;, h) concludes the proof. O

721 For a test function ¢ € G(2*) N C*(Q2*), we have the lemma below.

72 Lemma 5.4 (Test function in G(Q*) NC>(2¥)). Let ¢ € G(Q~)NC*(Q~). For any x;';, n € {—N/2+
2 1,...N/2—-1},j€{0,...,J} and m € {1,..., M},
Nt/2—-1
724 Aw D Guo 8 = Op+ ATL+ Tl + O (h?), (5.32)
I=—Nt/2

725 where the operators L and J are defined in (3.4).

76 Proof of Lemma 5.4. Since we apply the Fourier transform and inverse Fourier transform with respect
727 to w, we fix a = a; and T = 7,. Instead of ¢(w, a;, 7)), we will write ¢(w), which is a smooth univariate
78  function of w € R. Since ¢(w) does not need to be in L!(R), we apply a similar smooth cut-off function
720 as in Lemma 5.3 to obtain a smooth function x(w) that is in L!(R), bounded in R, and agrees with ¢(w)
730 in [w;rmn, wmax] With this in mind, starting from the left-hand-side of (5.32), we apply steps (i)-(iv) in
731 (5.29), noting that the projection error &,(x"., h) associated with the smooth function y(w) becomes

n]’
72 (also noting x(w;) = ¢7;)
who r NT/2-1
733 Eo(x5 h) = /T [ > x(w)e(w) = x(w)| §(wn —w, A1) dw = O(h?).
Win I=—Nt/2

74 Here, we used Taylor series expansions and the form of ¢;(w) given in (4.21). This gives

Nt/2—1 oo
735 Aw Z Gn-1 X5 = / x(w) g (wp —w, A7) dw + O(h?)
I=—Nt/2 -
736 =[x gl(wa) + O(B?) = FHF [X)(n) G (n, A7)] (wn) + O(B?), (5.33)

737 where [x * g] denotes the convolution of x(w) and g(w,Ar). In (5.33), with ¥(n) given in (4.27),
7% expanding G(n, A1) = eYWAT by a Taylor series gives

79 gl (wn) = FHFIIM) (1+ VAT + R(m)AT?))] (wn)

40 = X(wn) + ATFHF () ¥ ()] (wn) + ATFHF X () R ()] (wa),  (5.34)

7 where R(n) = $¥(n)2e? M, ¢ € (0, A7), is the remainder.
742 For the second term A7F~1[](w,) in (5.34), first, using the closed-form expression for ¥(n) in (4.27)

743 gives
0_2 0_2 00
v F0 ¥ = F |Gt (r=ve= G = 8 v N x A [ o) o) ]
745 = F[Lx+ Tx|(n). (5.35)
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Then, substituting (5.35) into the second term A7F 1 [] (wy,) in (5.34) gives
ATFHF X () W ()] (wn) = AT [Lx + T - (5.36)
For the third term A72F~![](w,) in (5.34), we have

A |F M) Rm)wa)| = A7 / h emwnmm{ /°° =20 (1) dw}dn‘
< ot [l do [ IR
Doar [Tl du [T SR o gy
L T I
D o). (5.37)

Here, in (i), we use R(n) = 2¥(n)2e¥™¢ and Re(¥(n)) is the real part of ¥(n). In (ii), using the

closed-form expression of ¥(n) in (4.27), we have
_ 1, 2 _ B 1, 2
Re(¥(n)) = —507°(2mn)" — (r + A) + ARe(B(n)) < —50°(2m)".

In (i), we note x(w) € LY(R), and the second integral is bounded by a constant, since |¥(n)[? is a
quartic polynomial in 7, and ffooo |7]|k e‘éfﬂ(?mydn, k €{0,1,2,3,4}, are bounded. Substituting (5.36)
and (5.37) back into (5.34), noting (5.33) and the definition of x(w), gives

Nt/2—1
Aw Y Gaa ¢y = i+ AT[Lo+ TG + O(h7). (5.38)
I=—Nt/2

O
We are now ready to present a proof of Lemma 5.2.

Proof of Lemma 5.2. Since ¢ € C*(£2*) and 2 is bounded, ¢ has continuous and bounded derivatives of
up to second-order in 2. We now show that the first equation of (5.28) is true, that is,

Ay () = min {7 (), DI ()} = Fiu (x, 6 (x)) + ¢ (x) € + O(h) + £ h)
if Wmin < Wy < Wmax, CrAT <aj <ay, 0 < Tpyr < T,
where operators C;n;rl() and DZL”;FI() are defined in (5.24). In this case, operator ng;rl() is written as

N/2—1

1 -
i) = g o+ 6 - A Gt swp (341 (1)
! ar l—%/:2+1 Wz’flje[OCrAﬂ( ZJ " )
~N/2 Nt/2-1
A Y e () —Aw S G (61 +§)} (5.39)
I=—NT/2 I=N/2

where (Z;l"”; + (%) =T{o(x™) + &} (ln (max (ewl -5 ewlﬂn>) ,aj — 7{3) +v5- (5.40)

Condition (5.27) implies that, for any w; € (Wmin, Wmax), €% — VG > eWhin for all VG € [0, C, AT,
and hence, we can eliminate the max(-) operator in the linear interpolation operator in (5.40) when
75 € [0,CrAT]. Consequently, with 4/} € [0, CrA7], (5.40) becomes

m m (_1) 1 wy m ) m o (A A 2 m

o+ f (71,]') =9 ( n (6 - %,j) » @5 = Y] Tm) +&+ (Aw + Aamax)” ) + 75

D g e (1 - e (W)Y — (a)]%) + O (h2) . (5.41)
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Here, in (i), due to linear interpolation, we obtain an error of size O ((Aw + AamaX)Q), and also we
can completely separate £ from interpolated values; and in (ii), we apply a Taylor series to expand
1) (ln <e“’l — ’yﬁ) s @ — N Tm> about (wy, aj, T, ), noting M= O(AT).

In (5.41), since the control yl’:'"”j can be factored out completely from the objective function, namely
gl (1 —e " (uw) — (gba);f}), we define a new control variable 4/ = ~/";/At € [0,C;]. With this in
mind, let ¢' (4,%’) be a function of 4 € [0,C;] and X’ = (w',d’, 7") € Q> defined by

& (’A%X/) _ F(1—e Yoy (X) — ¢ (X)), Wmin <' w < Wmax, CrAT <ad' <ay, 0< 7' <T, (5.42)
0 otherwise.
Using (5.42), operator C";(+) in (5.39) can be written as
1 Nf/2-1 Nt/2-1
Crit() = Ao |ond = Bdw Y Gea o +E(1-dw Y gt | +O(R7)
I=—Nt/2 I=—N'1/2
Nf/2-1
—Aw > Gu sup ¢ (.x]5). (5.43)
lszT/2 ’?E[O»CT}

For the term Aw 3} gn—; ¢} in (5.43), using Lemma 5.4 on the smooth function ¢(-) at x7'; gives

Nt/2-1
Aw D Gua ¢ = o+ AT[LO+ Tl + O (BP) (5.44)
I=—N'1/2
Regarding Aw Zl]\gz;/%l Gn—15UPs¢o,c,) @' () in (5.43), note that supscp ¢, ¢’ (4, %) is a function of X,
and is in G(£2*). Applying Lemma 5.3 on {Xﬁ,supgfe[ocr] ¢ (‘y,xﬁ) }, l=—-Nt/2,... NT/2 -1, gives
Nt/2—1 m
Aw S Got sup (ﬁ,x;:;):[ sup 4 (1= eV —da)| +OM) T EGIR),  (5.45)
=N €G] 5€[0,Cy] nii
where £(x';,h) — 0 as h — 0. Also, in (5.43), the term Aw le\:ﬁ\;l/z Gn_i = e A7 by (5.1). Substi-
tuting this result and (5.44)-(5.45) into (5.43) gives
et gm . A "
Crt() 2 T £g 4 FgIm 4 | sup A (1- ey — da) | +rE+ O(h) + G, )
? At 7 sen.cn A 7
n?]

m—+1
(i [¢T —Lo—Tdp— sup F(1—e "oy —¢a) +rE+ Oh) + E0e s ).

'A}/E[Ovc’l‘]

n,J

Here, in (i) we have ALT (1 — Aw Zl]\:_/;}z gn_,> =r{+ O(h). In (ii), we use

(Dr)ns = De)ny ' +O(h), (P = (bu)if’ +O(h), (da); = (Ga)y)' +O(h).
This step results in an O (h) term inside sup; (-), which can be moved out of the sup; (-), because it
has the form K(9)h, where K (%) is bounded independently of h, due to boundedness of ¥ € [0, C,]
independently of h.
For operator Dm;rl(-), we have

N/2—1

D;”jl() = ( Z‘;Ll + f) — Aw Z Gn—1 sup <<13}73 +f (’yl”}))
I=—N/2+1 V15 €(CrATa]
—N/2 Nf/2-1
—Aw Y Got (B HE) —Aw D Gay (65 +E), (5.46)
I=—Nt/2 I=N/2
where (Bl”; +f (fy[?) =TZ{opx")+¢} (ln (max (ewl — 5 e“’im)) ,a; — %n}) (5.47)

+ 751 = p) + pCrAr —c.
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Since 7]} € (C; AT, aj], we cannot eliminate the max(-) operator in linear interpolation in (5.47), hence

T{o (™) + &} () = 6 (1n (max (" = f3) e ) aj = 3%, 7n ) + & + O(h?).
Let ¢ (,x’) be a function of v € [0, a] and x" = (v',d’,7") € O~ defined by

o (7,x') = {MWW(X/) + O AT Wi < W' < Winax, CrAT < d' <ay, 0< 7 <T,  (5.48a)

P(x) otherwise, (5.48D)
where M(+) is defined in (3.8b). It is straightforward to show that, for a fixed x’' € Q satisfies (5.48a),
¢" (7;x') is (uniformly) continuous in € [0, a]. Hence, for the case (5.48a)

" (v, %) — " (v, %) = "y, %) — "(~v,x') =0O(h), 5.49
Ve(gllfr,af]qs (’Y X) 'yes(%gz/]gb (’Y X) Ve[glixr,a’](ﬁ (’y X) 7§3§I}¢ (7 X) (%) ( )

since the difference of the optimal values of «y for the two max(-) expressions is bounded by C, AT = O(h).
Using (5.48), with (5.49) in mind, operator D;';(-) in (5.46) can be written as

Nt/2—1 Nt/2-1
'Dm;‘l() = ¢ij‘1 +&11—-Aw Z In-1 | — Aw Z Gny sup & (%XEZ‘) +Oh).  (550)
I=—N1/2 I=—N7t/2 v€[0,a;]

Note that sup,cpq,¢” (7,x’) is a function of x’, and it is straightforward to show that it is in G(02>).
Applying Lemma, 5.3 to {xf},supwe[oﬂ] (gb” (fy,xffj)) }, l=—-NT/2,...,NT/2 — 1, we obtain

Nt/2—1 )
Aw > gut swp ¢ (x) L sup M) (k) + uC AT+ O(R2) + (. B)
l:,NT/Q 'YE[O,(Z]'] WG[O,aj]
(i) m+1 m
2 sup M) (x0F) + O (h) + E(x, ).
'76[010‘3']
Here, in (i) the error term £(x;,h) — 0 as h — 0, and we use the definition (5.48a) of ¢"(-), and in (ii)
we have M(v)¢ (ij) = M(y)¢ (x;”;rl) + O (h), which is combined with uC, A7 = O (h). Substituting
(5.51) into (5.50) gives
DI () = 6 = sup M(9)6 (x1) + O(h) + E(xi. h). (5.51)
v€[0,a]
Overall, recalling x = xnmjl, we have

! (h, St + &+ € e, ) — Fy (x,0(x), D¢ (x), D*¢ (x), T ¢ (x), Mo (x))
= c¢(x)§+0(h) + (x5, h),  if wmin < wp < Wmax, CrAT <aj <ay, 0<Tmy1 < T,
where ¢(+) is a bounded function satisfying 0 < ¢(x) < r and £(x]".,h) — 0 as h — 0. This proves the

NE
first equation in (5.28). The remaining equations in (5.28) can be proved using similar arguments with

the first equation. O

Remark 5.2. We emphasize that for the limiting case Pt = oo (i.e. AT = 0), the Green’s function
g(w, A1) trivially becomes the Dirac delta function. Thus, for this case, we do not need to use the smooth
cut-off function and the Fourier Transform as in Lemma 5.4. The results in Lemma 5.2, Lemma 5.3
and Lemma 5.4 are still valid for this limiting case.

Remark 5.3. We impose the condition (5.27) to ease the presentation of the proof, i.e. max(-) in the

operator C;’?"l() can be removed. However, we can avoid this condition by the following steps: if it
T

min’

: ) . t
is not satisfied, we find w! ; ~ satisfying eVmin — emin > C.A7T. For the range w € [w) . w' . ], we

employ the idea in [19, Remark 5.1] to solve the HIB-QVI under the oqiginal z = eV grid using a

finite difference method. For each time Tp,, numerical solutions for w € [w] . ,w! . | (obtained by finite
difference method) and for w € (wl ., Wmax] (0btained by our scheme) can be combined to compute Tmi+1
solutions in (Wmin, Wmax)- This approach allows for a consistency proof essentially the same. It is also

noteworthy that we show good numerical results in Section 4 without imposing the condition (5.27).
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Remark 5.4. It can be verified that, for a smooth test function ¢ (x), the operator Fy, (X, p1,p2, P3, P4,D5),
defined in (3.10), is continuous in its parameters, i.e. continuous in (X,p1,p2,P3,P4,P5). The same
continuity property also holds for operators Fy_. (X,p1,D2,P3,P4)s Fu (X,01,02:05)s Fuway, (X, P1,D02),
Fy,... (x,p1), Fry (x,p1), respectively defined in (3.11)-(3.15).

Wmax
We now verify the consistency of scheme (5.25). We first define the notion of consistency in the
viscosity sense below.

Definition 5.1 (Consistency in viscosity sense). Suppose the discretization parameter h satisfies (4.10).
The numerical scheme (5.25) is consistent in the viscosity sense if, for all X = (w,a,7) € Q*, and for

any ¢ € G(Q*) NC*(2*), with Opi = (xnmd-) and x = (Wn, aj, Tm+1), we have both of the following

limsup H7F (R, € {oTh €} e, ) € (Far)' (%, 6(8), DY(R), D*6(R), T9(%), Mo()) , (5:52)

h—0, x—X%
fao

timinf H7 Y (hap 4, {07k €Y, ) = (Fas). (% 6(%), DY(R), D26(R), T6(X), M(X)) . (5.53)

h—0, x—X%
5—)0

Below, we state and prove the main lemma on consistency of scheme (5.25).

Lemma 5.5 (Consistency). Assuming all the conditions in Lemma 5.2 are satisfied, then the scheme
(5.25) is consistent with the impulse control problem (3.1) in Q* in the sense of Definition 5.1.

Proof of Lemma 5.5. We first prove (5.52). There exists sequences {h;};, {n:}, {ji}, {m:}, and {&},
such that

hi =0, & — 0, x; = (Wn;, ;s Tm+1) = X = (W, a,7), as i — 00, (5.54)

and

hrnsup?—[m’ (hl,gbmﬂrl +&, {‘Z’Z%k@ +&}k-<j-> = limsup HmH ( m“ +&, {0 +£}k< ) . (5.55)

i—00 h—0, x—X
§—>0

We first consider the case X € €);,. Denote by Ar; the time step associated with the parameter h;. For
sufficiently small h;, we have

Wmin < Wp; < Wmax, CrAT; <aj, <ay, and 0 < 7p,41 <T.

According to the first equation of (5.28) in Lemma 5.2, we have
m;+1 mi+1 m;
’Hn“;; ( i ¢nlj; + &, {d)li,ki + gz}kz<jz> (5.56)
= P (%0, (xi) , D6 (%), D6 (%), T & (x1) . M0 (x:)) + € (x5) & + O (ha) + € (10 )

Combining (5.55) and (5.56), for X € ;,, with continuity of F}, (see Remark 5.4), we have

hmsup Hm+1 (h ¢m+1 +£7 {Qb% +£}k§]) < 1111151113 En (X'L'7 ¢ (XZ) 7D¢ (XZ) 7D2¢ (Xl) 7jd) (X’L) 7M¢ (X’L))

h—0, x—X
5 —0

+ lim sup [c(xi)fi—i—(?(hi) + &%, JF)}

= Fiy (%,0(%), Do(X), D*p(X), T (%), Mp(X))
= (Fo~)* (%, (%), Do(%), D*p(%), T$(X), M(%)) .

This proves (5.52) for X € .
We define Qpg = {wmin U Wmax} X [@min, @Gmax]| X (0, T]. Following similar steps, (5.52) can be proved
forx € Oy \Qyq, X € O \Qyg, and X € Qs

5y leaving X € Qg as a special case to be addressed below.
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We now show (5.52) for special cases, namely X € Q

X € Qg and X € g, First, we consider

Gmin

x € Qq,,,. For the sequence {x;} — X, we cannot guarantee a;, < C,A7; or a;, > C,A7; even for a
sufficiently small h;. According to (5.28) in Lemma 5.2, HZ:ZZI() is given by
ot (neomt e {or e, ) (5.57)
13J1 113J1 Tyt k‘zS]z
Fiu (xi, ¢(xi), D(x;), D*G(x:), Th(x:), Mp(x;)) + ¢ (xi) & + O(hy) + E(xp7 5, hi),

if Wpin < Wp,; < Wmax, CrAT; < aj; <ayj, 0< Tm;+1 <T

Fu (%5, (i), Do(x;), D*p(xi), Td(x:)) + ¢ (xi) & + O(hi) + E(x)5, ),
if wyin < Wp; < Wmax, 0<aj, <CAT, 0< Ty < T

Fopin (%, 0(x4), Do(x4), D?4(x4), To(x5)) + ¢ (xi) & + O(hy),

if Wmin < Wn,; < Wmax, 4j; = 0, 0< Tmi+1 <T.

Note that the right hand side of (5.57) contains Fj(-), which is problematic since this operator is not
part of Fo~. To handle this, we note that supscpq/ar ¥ (1 — € ¥¢w — ¢a) > 0. Using this with the

definition o

f F

Gmin

() and F,,/(-) in (3.11) and (5.26), respectively, for amin < aj, < C,AT;, we obtain

B (%1, 6(x:), Do(x:), D2¢(x;), Td(x:)) < Fap (i, 8(x:), D(x:), D*d(x;), T (1)) -

Using this result to eliminate Fj(-) from lim sup ’Hnm;rl() gives

limsup H
h—0, x—X
£—0

which proves (5.52) for x € Q
We now prove (5.53) for X € 9>, which can be proven in the same manner except the case X € Q)
xeQy,

ijl (h7 ¢z’i;r1 + 57 {gb% + §}k§]) < h?i}igp FQ"“ (Xia QS(Xi)a D¢(X1), D2¢(Xi)7 j(ZS(X@), M¢(Xl))

+ limsup |c (xi) & + S(XZ’;ji, h,)}
< (Fox)" (%, ¢(%), Do(R), D*¢(%), Tp(X), Mp(X)) ,

Other special cases are treated similarly.

—

Gmin *

Gmin?

. For brevity, we only show (5.53) for X € Q,_. here. The other special cases can be tackled

similarly. There exists sequences {h;}, {ni}, {7i}, {mi}, and {&} satisfying (5.54) and

1—00

lim inf 24771 <h gty {¢Zfﬁ;ﬂ + gz-}kq) — liminf_H7S! <h, Sl g, {0 + €}, Sj) (5.58)

h—0, x—%
£—0

Then, for sufficiently large 4, (5.57) holds as discussed above. If 0 < a;, < C,AT;, we observe

sup  § (1= e iy (%) — da (x1)) < sup § (1= e iy (i) — b (x1))

’S/G[O,(Z]'i/ATi] ’A}/G[O,CT]

which implies that
B (x4, 8(x:), D(x:), D*¢(x;), Td(x:)) > Fin (x5, 6(xs), Dp(x;), D*p(x;), T d(x5), Mp(x;)) -

Using this result to eliminate Fj(-) from lim inf ’H?jl() gives

Jint A (03 € {0+ €y ) 2 Bpminf Fie (x5, 00), Do), D610, T60x0), Mo(x)
£—0
+ lin_l}inf [c (%) &+ e (ngﬁ, h,)]
> (Fo~), (% ¢(%), DH(R), D*$(%), T$(%), MS(R)) -
This concludes the proof. ]
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5.3 Monotonicity
We present a result on the monotonicity of scheme (5.25).

Lemma 5.6 (e-monotonicity). If linear interpolation is used and the weight g,_; satisfies the mono-
t

tonicity condition (4.34), i.e. Aw ZN /?VTlﬂ | min (§,—,0)| < €57, where € > 0, then scheme (5.25)

satisfies

Mot (hot {afid ) < M (ot (o), ) + K (5.59)

for bounded {x7" } and {y]".} having {x[%.} > {y]"\.}, where the inequality is understood in the component-
Lk Lk Lk Lk
wise sense, and K is a positive constant independent of h and €.

Proof. Tt is straightforward to show Anmjl (-) and BZ:L;FI (+), defined in (5.23), are strictly monotone, i.e.
A?,;H(', K {$%}kS] Am+1 ) {yl k}k<] B;rfj_l(a K {xm“}kgj) < BZZH(7 K {ymﬂ}kgg) (560)

The proof then boils down to proving e-monotonicity for CmJrl () and Dm+1 (+), defined in (5.24). Recall
the linear interpolation operator Z{-}(-) in (4.13)-(4.17). Let ,'; and g,'; be the results of the linear
operators Z{x"}(-) and Z{y™}(-) acting on {((wl,ak) x%)} and {((wl,ak) y%)} respectively. We
also define for (xloc)zlj, (Toie) ;r, (Yioe ) ;r, and (ymc)m+ in a similar way that we define (v,o()n;r, (vmc)ﬁfj
n (4.18).

For the rest of the proof, let K be a generic positive constant independent of h and €, which may take
different values from line to line. From the boundedness of {27} } and {y/’} }, and {z7} } > {y/}.}, noting
T{z™}(-) and Z{y™}(-) are linear interpolation operators, we have, for all | = —NT/2, ... NT/2 — 1,

(yloc)m+ S (xloc)zf;'—‘r and ‘(yloc)lrg'—i_ - (xloc)ﬁ+’ S K; (561)
(ynlc);{r;‘— é (mnlc)%_‘— and ‘(ynlc)lrj;‘—i_ - (1"7LIC)ZL]'+‘ S K, (562)

where K is a positive constant independent of h and e.
Next, using (5.61) together with the definition of the operator CTTJ-H (+) in (5.24), we have

+1 +1 +1 +1
et (hov faii e, ) = Gt (hovl ™ v e, )

1 Nt/2—-1 1 Nt/2—1
1 m+ 1
= E m+ - Aw Z gn l :L‘Zoc 1§ - E ’m;j — Aw Z gn l yloc
i I=—Nt/2 I=—Nt/2
1 Nt/2—1
< oo [Aw YT min Gas O [(w)f — @i
I=—N1/2
Nt/2—-1
K L K
< Ar Aw Z | min (g,—,0) | | < € (5.63)
I=—Nt/2

where the last equality uses (4.34).
Similarly, using (5.62) together with the definition of the operator D:ﬁ;‘l () in (5.24) yields

+1 +1 +1 +1
Dy <h’ Vnyg {xlk}kq)_pnfy (h,v;”] {yﬁ}kgj>

Nt/2—1 KA
(A m m T
S A’LU Z ’mln (gn-h 0)‘ ’(ynlc)l’j—’— - (xn,lc)l7j+’ S € T . (564)
I=—Nt/2
Putting (5.60), (5.63) and (5.64) together concludes the proof. O
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5.4 Convergence to viscosity solution

We have demonstrated that the scheme (5.25) satisfies the three key properties in Q: (i) ¢x-stability
(Lemma 5.1), (ii) consistency (Lemma 5.5) and (iii) e-monotonicity (Lemma 5.6). With a provable strong

comparison principle result for €2;, U Q2 we now present the main convergence result of the paper.

Amin?
Theorem 5.1 (Convergence in i, U Q, . ). Suppose that all the conditions for Lemmas 5.1, 5.5 and
5.6 are satisfied. Under the assumption that the monotonicity tolerance € — 0 as h — 0, scheme (5.25)

converges locally uniformly in Q;, UQ to the unique bounded viscosity solution of the GMWB pricing

Gmin

problem in the sense of Definition 3.2.

Proof. To clearly indicate the important role of the discretization parameter h, in this proof, we use

m+1

xmﬂ'l(h) = (Wn, a5, Tm+1; h). Furthermore, we use v (h) to denote the numerical solution at the node

n,Jj n,j
x:'fjl(h). We define the u.s.c. (respectively l.s.c.) function v : 9 — R (respectively v : Q* — R) by
v (x) = limsup U;”;rl(h) (resp. v(x) = liminf o™ (h)) x € Q0. (5.65)
h—0 h—0 "
xfjl(h)ax ng}’l(h)—m

We now show that 7(x) (resp. v(x)) is a subsolution (resp. supersolution) in Q> in the sense of Defi-
nition 3.2. By stability of our scheme in Q> established in Lemma 5.1, functions ¥ and v are in G(Q2*).
Since definition (5.65) implies that 7*(x) = 7(x) and v,(x) = v(x) for all x € 2, we will work with
v(x) and v(x) instead of their respective envelopes.

For the case 7(x), we let X € Q~ be fixed, and ¢ € G(2*) N C>(2*) such that (i) (T — ¢) (x) has a
global maximum on 2~ at x = %, and (ii) ¢ (X) = 7 (X). That is, ¢ (x) satisfies

p(x) > v(x), VxeO and x # X,
p(x) = T(x), x=%

Consider a sequence of grids with discretization parameter h; such that h; — 0asi — oo. We denote by

(5.66)

Qp, the grid parameterized by h;, noting that Qp, — Q~ asi — oo. Let xm’H(hl) = (Wny, ;s Tmg+15 1i)
be a node in 9~ such that

m;+1 mi+1
/Unilvji (hi) = qulm

(h;) is a global maximum on €y, (5.67)

where ¢ (x) is the test function satisfying (5.66), with the usual notation qu”rl (hi) = ¢ (X?f}tl (hl)>
First, we note that

m;+1
Xni i

(hi) > % and also x,. (h;) > X, as i— o0 (5.68)

In addition, for any finite discretization parameter h;, the global maximum in (5.67) is not necessarily

zero, as Xnmljl(h ) = X is not necessarily true. Since ¢(-) satisfies (5.66), we have
vzzl;:l (hy) = QSZ?II (h;) + &, where & —0, as i — oo. (5.69)
Because the global maximum (5.67) is attained at Xnmii;tl(hi), we have that, for all /; and k; used in the
scheme ’H?j;:l (hl,v;mjl(h ) {vl“k (hi )}ki<ji>, we have
Uik, (ha) = 077, (ha) - < ot (ha) = O (k) = &, (5.70)

where &; is defined in (5.69). Using (5.69), (5.70), and the monotonicity result in Lemma 5.6, we obtain

m;+1 ml 1 mz
o = s (e, {00}, )
Hm,az (hz’gbm»ﬁ (hl)+&’{¢li’ki (hl)—l_&}k%ji) Cei 57

where C > 0 and ¢; — 0, as i — o0.
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Letting ¢ — oo and using the consistency result from Lemma 5.5, (5.71) gives

0 > liminfH™it! hh¢mﬁﬁ(hg-%@,{¢7;(hn-%@} —liminf C¢;

i—00 NiJi NisJi g ki <js i—00
This shows that T(x) is a subsolution in £2* in the sense of Definition 3.2. A similar argument shows that
v(x) is a supersolution in . By definition of 7(x) and v(x) in (5.65), we have that 7(x) > v(x), Vx € Q.

v

Since a strong comparison principle result holds in O, U Q,, ., we have 7(x) < v(x), Vx € ;, UQ

Gmin *
Therefore, v(x) = U(x) = v(x) is the unique viscosity solution in €, U, . . As a result,
_ : +1
v(x) = erllm[}HO vp (R),  for x € Oy Uy,
x5 (h)—x
from which we obtain that convergence is locally uniform. O

6 Numerical examples

In this section, we provide selected numerical results of our e-monotone Fourier method applied to the
the impulse control GMWB pricing problem. For all experiments, unless otherwise noted, the details of
the mesh size/timestep refinement levels used are given in Table 6.2. As noted previously, for practical

purposes, if P! is chosen sufficiently large, it can be kept constant for all refinement levels (as we let
.I.

h — 0). For our numerical experiments, we use wmin = In(zp) — 10 and wmax = In(zp) + 10, and w,
and wjnax constructed as discussed in Remark 4.1, 8o wpin = In(zp) — 20 and w;rnax = In(zp) + 20. Tests
with larger intervals also show negligible effect on numerical solutions.

Our numerical prices are verified against those produced by two other methods, namely (i) Finite
Difference (FD) methods ([19] and [40]), and (ii) Monte Carlo (MC) simulation. To carry out Monte
Carlo validation, we proceed in two steps. In Step 1, we solve the GMWB pricing problem using the

212 w-nodes, 401 a-nodes,

proposed e-monotone Fourier method on a relatively fine computational grid (
and 480 timesteps). During this step, the optimal controls are stored for each discrete state value and
timestep. In Step 2, we carry out Monte Carlo simulations from ¢ = 0 to ¢t = T following these stored
PDE-computed optimal strategies, using linear interpolation, if necessary, to determine the controls for
a given state value. For Step 2, a total of 10° paths is used.

Motivated by findings in [19], [40], a sufficiently small fixed cost ¢ = 10~% is used all numerical tests.
For user-defined tolerances € and ¢; in Algorithm (4.1), we use € = €; = 1076 for all refinement levels.
Through numerical experiments, it is observed that using smaller € or €; produced virtually identical

numerical results, indicating that this value of € and ¢; are sufficient for all practical purposes.
Level N J M

Parameter Value

Expiry time (7)) 10.0 years (7“1’}0) (@) (1)

Interest rate (r) 0.05 0 2 51 60
- i 1 211101 120

Maximum withdrawal rate (G,) 10/year 1

Withdrawal penalty (u) 0.10 2 213 201 240

Initial Lump-sum premium (zg) 100 3 2 401 480

4 214801 960

Initial guarantee account balance (= zp) 100

Initial sub-account value (= zo) 100 TABLE 6.2: Grid and timestep refinement
levels for numerical tests; wmin = In(zp) —
10 and wmax = In(z) + 10; wh . and wi

min max

TABLE 6.1: Common GMWDB pa-

rameters used in the numerical tests constructed using (4.7).

6.1 Validation examples

6.1.1 No Jumps — the GBM model

In this example, we repeat some numerical examples in [19] where (2.2) is a GBM. Table 6.3 presents
convergence results for o = {0.2,0.3}, assuming a zero insurance fee and continuous withdrawal. To
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provide an estimate of the convergence rate of the algorithm, we compute the “Change” as the difference
in values from the coarser grid and the “Ratio” as the ratio of changes between successive grids. The
numerical results indicate that first-order convergence is achieved for the algorithm. Results obtained
by MC simulation also indicate excellent agreement with those obtained by the proposed e-monotone
Fourier method

o =10.20 o =0.30

Method Level Value Change Ratio Value Change Ratio
0 107.7726 115.7736

e monotone 1 107.7573  -0.0153 115.8422  0.0686

Fourier 2 107.7481 -0.0092 1.65  115.8716 0.0294  2.33
3 107.7423 -0.0058 1.59  115.8834 0.0118 2.49
4 107.7391 -0.0032 1.83  115.8881 0.0047  2.50

FD 107.7313 115.8842

MC 95%-CI  [107.6020, 107.8430] [115.6192, 116.0480]

TABLE 6.3: Convergence study for the value of the GMWB guarantee at t = 0, z = a = 100. No
insurance fee (8 =0) is imposed; FD benchmark value is from [19] (Table 3, finest grid).

6.1.2 Jumps — log-normal

In this test, In is normally distributed with its density function b(y) given by (2.3). Table 6.4 shows
the parameters of the log-normal jump process, taken from [42]. Table 6.5 presents the convergence
results with 0 = 0.3, assuming a fair/no-arbitrage insurance fee of § = 0.045452043 and continuous
withdrawal. As stated in [42], since the no-arbitrage fee is imposed, the exact price is 100. It is observed
from Table 6.5 that numerical prices produced by our method exhibit (first-order) convergence to this
exact price. Results obtained by MC simulation also indicate excellent agreement with those obtained
by the proposed e-monotone Fourier method.

Method Level Value Change Ratio

0 100.2822
Parameter Value c-monotone 1 100.1391 -0.1432
< 0.45 Fourier 2 100.0694 -0.0696 2.06
v -0.9 3 100.0350 -0.0345 2.02
A 0.1 4 100.0177 -0.0173 1.99
TABLE 6.4: Jump FD 100.00003
MC 95%-CI [99.9056, 100.1010]

parameters for log-

[ distributi
normat astrivution TABLE 6.5: Convergence study for the value of the GMWB guarantee at

t=0,z=a=100. ¢ = 0.3 and fair insurance fee (8 = 0.045452043) is
imposed; FD benchmark value is from [42] (Table 7.4, finest grid).

6.1.3 Jumps — log-double-exponential

In this test, In 1) is double-exponential distributed with its density function b(y) given by (2.4). Table 6.6
shows the jump diffusion parameters. Since a reference price for this case is not available in the literature,
we implement the FD scheme proposed in [19], originally developed for diffusion processes. For the finest
grid (i.e. the level 5 grid and timestep data used in [19, Table 2]), the FD benchmark value in this case
is 118.4130. Table 6.7 presents the convergence results ¢ = 0.3, assuming a zero insurance fee and
continuous withdrawal. Results obtained by Monte Carlo simulation also indicate excellent agreement
with those obtained by the FD and the proposed e-monotone Fourier method
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Method Level Value Change Ratio

Parameter Value

0 118.3453
Pu 0.3445 1 118.3905  0.0452
m 3.0465 emonotone 118.4097 0.0192  2.35
2 3.0775 Fourler 3 1184172 0.0075  2.56
A 0.1 4 118.4200 0.0028  2.63
TABLE 6.6:  Jump FD 118.4130
parameters for log- MC 95%-CI  [118.1679, 118.7308]
double-exponential
distribution TABLE 6.7: Convergence study for the value of the GMWB guarantee at

t=0, z=a=100; o = 0.3 and no insurance fee (8 =20).

6.2 Wrap-around errors

6.2.1 Application of Theorem 4.1

In this experiment, we numerically illustrate that the proposed treatment of the wrap-around error is
sufficient, i.e. the wrap-around error is bounded Theorem 4.1. For brevity, we present only results of the
GBM case with ¢ = 0.2. Results of other cases are similar, and hence omitted.

First, we note that the condition (4.39) of Theorem 4.1 is satisfied due to stability by Lemma 5.1.
To numerically check condition (4.40), using similar notations in Subsection 4.4, we denote

—-N/2—-1 Nt/2—1
SUMigrr = Aw Z 19(0)], SUMpigar = Aw Z 19(0)], SUM = Aw Z§(£)~
¢=—Nt/2 0=N/2+1 PN

Table 6.8 presents select results. Using the padding technique presented in Subsection 4.4, it is clear
from Table 6.8 that the approximations of the Green’s function on the left and right padding areas,
namely the quantities SUMygpr and SUMganr, are negligible. It is worth noting that condition (4.40) is
fulfilled for all refinement levels with the same user-specified numerical tolerance €.. Also from Table 6.8,
it is clear that the total sum of the approximations of the Green’s function approximately equals e~ ™27

for each level, which agrees with (5.1).

Level €cAT/2 SUMgpr SUMgicur SUM

0 8.33333e-10 7.14037e-16 6.74673e-16 0.991701
4.16667e-10 8.71373e-16  7.75466e-16 0.995842
2.08333e-10  9.34340e-16  1.00408e-15 0.997919
1.04167e-10 1.17304e-15 1.15816e-15 0.998959
5.20833e-11  1.23246e-15 1.34286e-15 0.999479

=W N =

TABLE 6.8: The approzimation of the Green’s functions for the GBM model with e, = 1078.

6.2.2 Padding areas

Numerical results presented so far are based padding areas constructed via (4.7). In this experiment, we

numerically demonstrate that larger padding areas are not needed. To this end, we use

wlTnin = Wmin — 1.5 (Wmax — Wmin) and w;fnax = Wmax + 1.5 (Wmax — Wmin) ,

and NT = 4N. For fair comparison, we utilize the same padding techniques and the same Aw with
previous numerical tests, where (4.7) and N t = 2N are employed. The numerical prices of this test are
reported in Table 6.9 (col. “Value”). They are to be compared with numerical prices from Tables 6.3,
6.5, 6.7 (col. “Value”), which, for convenience, are also included in Table 6.9. It it evident from Table 6.9
that using a larger padding area virtually does not affect the numerical prices. This confirms that our
choice of the padding areas in (4.7) is sufficiently suitable for practical purposes.

32



1047

1048

1049

1050

1051

1052

1053

1054

1055

1056

1057

1058

1059

1060

1061

1062

1063

1064

1065

1066

1067

1068

GBM model log-normal log-double-exp
Level o =0.20 o =0.30 distribution distribution
Value Value Value Value Value Value Value Value
(Tab. 6.3) (Tab. 6.3) (Tab. 6.5) (Tab. 6.7)

0 107.7726  107.7726 115.7735 115.7736 100.2823 100.2822 118.3451 118.3453
1 107.7574  107.7574 115.8420 115.8422 100.1390 100.1391 118.3903 118.3905
2 107.7481 107.7481 115.8714 115.8716 100.0696 100.0694 118.4096 118.4097
3 107.7423  107.7423 115.8832 115.8834 100.0352  100.0350 118.4172 118.4172
4 107.7391 107.7391 115.8879 115.8881 100.0180 100.0177 | 118.4201 118.4200

TABLE 6.9: Prices obtained using larger padding areas with 0 = 3 in (4.7) and NT = 4N. Compare with
prices in Table 6.3, 6.5, 6.7 where (4.7) is used and Nt = 2N.

6.2.3 Zero padding technique

We redo all the above experiments using the zero padding techniques proposed in [1, 45], and prices
obtained from these experiments are presented in Table 6.10. These prices are to be compared with
numerical prices from Tables 6.3, 6.5, 6.7 (col. “Value”), which, for convenience, are also included in
Table 6.10.

GBM model log-normal log-double-exp
Level o =10.20 o =0.30 distribution distribution
Value Value Value Value Value Value Value Value
(Tab. 6.3) (Tab. 6.3) (Tab. 6.5) (Tab. 6.7)

107.4793 107.7726  115.3974 115.7736 | 99.7237 100.2822 | 117.9545 118.3453
107.4458 107.7574 1154431 115.8422 | 99.5491 100.1391 | 117.9760 118.3905
107.4274 107.7481  115.4608 115.8716 | 99.4636 100.0694 | 117.9831 118.4097
107.4170 107.7423  115.4668 115.8834 | 99.4211 100.0350 | 117.9847 118.4172
107.4115 107.7391  115.4686 115.8881 | 99.3999 100.0177 | 117.9846 118.4200

=W N = o

TABLE 6.10: Results using zero padding technique. Compare with results in Table 6.3, 6.5, 6.7 where the
asymptotic boundary conditions are used.

It is evident from Table 6.10 that numerical prices obtained using the zero padding technique do
not converge to the same prices as those obtained using our padding techniques. Specifically, numerical
prices in the former case are consistently smaller than our numerical prices, with the contamination
appears to be more severe with jumps-diffusion models. This is expected as the zero padding technique
tends to underprice a GMWB as ¥ — 0. These results indicate that the zero padding technique is not
suitable for use in pricing GMWB.

7 Conclusion

In this paper, we develop an e-monotone numerical Fourier method for the HJB-QVTI associated with an
impulse control formulation arising in the pricing of GMWB under jump-diffusion dynamics. We propose
an efficient implementation of the scheme via FFT, including a proper handling of boundary conditions
and padding techniques. We mathematically prove that our padding techniques can effectively control
wraparound errors in the numerical solutions. We appeal to a Barles-Souganidis-type analysis in [14],
to rigorously prove the convergence of our scheme the unique viscosity solution of the HIB-QVI as the
discretization parameter and the monotonicity tolerance e approach zero. Although we focus specifically
on GMWB, our comprehensive and systematic approach could serve as a numerical and convergence
analysis framework for the development of similar weakly monotone methods for HIB-QVIs arising from
impulse control problems in finance.
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Appendix A  Wraparound error

To avoid subscript clutter, in this appendix, we use the notation g(n — 1) = g,—; and u™(n) = u!". Noting this
notation, the equation (4.38) becomes the following generic recursion

Nf/2-1
u™(n) = Aw Z g(n—1)u™ (1), N'e{N,2N,4N,...},
I=—Nt/2

As an example of wraparound error, we examine a worst case term in equation (A.1) below. Consider the term in
(A.1) corresponding to n = —N/24 1, which corresponds to the node having w adjacent to wyin, and [ = NT/2—1,
namely

Aw §(—=N/2+1—NT/2+1) u™ 1 (NT/2 - 1). (A1)
By periodic extension, we shift the argument of §(-) by NT, resulting in
G(-N/24+1-NT/241)=§(-N/2+1-NT/24+ 1+ N") =G(-N/2+ NT/2 +2),
and hence, the term (A.1) becomes
Aw §(—N/2+ NT/2 4+ 2) u™ }(NT/2 - 1).
Hence, in this extreme case, equation (A.1) becomes

Nt/2-2
u™(~=N/2+41) = Aw §(—N/2+ NT/2+2) u™ Y(NT/2 - 1) + Z ( remaining terms ). (A.2)
I=—N1/2
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1235

1236

1237

1238

1239

1240

1241

1242

1243

1244

1245

1246

1247

1248

Example 1 (No padding: NT = N). Suppose we do not use any padding, so that that NT = N. In this case,
equation (A.2) becomes
N/2—2
u™(=N/2+1) = Aw §(2) u™ H(N/2—-1) + Z ( remaining terms ). (A.3)
I=—N/2
Since, in general, §(2) is nmot small, we can see that the term u™ 1(N/2—1) has a considerable effect on
u™(—=N/2+1), which should not be the case. We can see here that the periodic extension of § causes a wraparound

effect.
Example 2 (Padding: NT = 2N). If Nt = 2N, then equation (A.2) becomes

Nt/2—2
u™(—=N/2+1) = Aw §(N/2+2) u™ Y (NT/2-1) + Z ( other terms ). (A4)
I=—NT/2
In this case, from (4.6), we have selected N sufficiently large so that g(1) ~ 0,1 > N/2 and | < —N/2, hence the

leading term in equation (A.4) is small, and hence, wraparound error is reduced.

Now we proceed to proving Theorem 4.1.

Proof. Using |u"| < C,1 = — NT/2,...,NT/2 —1 and equation (4.39) gives
Nt/2-1
Corap S Cmgx{ﬁw > gn =) (1{(nz)<m/z} +1{(n1)>1vf/21}>}- (A.5)
I=—N1/2

Recall that n € {—-N/2 + 1,...,N/2 — 1}, hence the worst case values of n on the right hand side of equation
(A.5) are n = —N/2+ 1 and n = N/2 — 1. Therefore, equation (A.5) gives

Nt/2-1
ey < CAw Z |g(N/2 -1~ l)‘l{(N/2717Z)>NT/271}
I=—N1/2
Nt/2-1
+ CAw Z 19(=N/2+1 =0 Ly Nj241-1)<-N1/2}- (A.6)
I=—Nt/2

Also, since N = NT/2 equation (A.6) becomes

Nt/2-1
er, < CAw > [GNT/4=1=1)] Lyntjami—nsnijz—1)
I=—Nt/2
Nf/2-1
+CAw > |G(=NT/A+ 1= D) 1Nt jap1—ty<—ni /2
I=—Nt/2

and eliminating the indicator functions gives

—NT/4-1 NT/2-1
eny, < CAw > [GgINT/A—1-D)] +CAw > |g(-NT/a+1-1).
I=—NTt/2 I=Nt/4+2

Shifting §(-) by £NT so that the argument of §(-) is in the range [-NT/2, NT/2 — 1], implies

—NT/4-1 Nt/2-1
en, < CAw > [GgINT/A—1-1-NO +CAw Y |§(-NT/a+1-1+NT)
I=—Nt/2 I=NT/4+2
—NT/a-1 Nf/2-1
= CAw > [g(=3NT/4-1-D] +CAw > [gBNT/4+1-1)].
I=—Nt/2 I=NT/4+2

Rearranging the indices, gives

—Nt/4-1 Nt/2-1
er, < CAw > [g)] +CAw D 30, (A7)
I=—NT/2 I=Nt/442
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which, since N = NT/2, implies that equation (A.7) satisfies

—N/2-1 Nf/2-1
ey < CAw Y (g +CAw Y [5(0)]
I=—Nt/2 I=N/2
= CeAr, (A.8)

where the last step follows from (4.40). Applying equation (A.8) recursively gives the bound T'Ce..

Appendix B Proof of a strong comparison principle

In this section, we prove a comparison principle in i, U Q, .. for the GMWB impulse control pricing problem
given in Definition 3.1. As the first step, in the next subsection, we will establish equivalence between relevant
definitions of viscosity solutions for this problem.

B.1 Definitions of viscosity solution

For HIB-QVIs of the form (3.16), there are two alternative definitions of viscosity solution available in the literature.
The first definition, previously presented in Definition 3.2 and reproduced in Definition B.1 below, is similar to
[27, Definition 4.1], [6, Definition 2]. It appears that, for convergence analysis of a numerical scheme, it is often
more convenient to use this definition.

Definition B.1 (Viscosity solution of equation (3.16)). A locally bounded function v € G(Q*) is a viscosity
subsolution (resp. supersolution) of (3.16) in Q> if for all test function ¢ € G(Q*) NC*(Q*) and for all points
X € O such that (v — ¢) has a global mazimum on Q* at X and v*(X) = ¢(X) (resp. (v. — @) has a global
minimum on Q2 at X and v.(X) = ¢(X)), we have

(Fox), (%, ¢(%), Do(%), D?*6(%), T6(%), Mo(X)) < 0, (B.1)
(resp.  (Fox)™ (%, 0(%), Dg(%), D*6(%), TH(X), Mo (%)) > 0,)

where the operator Fao~(-) is defined in (3.9). A locally bounded function v € G(2*) is a wviscosity solution in

Qin, U Qq,.. 4f it is both a viscosity subsolution and a viscosity supersolution in €, U Q

The second definition is similar to [56, Definition 9.6], [61, Definition 5.3], [6, Definition 1], [60, Definition 2.2],
and [27, Definition 4.2], which it is presented in Definition B.2 below. We find that it is more convenient to use

Qmin *

this definition to prove a comparison principle.

Definition B.2 (Viscosity solution of equation (3.16)). A locally bounded function v € G(2*) is a viscosity
subsolution (resp. supersolution) of (3.16) in Q= if for all test function ¢ € G(Q=) NC=(Q*) and for all points
X € Q> such that (v* — @) has a local mazimum on Q* at X and v*(X) = ¢(X) (resp. (v« — ¢P) has a local minimum
on Q% at X and v.(X) = ¢(X)), we have

(T@Sp. (FQX)* (f(,¢(5€),D¢(§(),D2¢(5C),jU*()’\C),MU*()’\()) 0;)
where the operator Fo~(-) is defined in (3.9). A locally bounded function v € G(2*) is a viscosity solution in
Qi UQ if it is both a viscosity subsolution and a viscosity supersolution in Q; U Q

Proposition B.1. For the impulse control problem stated in Definition 3.1, Definition B.2 and Definition B.1
are equivalent.

AVARRVAN

Qmin Qmin *

Proof. For a fixed x € O, and § > 0, we define Bs(x) = {y € 0~ : |x —y| < 6}.

Definition B.2 = Definition B.1: Since the jump operator J and intervention operator M are non-decreasing, it
is straightforward to prove this part using the ellipticity of Foe(-).

Definition B.1 = Definition B.2: In the below, we prove the “subsolution” case of this direction of implication.

(The “supersolution” case can be handled similarly, and hence is omitted for brevity.) Specifically, assume that
we are given (i) v as a viscosity subsolution in the sense of Definition B.1; and (ii) an arbitrary test function
¢ € G(2*) NC*(2~) such that (v* — ¢) has a local maximum at a point X € Bs(X) C Q> for some § > 0, and that
v*(X) = ¢(X). We now show that the inequality (B.2) holds.

Since v*(x) is upper semi-continuous, there exists ¢’ € G(2*) N C*(2*) such that, for any € > 0, we have
v*(x) < ¢'(x) < v*(x) + € ¥V x € Q. Let us consider a smooth cut-off function ¢(x) such that

0<((x) <15 ¢(x) = 1¥x € Bya(R): ((x) =0 vx e {2\ Bs(R)} -
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1205 We then define a new function ¢(x) := ((x)o(x) + (1 — {(x)) ¢'(x), x € Q*. By construction of ¢(x), it follows
1296 that ¢ € G(Q®) NC*(Q*) and

1207 vi(x) < p(x) <v¥(x)+e VxeQ (B.3)

1208 We also have v*(X) = ¢(x), since v*(X) = ¢(%x) (by assumptions) and ¢(x) = ¢(X) by construction of ¢(x).
1209 Following (B.3), we can conclude that (v* — ¢)(x) has a global maximum on Q> at X and v*(x) = p(X).
1300 Since v is a viscosity subsolution in the sense of Definition B.1, using ¢(x) as the test function in (B.1), we

101 arrive at (noting that ¢(X) = ¢(X), Dp(X) = Dp(X), D*p(X) = D?¢ (%))
1302 (Fox)+ (%, ¢(%), Do (%), D*¢(%), T p(%), Mp(%)) < 0. (B-4)

1303 Using (B.4), we will derive (B.2) case by case, depending where Bs(%) is in Q~.

1304 e We first consider Bs(%X) C . By definition of Fo~(-) in (3.9), (B.4) becomes
1305 min | ¢, (%) — Lo(X) = Tp(X) = sup 4 (1 - e "u(X) = da(X)) , 6(%X) — sup M(7)p(%)| < 0.
¥€[0,C,] ~v€[0,a]
1306 If the first argument in the above min operator is less than 0, using (B.3), we have that
1307 ¢-(X) = LO(R) — sup. ]% (1-e™pu(X) - da())) < A/ p(w+y,a,7) by) dy
’?E b e
1308 < /\/ (w+y,a,7)+¢€) bly) dy
1309 = (%) + e (B.5)
1310 Otherwise, if the second argument in the above min operator is less than 0, using (B.3) again gives
1311 ¢(i) S sup [ (ln(max( —7€ ao))’ a— 7, T) + (1 - /J/)ry - C]
v€[0,a]
< sup [o” (In(max(e” — 5, ")), a—7,7) + e+ (1 — )y — o
~v€[0,a]
1313 = sup M(y)v*(X) +e. (B.6)
~v€[0,a]
1314 Combining these two cases (B.5) and (B.6), and letting € — 0, we have that
1315 min | ¢, (%) — Lo(X) — Tv* (%) — sup § (1 —e "ou(X) — ¢a(%)) . 6(X) — sup M(y)v*(%)| <0,
¥€[0,C,] ~v€[0,a]
1316 which implies that
1517 (Fax)«(%, (%), Do(%), D*¢(%), Tv* (%), Mv* (%)) < 0. (B.7)
1318 e The other cases when Bs(%) C Q3 , Q5 Qr, Q¥  or €, can be treated similarly.
1319 e We then consider a special case when Bs(%X) C €, U Q. and X € {Wmin} X (@min; Gmax] X (0,7]. By
1320 definition of Fo=(-) in (3.9), (B.4) becomes
1321 min [mein (5(7 Qb(i)v Dd)()’\(),M(P()A()), F‘ln(ia d)()’\()a D¢(&)7 QS( ) ‘-790( ) M(P( ))} 0.
1322 Using the technique in (B.5) and (B.6), we can derive (B.7). All the other cases can be treated similarly.
1323 Finally, we can conclude that v is a viscosity subsolution in the sense of Definition B.2. O
1324 To facilitate our proof of a strong comparison principle in ;, U, , following [6][Appendix A] and [5, 61, 65],

1325 in Definition B.3 below, we rewrite Definition B.2 specifically for the sub-domains i, U €2, , without using the
1326 envelopes (Fox ). and (Fo=)*. From the definition of the operator Fo~, we can deal with the liminf and lim sup
1327 operators in Q;, U Q which yields the following definition of viscosity solution.

Qmin )
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Definition B.3 (Viscosity solution of equation (3.16)). A locally bounded function v € G(Q*) is a viscosity
subsolution (resp. supersolution) of (3.16) in QU Q.. if for all test functions ¢ € G(Q*) NC*(X*) and for all
points X € Q;;, UQ such that (v* —¢) has a local mazimum on Q;, UL, . at X and v*(X) = ¢(X) (resp. (v — )
has a local minimum on Q;, U Q at X and v (X) = ¢(X)), we have

Gmin

Qmin

A

Fox (%,6(%), Do(R), D?*6(%), T (%), Mv* (%)) < 0, (B.8)
(resp.  Fax (%,6(%), Do(R), D*$(R), Tv.(X), M. (X)) > 0, )

where the operator Fa~(-) is defined in (3.9). A locally bounded function v € G(2*) is a viscosity solution in
Qi U if it is both a wiscosity subsolution and a viscosity supersolution in €, U 2

It is straightforward to show that a viscosity solution in €;, U2
solution in 2, U Qg ..
principle in ;, U Q

Qmin Qmin *

in the sense of Definition B.2 is a viscosity

Qmin

in the sense of Definition B.3. We will use Definition B.3 to prove a strong comparison

Gmin *

B.2 A strong comparison principle
Next, we follow [61, Lemma 5.10] to introduce a lemma.

Lemma B.1. For the impulse control problem (3.1), there exists a function g € G(2*) NC>(2*) and a positive
function k : Q2 — R such that

Fo~ (x,q(x), Dg(x), D*q(x), Tq(x), Mq(x)) > k, x€Q;,UQ (B.9)

Qmin *

Then, for any viscosity supersolution v in the sense of Definition B.3 in Q; US) U, = (1 — %)v + %q, where

m > 1, is a viscosity supersolution in the sense of Definition B.3 of

Qmin’

Fo~ (x,v(x), Dv(x), D*v(x), Jv(x), Mo(x)) —k/m = 0, x€ Q;UQ (B.10)

Qmin *
A proof of the above lemma is straightforward, and hence omitted for brevity. For example, we can define a
smooth perturbation function ¢(x) = a + ¢/r in Q=, with ¢ be the positive fixed cost, and then show that

Fae (x,q(x), Dq(x), D*q(x), jq(x),./\/lq(x)) > ¢ xeQpUuQ

Qmin *
Now we can proceed to proving a strong comparison principle in i, U Q.. -
Theorem B.1. Suppose that (i) a locally bounded and u.s.c. function u : Q* — R is a viscosity subsolution in

the sense of Definition B.3 in ;U Q and (i) a locally bounded and l.s.c. function v : Q> — R is a viscosity

Gmin ’

supersolution in the sense of Definition B.3 in Q;, U, .., such that
u(x) < w(x), VxeQ, (B.11)
u(x) ;= limsup wu(y) < o(x):= liminf o(y), VxeQr, (B.12)
y—X y—x 0
YEQ;UQa YEQRUQa 10
where 5, = {R\ [Wiin; Wmax]} X [@mins Gmax] X (0,T] and Q¥ := [Wmin, Wmax] X [@min; Gmax] X {0}. Then u < v
m Szin @] fla[nin.
Proof. Following [65], we (re)define u and w for X € {Wmin, Wmax } X [@min; @max] X (0,T] by
u(x) = limsup wu(y) and v(x)= liminf wo(y). (B.13)
y—x y—X
YEQ U, yE€Q U0,

From (B.13), we have that u is u.s.c. on i, and v is Ls.c. on Qy,, where Q, is the closure of Q,, and also the
closure of €, U Let g as given in Lemma B.1, and vy, := (1 — 2)v+ Lq for all m € {1,2,...}. Note that
when we impose the operators J and M on u and v, for any x € Qy, U Q

Qmin *

we need to use information from

Amin?
Q%,;. Using the condition (B.11), without loss of generality, we set v < ¢ in QZ,,, which implies u < v,, in these
areas.

It is sufficient to prove that u — v, < 0 for sufficiently large m. Let m be fixed for the moment. To prove by
contradiction, let us firstly assume @ := sup, .q. [u(X) — v (x)] > 0. Denote Q = u(X)—vy, (X) with x := (w, a, 7).

If x € Q| then it contradicts with the condition (B.12).
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e Now we consider the supremum @) is approximated from within the sub-domain €);,, i.e. X is contained

in some open subset G C €, with compact closure G. For any two points x := (w,,a,,7,) € G and
y = (wy,ay,7,) € G, we define a test function ¢.(x,y), for any € > 0, such that
=2

"~ 9z [(wm - wy)2 + (az — ay)2 + (12 — Ty)Q] )

( ) 1’
Ye(X,y) = —|x—Y¥
2e

and then we define

Qe = sup _[u(X) —vm(y) — ¥e(x,¥)].
(x,y)EGXG

By the definition of u and v,,, the maximum must be attained on the compact set G x G (independent of
g). Choose a point (x,y.) € G x G where the maximum is attained. Following [22, Lemma 3.1], we obtain
that %|x6 —y|? = 0as ¢ — 0. Without loss of generality, we assume that we have chosen a sub-sequence
of {x.} and {y.}, converging to the same limit X when ¢ — 0. By the definition of ., We obtain that
Q: — Q = u(X) — vy, (X) for all limit points X of {x.} and {y.}. Let € small enough such that x.,y. € Q.
To ease the notation, we rewrite Mu(x) = sup.,¢(o oM (7)u(x) and rewrite the operator Fi,(x,v) as

Fu(x,v) = min [F(x,v(x), Dv(x), D*v(x), Jv(x)),v(x) — Mo(x)] .
Using Lemma B.1, we know vy, (yz) — Mo (ye) > k/m.
— If u(x:) — Mu(x:) <0, by the definition of M, we have for ¢ > 0, there exists 7. € [0, a] such that

Mu(x) < u (ln(max(e’D — e, ™)), a — 76,7_') + (1= p)ye —c+e,
Moy, (X)) > vy (ln(max(em — e, ™)), a — 'ye,?) + (1= )y —c. (B.14)

Note that Mu is u.s.c. and Muy, is l.s.c. see [61, Lemma 4.3]. Thus, we derive that

Q = limsup (u(x:) — vm(ye)) < limsup Mu(x.) — lim iélf/\/lvm(ys) —k/m
e—0 e—0 e—
< Mu(X) — Moy, (Xx) — k/m
< Q+e—k/m, (B.15)

which is a contradiction for e sufficiently small, and we use (B.14) in the last inequality.

— If u(x.) — Mu(x.) > 0, we need apply Jenson-Ishii Lemma [22, Theorem 3.2].” To this end, following
[22, Section 8], we make use of the parabolic semijets Pé’iu(xg) and their closures fgiu(xs). Specif-
ically, consider the maximum point (x.,y.) € G X G of (u — vy, — ¢.), for any a > 0, there exists
(Dxpe, X) € f?fru(xg) and (Dyp.,Y) € f?z’ivm(yg) such that

—3a (é ?) < ()0( _Oy> < 3a (_II _II> (B.16)

and by definition of ¢., we obtain Dxp. = —Dyp. = }(x: — ye).
It remains to treat (using Lemma B.1 again)
F (xa,u(xg),a_l()::E -vye), X, Ju(xs))
F (Yazv Um(YE)v 5_1(X5 - yg)a Y, JUm(YE))

Subtracting the above inequalities yields

k/m < F(Ym”m()’a)ag_l(xa —y6)7Y>«7Um(ye)) _F(Xavu(XE)af_l(Xa —yg),X,Ju(XE))
< (P4 A) (vm(ye) —uxe)) + (Tulxe) = Tvm(ye)) ,

where we cancel out the derivative terms. Next, letting € — 0 yields

07
k/m. (B.17)

IV IA

k/m < r(vm(i)—u()’c))+)\/jo [(u(uﬂy@ﬁ)—vm(w+y,wﬁ))

— (u(%) = vm(%) | b(y) dy
< —rQ, (B.18)

which yields a contradiction.

"In [61], a non-local Jenson-Ishii Lemma (see Corollary 5.13) is applied there, due to the complex structure of the jump
operator. For our case, the treatment of the linear jump operator can be referred to [2].
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Similarly, we can construct a contradiction when the supremum @ is approximated from within the sub-
domain €2, _. .
Next we consider X € {Wmin, Wmax} X [@min, Gmax] X (0,T]. From (B.13), there exists a sequence (denoted
by {z; = (w’,a’,7);i = 1,2,...}) in some open subset of O, U, .. (still denoted by G C Q;, UQ
with compact closure G) converging to X, such that v,,(z;) tends to v,,(X) when i goes to infinity. We only
consider the case when G C ), below, and the other case when G C €, _, can be handled similarly. If
X € {Wmax } X [@min, Gmax] X (0, T] (the case when X € {Wmin} X [@min, Gmax] X (0, T] can be handled similarly),
we use the technique in [65] to handle the boundary area. Let ¢; = |z; — X|, and set

Gmin

1 1/d t
pi(x,y) = £|X—Y|2 + 1 (d((;;)) — 1) + Z|x—x|4,

where d(y) denotes the distance from y to the boundary area, i.e. d(y) = Wmax — wy. Then we define

Qi= sup [u(x) —vm(y) —pi(x,y)]-
(x,y)EGXG

There exists (x;,y;) € G x G such that Q; = u(x;) — v (y:) — @i(xi,y:). Denote x; = (w,al,7i) and

x) T 'x
yi = (w;,a;, T;) Moreover, there exists a subsequence of (x;,y;), still denoted by (x;,y;), converging to
(x,y) € G x G. When i goes to infinity, we have

_ €q _ _
Qi > U(X) - 'Um(zi) - 5 — U(X) - Um(x) =Q,
which yields %|xl — yi|2 is bounded and x = y. On the other hand, we also have

0 < limsup ;(x;,y;) = limsup [u(x;) — v (¥i) — Qi] < u(x) — vn(x) — Q < 0.

1—00 1—00

X — yi‘Q — 0, and d(y;) > d(z;)/2 > 0 for i sufficiently large. In particular, d(y;) =

Wimax — w; > 0, and so y; € Q. When ¢ sufficiently large, we can also assume x;,y; € G. The remaining

Thus, x = x

proof is similar with the previous case when X is attained in the sub-domain €2;,,. We present some details
for the readers’ convenience.

- We can still have

Q = limsup (u(x;) — vm(y:)) < limsup Mu(x;) — lim inf Moy, (y;) — k/m

1—>00 1—>00
< Mu(x) — Mo (X) — k/m,
which is a contradiction according to (B.15).

- Now we can apply Jenson-Ishii Lemma. Consider the maximum point (x;,y;) € G x G of (u—v,, —¢;),
for any o > 0, there exists (Dxp;, X) € ﬁ?j+u(xi) and (Dyg;,Y) € fé’_vm(yi) such that (B.16) holds,
and by definition of ¢;, we obtain

Dx‘pi -

(xi — i) - o (xi—ye) 1, (d(y:) ’
e + (% — X)3 and Dyy; = — - ~ ) ( - 1) ,

with 1,, := (1,0,0). Similarly with (B.17), we can have

F (xi,u(xi),(xi;yz-)+(Xi—X)3,X,ju(Xi)> < 0,
F <Yi7Um(Yi)7 (i - yi) + d?;’;) (jg)) — 1) ,Y7\7Um<Yi)) > k/m.
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Similarly with (B.18), subtracting the above inequalities, and letting ¢ — oo can derive

kfm < (r+A) (vm(yi) = u(x) + (Tulxi) = Tom(yi))

. 3
2 7
o ; 3 1 Wmax — W
A i)’ = _ y_q
+ (r 2 " B) (wm w) Wmax 711); (wmax —w} )

z

, 3
+ sup ﬁ(a;—d)s-i-ﬁ (w;—w)?’— 17 - (wmax_w? —1)
4€[0,C.] Wmax — Wy \ Wmax — W,
< (r4A) (v (X) —u(X) Ju( ) — Jvm (X)) (since i — c0)
< 1 (vm(X) —u(x +A/ _(u(w+y,a,f)—vm(w+y,w,%))
— (u(®) = vm(%) | b(y) dy
S 7T.Q7

which yields a contradiction.
Combining all these cases concludes the proof. O

By combining the previous results, we finally obtain an characterization of the numerical solutions.

Corollary B.1. For the functions T and v, defined in (5.65), we have T < v in QU Q

Gmin *

Proof. In the proof of Theorem 5.1, we have shown that T (resp. v) is a viscosity subsolution (resp. supersolution)
of equation (3.16) in the sense of Definition B.1. By Proposition B.1, T (resp. v) is also a viscosity subsolution
(resp. supersolution) in the sense of Definition B.3. Here, the region of definition is O, U Q..

To apply Theorem B.1, we only need to show that v (x) and v (x) satisfy condition (B.12) for all x € QI

noting condition (B.11) is trivially satisfied given the definition (5.65). We describe the main steps of this proof
below.

e Step 1 We prove a strong comparison result for an associated QVI. Note that for w € [Wmin, Wmax)s

max(e”, (1 — p)a — ¢) A e trivially becomes max(e®, (1 — pu)a — ¢). We ignore e*> for brevity.

— Step 1.1 Recalling QIT‘; := [Wmnin, Wmax] X [@min, Gmax] X {0}, we consider the QVI®

min [v —max(e”, (1 —p)a—c¢), v— sup M(v)v] =0, x¢€ QITHU (B.19)
~€[0,a]
We then define the viscosity solution of the QVI (B.19) in the sense of Definition B.3 below?.

Definition B.4 (Viscosity solution of (B.19)). A locally bounded function v € G(Q*) is a viscosity
subsolution (resp. supersolution) of (B.19) in QI if for all test function ¢ € G(¥*) NC*(Q~) and for
all points X = (w, a,0) € Q7 such that (v* — ¢) has a local mazimum on QY at X and v*(X) = ¢(X)
(resp. (v« — ¢) has a local minimum on Q! at X and v.(X) = ¢(X)), we have

~€[0,a]

min [¢(f<) —max(e”, (1 - p)a—c), (%) — sup ]/Vl(’Y)”*(f()} < 0
(resp.  min [@ﬁ(ﬁ) —max(e”, (1 - p)a —c), ¢(X) — sup M(v)v*(i)] > 0.)

A locally bounded function v € G(€2*) is a viscosity solution in QZ[L) if it is both a viscosity subsolution
and a viscosity supersolution in UL

— Step 1.2 We prove a strong comparison principle for (B.19)°

This can be done using similar arguments in Theorem B.1. (Also see [61, Theorem 5.9].) We can then
conclude that, if u(x) (resp. v(x)) is a viscosity subsolution (resp. supersolution) of equation (B.19) in
the sense of Definition B.4, then u(x) < v(x) for all x € QI .

8When @ = amin = 0, this QVI trivially becomes v — e“ = 0, which can be viewed as a special case.

9For the QVI (B.19), it is possible to fully remove the dependence on 7 in the definition of viscosity solution. However,
to facilitate the proofs for Step 2, we still require that v € G(Q2*) in Definition B.4.

1ONote that this result requires a similar condition to (B.11), which is satisfied by the function ¥ and v in Step 3.
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e Step 2 We prove that 7(x) and v(x), defined in (5.65), are viscosity subsolution and supersolution of
(B.19) in the sense of Definition B.4, respectively. We will provide details for Step 2 below.

e Step 3 By Step 2 and Step 3, we can conclude that v(x) < v(x) for all x € Q2. This result shows that
¥ (x) and v (x) satisfy condition (B.12) in Theorem B.1. Therefore, applying Theorem B.1 gives the desired
result 7 (x) < v (x), Vx € Q;,, UQ

Gmin *

Below, we provide details for Step 2. By definition (5.65), v*(x) = 7(x) and v, (x) = v(x), so we will work with
7(x) and v(x) instead of the envelopes.

e Step 2.1: Using Theorem 5.1 and the equivalence between Definition B.1 and Definition B.2, we have 7(x)
(resp. v(x)) is a viscosity subsolution (resp. supersolution) of equation (3.16) in the sense of Definition B.2
for all x € Oy, C Q.

e Step 2.2 (¥(x) is a subsolution of (B.19)): Let ¢ € G(Q*) NC*(Q*) and X = (w,d,0) € U be
a point at which (7 — ¢)(X) is a local maximum and 7(X) = ¢(X). (We only consider the case when
%X € (Wmin, Wmax) X (@min, Gmax] X {0} below, and the other cases can be treated similarly.)

Define p(w,a,7) := ¢(w,a,7) + C7, where C' > 0 is a constant to be chosen later. Since ¢(x) > ¢(x)
for all x € O, and p(x) = ¢(x) for all x € Q' it follows that (v — ¢)(X) is also a local maximum, and
(X) = ¢(%). Thus, by Step 2.1, we have

0 > (Fox), (% ¢(%), De(%), D*p(%), JT(%), MT(%))

4€[0,Cr]

= min [@(&) +C = LOX) — Tv%) — sup 4 (1—e PPu(X) — ¢a(X)) Liasoy

~v€[0,a]

P(X) — sup M(7)0(%), ¢(%X) —max (e?, (1 — p)a — c)] .
By choosing C' large enough, we have
min lqﬁ(i) —max(e”, (1 - p)a —c), $(%) — sup M(v)v(i)] < 0,
v€[0,a]

which implies that T(x) is a viscosity subsolution of (B.19) in the sense of Definition B.4 in Q.

e Step 2.3 (v(x) is a supersolution of (B.19)): Similarly, let ¢ € G(Q*) NC*(Q~) and X = (b, @,0) € QI
be a point at which (v — ¢)(%X) is a local minimum and v(X) = ¢(%X). (We only consider the case when
X € (Wmin, Wmax) X (@min, @max] X {0} below, and the other cases can be treated similarly.)

Define p(w, a, ) := ¢(w, a,7) — C7, where C' > 0 is a constant to be chosen later. Since p(x) < ¢(x) for all
v

x € %, and p(x) = ¢(x) for all x € Q| it follows that (v—¢)(X) is also a local minimum, and v(X) = p(X).
Thus, by Step 2.1, we have

0 < (Fox)" (% 0(%), Dp(%), D*p(%), Tu(X), Mu(%))

= max [min [¢T(i) —C = LP()X) — TJv(k) — _sup ¥ (1 — e PPy (X) — ¢a(§<)) 1a>o0y,

v€[0,a]

¢(%) — sup M(v)v(ﬁ)] , $(%) —max (e, (1~ p)a —c)
By choosing C' large enough, we have that
¢(%) — max (e”, (1 — p)a—c) > 0. (B.20)

By definition of v(%), we have v(%) < max (e?, (1 — p)a — ¢). By the definition of M, we also have

sup M(7)v(%) < sup M(y) max (e”, (1 — p)a — ¢) < max (e”, (1 — p)a —c),
~€[0,a] ~v€[0,a]

which yields that

$(%) — sup ]M(v)y(fc) > ¢ —max (e”,(1-pa—c) > 0. (B.21)
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Combining (B.20) and (B.21), we have that
min | ¢(%) — max(e”, (1 — u)a — ¢), o(%) — sup M(y)u(X)| = 0,
v€[0,a]

which implies that v(x) is a viscosity supersolution of (B.19) in the sense of Definition B.4 in Q2 .
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