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Abstract

Without resorting to dynamic programming, we determine the decumulation strategy for
the holder of a defined contribution (DC) pension plan. We formulate this as a constrained
stochastic optimal control problem. Our approach is based on data-driven neural network (NN)
optimization. Customized activation functions for the output layers of the NN are applied, which
permits training via standard unconstrained optimization. The optimal solution yields a multi-
period decumulation and asset allocation strategy, useful for a holder of a (DC) pension plan.
The objective function of the optimal control problem is a weighted expected wealth withdrawn
(EW) and expected shortfall (ES) that directly targets left-tail risk. The stochastic bound
constraints enforce a guaranteed minimum withdrawal each year. We show that the proposed
NN approach compares favorably with the numerical results from a Hamilton-Jacobi-Bellman
(HJB) Partial Differential Equation (PDE) computational framework.

Keywords: Portfolio decumulation, neural network, stochastic optimal control
JEL codes: G11, G22
AMS codes: 93E20, 91G, 68T07, 656N06, 35Q93

1 Introduction

Access to traditional defined benefit (DB) pension plans continues to disappear for employees. In
2022, only 15% of private sector workers in the United States had access to a defined benefit plan,
while 66% had access to a defined contribution (DC) plan [51]. In other countries, DB plans have
become a thing of the past.

Defined contribution plans leave the burden of creating a withdrawal and allocation strategy to
the individual investor, which Nobel Laureate William Sharpe referred to as “the nastiest, hardest
problem in finance” [40]. Indeed, a review of the literature on decumulation strategies [3], 28] shows
that balancing all of retirees’ concerns with a single strategy is exceedingly difficult. To address
these concerns and find an optimal balance between maximizing withdrawals and minimizing the
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risk of depletion, while guaranteeing a minimum withdrawal, the approach in [I7] determines a
decumulation and allocation strategy for a standard 30-year investment horizon by formulating
it as a constrained optimal stochastic control problem. Numerical solutions are obtained in [17]
using dynamic programming, which results in a Hamilton-Jacobi-Bellman (HJB) Partial Differential
Equation (PDE).

The HIB PDE framework developed in [I7] maximizes expected withdrawals and minimizes the
risk of running out of savings, measured by the left-tail in the terminal wealth distribution. Maxi-
mizing withdrawals and minimizing risk are conflicting goals. Consequently, in order to determine
Pareto optimal points, we will use a scalarization technique. A fixed lower bound is imposed on the
withdrawal, providing a guaranteed income. An upper bound on withdrawal is also imposed, which
can be viewed as the target withdrawal. The investment allocation is also constrained to prohibit
shorting and leverage.

This constrained stochastic optimal control problem yields a dynamic stochastic strategy as a
solution, which naturally aligns with retirees’ concerns and objectives. Note that cash flows are not
mortality weighted, consistent with [2]. This can be justified on the basis of planning to live, not
planning to die as discussed in [35].

Our dynamic strategy can be contrasted to traditional strategies such as the Bengen Rule (4%
Rule), which recommends withdrawing a constant 4% of initial capital each year (adjusted for
inflation) and investing equal amounts into stocks and bonds [2]. Initially proposed in 1994, the 4%
Rule is found in [43] to still be a popular strategy 14 years later, and remains as the near-universal
recommendation of the top brokerage and retirement planning groups. Recently there has been
acknowledgment in the asset management industry that the 4% Rule is sub-optimal, but wealth
managers still recommend variations of the same constant withdrawal principle [55]. The strategy
proposed by [17] is shown to be far more efficient than the Bengen 4% Rule. Unfortunately, the
PDE solution in [I7] is restricted to low dimensions (i.e. a small number of stochastic factors).

In order to remedy some of the deficiencies of PDE methods (such as in [I7]), we propose a
neural network (NN) based framework without using dynamic programming. In contrast to the
PDE solution approach, our proposed NN approach has the following advantages:

(i) It is data-driven and does not depend on availability of a parametric model for traded assets.
This makes the framework versatile in selecting training data, and less susceptible to model
misspecification.

(ii) The control is learned directly by solving original multi-period optimal control problem and
explicitly exploiting the low dimensionality of the control [52]. This technique thus avoids
dynamic programming and the associated error propagation. The NN approach can also be
applied to higher dimensional problems, such as those with a large number of assets.

(iii) The control generated from NN is a continuous function of time, which fits naturally if the
optimal control has the same continuity property. If the optimal control is discontinuous in
time EL the NN appears capable of producing a smooth, but quite accurate, approximationﬂ

The NN generates an approximate solution to complicated stochastic optimal control problem.
Consequently, it is imperative to assess accuracy and robustness. Rarely is the quality of an NN
solution assessed rigorously, since an accurate solution to the optimal control problem is often not
readily available. In this paper, we compare the NN solution to the decumulation problem against
the ground-truth solutions from the provably convergent HJB PDE method.

! Bang-bang controls, frequently encountered in optimal control, are discontinuous as a function of time.
For a possible explanation of this, see [22].
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Although unusual, similar a comparison assessment exists in different applications, see, e.g., [20]
for a comparison study on a fishing control problem. As machine learning and artificial intelli-
gence based methods continue to proliferate in finance and investment management, it is crucial to
demonstrate that these methods are reliable and explainable in the financial domain [7]. We believe
that our proposed framework and test results make a step forward in demonstrating deep learning’s
potential for stochastic control problems in finance.

We summarize the main contributions of this paper are as follows:

e Proposing an NN framework with suitable activation functions for decumulation and allo-
cation controls, which yields an approximate solution to the constrained stochastic optimal
decumulation problem in [I7] by solving a standard unconstrained optimization problem;

e Demonstrating that the NN solution achieves very high accuracy in terms of the efficient fron-
tier and the decumulation control when compared to the solution from the provably convergent
HJB PDE method,;

e Illustrating that, with a suitably small regularization parameter, the NN allocation strategy
can differ significantly from the PDE allocation strategy in the region of high wealth and near
the end of withdrawal time horizon, while the relevant risk-reward statistics remain unaffected.
This is due to the fact that the problem is ill-posed, with objective function insensitive to the
control in these regions, unless we add a small regularization term;

e Testing the NN solution’s robustness on out-of-sample and out-of-distribution data, as well as
its versatility in using different datasets for training.

Our work differs from other NN methods for stochastic optimal problems in finance in that one
NN is used for the discontinuous decumulation control while the second NN represents allocation
control. As a NN solution to an optimal control problem in general, while other neural network and
deep learning methods for optimal stochastic control problems have been proposed before, they differ
significantly from our approach in architecture. These previous approaches take a stacked neural
network approach as in [8, 19, [50] or a hybrid dynamic programming and reinforcement learning
approach [21]. In contrast, our framework uses the same two neural networks at all rebalancing times
in the investment scenario. Since our NNs take time as an input, the solution will be continuous in
time if the control is continuous. Note that the idea of using time as an input to the NN was also
suggested in [26]. According to the taxonomy of sequential decision problems proposed in [39], our
approach would most closely be described as Policy Function Approximation (PFA).

Furthermore, with the exception of [26], previous papers do not provide a benchmark for nu-
merical methods, as we do in this work. Our results show that our proposed NN method is able
to approximate the numerical results in [I7] with high accuracy. Especially notable, and somewhat
unexpected, is that the bang-bang contro]lﬂ for the withdrawal is reproduced very closely with the
NN method.

2 Problem Formulation

2.1 Overview

The investment scenario described in [I7] concerns an investor with a portfolio wealth of a specified
size, upon retirement. The investment horizon is fixed with a finite number of equally spaced

3In optimal stochastic control, a bang-bang control is a discontinuous function of the state.
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rebalancing times (usually annually). At each rebalancing time, the investor first chooses how much
to withdraw from the portfolio and then how to allocate the remaining wealth. The investor must
withdraw an amount within a specified range. The wealth in this portfolio can be allocated to any
mix of two given assets, with no shorting or leverage. The assets the investor can access are a broad
stock index fund and a constant maturity bond index fund.

In the time that elapses between re-balancing times, the portfolio’s wealth will change according
to the dynamics of the underlying assets. If the wealth of the portfolio goes below zero (due to
minimum withdrawals), no stock purchases are permitted. From this point on, debt will grow at
the borrowing rate, and withdrawals are restricted to the minimum amount. At the end of the time
horizon, a final withdrawal is made and the portfolio is liquidated, yielding the terminal wealth.

We assume here that the investor has other assets, such as real estate, which are non-fungible
with investment assets. These other assets can be regarded as a hedge of last resort, which can
be used to fund any accumulated debt [36]. This is not a novel assumption and is in line with
the mental bucketing idea proposed by [45]. The use of this assumption within literature targeting
similar problems is also common (see [18]). Of course, the objective of the optimal control is to
make running out of savings an unlikely event.

The investor’s goal then is to maximize the weighted sum of expected total withdrawals and
the mean of the worst 5% of the outcomes (in terms of terminal wealth). We term this tail risk
measure as Expected Shortfall (ES) at the 5% level. In this section, this optimization problem will
be described with the mathematical details common to both the HJB and NN methods.

2.2 Stochastic Process Model

Let S; and By represent the real (i.e. inflation-adjusted) amounts invested in the stock index
and a constant maturity bond index, respectively. These assets are modeled with correlated jump
diffusion models, in line with [29]. These parametric stochastic differential equations (SDEs) allow
us to model non-normal asset returns. The SDEs are used in solving the HJB PDE, and generating
training data with Monte Carlo (MC) simulations in the proposed NN framework. For the remainder
of this paper, we refer to simulated data using these models as synthetic data.

If a jump is triggered, S; = £5S,—, where &% is a jump multiplier and S,- = S(t—¢€),e — 07 (S;-
is the time immediately before t). log(£®) is assumed to follow a double exponential distribution
[24, 25]. The jump is either upward or downward, with probabilities u® and 1 — u® respectively. Let
y = log(&*), and y has density

FPy) = uwnie V1,50 + (1 — u’)n3e”¥ 1< - (2.1)
We also define
S48 1 —u)ns

-1 n5+ 1

The starting point for building the jump diffusion model is a standard geometric Brownian
motion, with drift rate u® and volatility o®. A third term is added to represent the effect of jumps,
and a compensator is added to the drift term to preserve the expected drift rate. For stocks, this
gives the following stochastic differential equation (SDE) that describes how the amount in the
stock account S; (inflation adjusted) evolves between rebalancing times:
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ds s s_ s s s s
?_t (n _’\5'75) dt +o0°dZ” +d Z(@ =1) ], te€ (titiv1) (2.3)

i=1

where dZ?® is the increment of a Wiener process, 7; is a Poisson process with positive intensity
parameter )\Z. For all ¢, £ are assumed i.i.d, positive, and with distribution . In addition, it is
assumed that &, 7}, and Z° are all mutually independent.

In the practitioner literature, it is usual to model the returns of a constant maturity (real,
i.e. inflation adjusted) bond index fund, by an SDE. Following the lead of [29, 27], we model the
constant maturity (real) bond index by a jump diffusion process. Let the amount in the constant
maturity bond index be B,- = B(t —€),e — 0%. Between rebalancing times, the amount in the
bond account B; evolves as

b
Tt

_ (Mb — N+ iy, <0}) dt+0%dZ0 +d [ > (& —1) |, tetitip) (24)

=1

a5,
B;-

where the corresponding terms in Equation ([2.4)) are defined in similar fashion to Equation ([2.3).
77? denotes a Poisson process, having non-negative intensity parameter \2, 72’ = E[¢ — 1], and y =

log(£P) has the same distribution as in equation (denoted by f(y)) with distinct parameters,
u®, nlf, and ng. We make the assumption that §f’, 7r§’, and Z° mutually independent, similar to
assumptions placed on the SDE for S;. The term ,ugl{ B, <0} represents the borrowing spread
(assumed non-negative).

The correlation between the two assets’ diffusion processes is pgp, i.e., dZ° - dZ? = pg, dt. The
jump processes are assumed to be independent. For further details concerning the justification of
this market model, refer to [17].

The total amount in the retirement account at time ¢, W; is given by

Total wealth = W, = S; + B;. (2.5)

With the exception of an insolvency state, shorting stock and using leverage (i.e., borrowing) are
not permitted, a realistic constraint in the context of DC retirement plans. Furthermore, if the
wealth ever goes below zero, due to the guaranteed withdrawals, all stock holdings are sold. Debt
then grows at the bond rate plus a borrowing spread. We emphasize that we are assuming that
the retiree has other assets (i.e., residential real estate) which can be used to fund any accumulated
debt. In practice, this could be done using a reverse mortgage [36].

2.3 Notational Conventions

Let T denote the set of discrete times at which rebalancing and withdrawals are permitted
T={to=0<t1<ta<...<ty=T}. (2.6)

The beginning of the investment period is tg = 0. We assume each rebalancing time is evenly spaced,
meaning t; —t;_1 = At = T'/M is constant. For notational simplicity, it will be convenient to denote
time dependence in two forms, i.e. S; = S(t), By = B(t) and W; = W(t). At each rebalancing time,
t; € T, we consider the following ordering of events. First, the investor withdraws an amount of
cash ¢; from the portfolio. Subsequently, the portfolio is then rebalanced. At time 7', there is one
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final withdrawal, ¢, and then the portfolio is liquidated. We assume no taxes or transaction costs
are incurred on rebalancing. The no-tax assumption is reasonable since retirement accounts are
typically tax-advantaged. In addition, since trading is infrequent, we assume transaction costs to
be negligible [I1]. For any function f(t), we denote
f&H) = lim f(ti+e), f(t;)= lim f(t;—e€) . (2.7)
e—0t e—0t

Let X (t) = (S(t),B(t)), t € [0,T] denote the multidimensional controlled underlying process.
Following typical notation, let « = (s,b) denote the the realized state of the system.

At each rebalancing time ¢;, the investor first withdraws the amount ¢;(-), determined by the
control at time t;; that is, ¢;(-) = ¢(X(¢;)) = q(X(¢;),t;). This control is used to evolve the
investment portfolio from W, to W,

Wt =WEt)—q, teT. (2.8)

The withdrawal and allocation controls are formally functions of state before withdrawal, X (¢;).
However, it is useful to note that the allocation control is specifically a function of state after
withdrawal. This is simply due to the fact that rebalancing occurs after the withdrawal. Let p;(-)
represent the fraction of wealth in stocks, after rebalancing

St) = p(XE). )W ()
B(t]) = (1-pX{Et),t)W(t]) . (2.9)

As formulated, assuming no transaction costs, it is shown in [17] that the control depends on wealth
only, i.e., pi(-) = p(X(t]),t;) = pi(W;)). Therefore, we make another notational adjustment for
the sake of simplicity and consider ¢;(-) to be a function of wealth before withdrawal, W™, and p;(-)
to be a function of wealth after withdrawal, VVZ.JF.

We assume instantaneous rebalancing, with the implication that the control at time t; is de-
scribed by a pair (¢;(+), pi(+)) € Z(W; W', t;), where Z(W, W' t;) represents the set of admissible
control values for ;. The constraints on the allocation control are no shorting, no leverage (except
in an insolvent state). There are minimum and maximum values for the withdrawal. In the normal
course of events, the no-shorting and no-leverage constraints imply that wealth is always positive.
However, due to minimum withdrawals at rebalancing times, it is possible for insolvency to occur.
In this case, no stock holdings are permitted, and debt accumulates at the borrowing rate. Any
subsequent withdrawals are restricted to the minimum amounts. Any non-zero stock stock positions
are liquidated at terminal time. We can mathematically state these constraints by imposing suitable
bounds on the value of the controls as follows:

[Qmina Qmax]a ift;eT, W; > (max
Zq(‘/vz‘_vti) = [Qmina W;]a itt; € T7 qmin < W[ < @max y (2~10)
{Qmin}v if t; € T7 WZ'_ < @min

0,1], W} >0, t, €T, ti#tu

Z,(Wiht) = {0}, W <0, t, €T, ti#tu (2.11)
{0y, ift;=tuy
Z(Wi_, Wi+,ti) = Zq(WZ-_,ti) X Zp(Wi—i_,ti) . (2.12)

At each t;, we seek the optimal control for all possible combinations of (S(t¢), B(t)) having the
same total wealth [I7]. Hence, the controls for both withdrawal and allocation are formally a
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function of wealth and time before withdrawal (W, ,t;), but for implementation purposes it will
be helpful to write the allocation as a function of wealth and time after withdrawal (W;"t;). The
admissible control set A can be written as

A= {(Qiapi)0<i<M t(gispi) € Z(Wi_,Wf,ti)} : (2.13)

An admissible control P € A, can be written as

P={(q()pi(-) : (a(-),pi(-)) € ZW;, Wt ti),i=0,...,M} . (2.14)

It will sometimes be necessary to refer to the tail of the control sequence at [ty tyt1, ..., tar], which
we define as

Pn = {(Qn()’pn())’(pM()vQM())} : (2'15)

The essence of the problem, for both the HJB and NN methods outlined in this paper, will be to
find an optimal control P*.

2.4 Risk: Expected Shortfall

Let G(Wr) be the probability density of terminal wealth Wp at ¢t = T. For 0 < a < 1, typically
a = 5%, let W/, satisfy
W
Q(WT) dWT =, (2.16)
ie., PriWr < W/] = a. W/, can be interpreted as the Value at risk (VAR) at the level a. We

then define the Expected Shortfall (ES) as the mean of the worst « fraction of the terminal wealth.
Mathematically,

Wl
“ Wi G(Wr) dW:
Esa:f—oo T OE r) dWr (2.17)

As formulated, a higher ES is more desirable than a smaller ES (equation (2.17)) is formulated in
terms of final wealth not losses). For computational purposes, it is useful to use the definition of
ES as devised in [41],

1
ES, = supE[W’—l— amm(WT - W’,O)} : (2.18)
W/

Under a control P, and initial state Xy, this becomes:
o 1
ESa(Xy,ty) = sup E;{U o [W’ + —min(Wp — W’,O)] . (2.19)
w' v

The candidate values of W’ can be taken from the set of possible values of Wrp. It is important
to note here that we define ES, (X ,t;) which is the value of ES, as seen at t;. Hence, W’ is
fixed throughout the investment horizon. In fact, we are considering the induced time consistent
strategy, as opposed to the time inconsistent version of an expected shortfall policy [47, [14]. This
issue is addressed in more detail in Appendix [A]
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2.5 Reward Measure: Total Expected Withdrawals (EW)

As a measure of reward, we will use total expected withdrawals. Mathematically, total expected
withdrawals (EW) is defined as

M
EW(X;,t5) = Epo ™0 [Z ql} . (2.20)
1=0

Remark 2.1 (No discounting, no mortality weighting). Note that we do not discount the future cash
flows in Equation . We remind the reader that all quantities are assumed real (i.e. inflation-
adjusted), so that we are effectively assuming a real discount rate of zero, which is a conservative
assumption. This is also consistent with the approach used in the classical work of [2]. In addition,
we do not mortality weight the cash flows, which is also consistent with [2]. See [35] for a discussion
of this approach (i.e. plan to live, not plan to die).

2.6 Defining a Common Objective Function

In this section, we describe the common objective function used by both the HJB method and the
NN method.

Since increasing Expected Withdrawals (EW) typically causes a simultaneous decrease in Ex-
pected Shortfall (ES), we determine Pareto optimal points for this multi-objective problem. For a
given scalarization parameter k, we seek the optimal control Py such that the following is maximized,

EW(X;,t5) + kESa(X] 15 ) - (2.21)

We define (2.21) as the pre-commitment EW-ES problem (PCEE;,(k)) and write the problem
formally as

(PCEE,, (k)) :

stabilization

M
- 1 —
J (s,b,t5) = sup sup{E;(OO o [ ZQi + /{(W’ + amin(WT - W/,O)) +eWp

Poc A W' i—0
]X<t0> = (s) ] }

((Sy, By) follow processes and (24); t¢ T

W' =87+ B —a, X" = (8], B])

subject to § S;" = p;()W;", B = (1 —pi(-))W;" . (2.22)
(@(-),pi() € Z2(W;, W;ht;)

1=0,....,.M, ;€T

The eWr stabilization term serves to avoid ill-posedness in the problem when W; > W' t — T,
and has little effect on optimal (ES, EW) or other summary statistics when |e| < 1. Further details
about this stabilization term and its effects on both the HJB and NN framework will be discussed
in Section @ The objective function in serves as the basis for the value function in the HJB
framework and the loss function for the NN method.
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Remark 2.2 (Induced time consistent policy). Note that a strategy based on (PCEEy,(k)) is for-
mally a pre-commitment strategy (i.e., time inconsistent). However, we will assume that the retiree
actually follows the induced time consistent strategy [47, [14), I7], which is identical to the pre-
commitment control at the initial time. See Appendiz [A] for more discussion of this subtle point.
Subsequently we will refer to the strategy from as the EW-ES optimal control, noting that it
1s equivalent to an induced time consistent control at any time t; > tg.

3 HJB Dynamic Programming Optimization Framework

The HJB framework uses dynamic programming, creating sub-problems from each time step in the
problem and moving backward in time. For the convenience of the reader, we will summarize the
algorithm in [I7] here.

3.1 Deriving Auxiliary Function from PCFEE;, (k)

The HJB framework begins with defining auxiliary functions based on the objective function
and the underlying stochastic processes. An equivalent problem is then formulated, which will then
be solved to find the optimal value function.

We begin by interchanging the supp, and supy,, operators. This will serve as the starting point
for the HJB solution

e 1
J(s,b,t&) = sup sup {EXO’O [ Z% + H(W + - mln(WT— W', 0 ))
W’ PoeA i—0

X(t5) = (s,) ] } . (3.1)

The auxiliary function which needs to be computed in the dynamic programming framework at
each time t, will have an associated strategy for any ¢,, > 0 that is equivalent with the solution of
PCEE,, (k) for a fixed W'. For a full discussion of pre-commitment and time-consistent ES strate-
gies, we refer the reader to [14], Which also includes a proof with similar steps of how the following
auxiliary function is derived from (3.1)). Including W’ in the state space gives us the expanded state
space X = (s,b,W’). Define the problem domain = [0,00) X (—o00,400) X (—00,400) X [0, 00).
The auxiliary function V' (s,b, W’ t) €  is then defined as,

+€WT

Vi(s,b,W' t,)

sup {E [Zqz—i—/ﬁ(W/—i— ! mm((WT—W)O))

=n

X(t;) = (s,b, W’)] }

(S, By) follow processes and 2.4); t¢ T

Wt =S, +B qi,Xf—(Sf,BfaW’)

subject to S =pi()W =1 —pi(-))W;" . (3.2)
(¢i(-),p ())GZ(W Wi t)

t=mn,...,M, t; €T

+6WT




279

280

281

282

283

284

285

286

287

288

289

290

291

292

293

294

295

3.2 Applying Dynamic Programming at Rebalancing Times

The principle of dynamic programming is applied at each ¢, € T on (3.2). As usual, the op-
timal control needs to be computed in reverse time order. We split the supp operator into

SUPge z, SUPpez, (w——q,t)*

V(s,b,W' t7) = sup sup ){q + {V((w —q)p, (w™ —¢q)(1 —p),W'JI)] }

€2y peZp(w—q;t
= sup {q + [ sup  V((w™ —q)p, (w™ —q)(1 - p), W’,ti)] }
q€Z4 PEZp(w™ —qyt)
w- =s+0b. (3.3)
Let V denote the upper semi-continuous envelope of V', which will have already been computed

as the algorithm progresses backward through time. The optimal allocation p,(w,W’) at time t,, is
then given by

) arg maxV(wp’, w(l—p), W th), w>0, t,#ty
po(w, W) = P/€[0,1] : (3.4)
0, w<0 ort, =ty

Since we proceed backwards in time, the allocation control is determined first (in backwards time)
followed by the withdrawal control ¢

qn(w7W/) = arg max{q/ +‘_/((w - q/)pn(w - q/> Wl)? (’LU - q,)(l - pn(w - q/7 W/))a le tf{)} :

qEZ,

(3.5)

Using these controls for ¢, the solution then moves from from ¢ to ¢

Vis,b, W t7) = qu(w™, W) +V(w pp(wt W), wt( 1 —pu(w™ W) ), W )
wo=s+b, wm=s+b—gy(w ,W').
(3.6)
At t =T, we have the terminal condition

i b—W"),0

Vis,b, W' T) = K(W’ 4 min((s + ) )> . (3.7)
e

3.3 Conditional Expectations between Rebalancing Times

For t € (tp—1,tn), the tower property gives, for 0 < h < (t, — tp—1),

V(s,b,W't) = E|V(S(t+h), B(t+h), W' t+h)|S(t) = s, B(t) = b] € (tuotytn — h) .
(3.8)

Assuming a parametric model of stock and bond SDEs, Ito’s Lemma for jump processes [49] is
first applied assume SDEs and (2.4). The gives a partial integro differential equation (PIDE),
as shown in [I7] and Appendix . In computational practice, the resulting PIDE is solved using
Fourier methods discussed in [16].
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3.4 Equivalence with PCEE;, (k)

Proceeding backward in time, the auxiliary function V(s,b, W’ t;) is determined at time zero.
Problem PCEE, (k) is then solved using a final optimization step

J(s,byty) =supV(s,b,W't7) . (3.9)
W/

Notice that V'(s,b,W’ ty) denotes the auxiliary function for the beginning of the investment period,
and represents the last step (going backward) in solving the dynamic programming formulation. To
obtain this, we begin with Equation and recursively work backwards in time. In the final step
(going backwards), interchanging supy supp gives Equation .

This formulation is equivalent to problem PCEE; (k). For a summary of computa-
tional details, refer to Appendix [C|or see [17].

4 Neural Network Formulation

As an alternative to the HJB framework, we develop a neural network framework to solve the
stochastic optimal control problem (2.22)), which has the following characteristics:

(i) The NN framework is data driven, which does not require a parametric model for traded
assets being specified. This avoids explicitly postulating parametric stochastic processes and
the estimation of associated parameters. In addition, this allows us to add auxiliary market
signals /variables (although we do not exploit this idea in this work).

(ii) The NN framework avoids the computation of high-dimensional conditional expectations by
solving for the control at all times directly from a single standard unconstrained optimization,
without dynamic programming (see [52] for a discussion of this). Since the control is low-
dimensional, the approach avoids the curse of dimensionality by solving for the control directly,
instead of via value iteration such as in the HJB dynamic programming method [52]. Such an
approach also eliminates backward error propagation through rebalancing times.

(iii) If the optimal control is a continuous function of time and state, the NN control will naturally
reflect this property. If the optimal control is discontinuous, NN representation produces a
smooth approximation. While not required by the original problem formulation in , this
continuity property likely leads to practical implementation benefits.

(iv) The NN method is further scalable and can be easily adapted to problems with longer horizons
or higher rebalancing frequency without significantly increasing the computational complexity
of the problem. This is in contrast to existing approaches using a stacked neural network
approach [50].

We now formally describe the proposed NN framework and demonstrate the aforementioned
properties. We approximate the control in P directly by using feed-forward, fully-connected neu-
ral networks. Given parameters 6, and 6,, i.e. NN weights and biases, p(W(t;),t;,6,) and

A

G(W (t;),t;,6,) approximate the controls p; and ¢; respectively,

qW;,t7,0q) ~q;(W,), i=0,...,M

)

PW t5,0,) ~pi(W,H), i=0,...,M—1
(

IR}
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The functions p and ¢ take time as one of the inputs, and therefore we can use just two NN
functions to approximate control P across time instead of defining a NN at each rebalancing time.
In this section, we discuss how we solve problem using this approximation and then provide
a description of the NN architecture that is used. We discuss the precise formulation used by the
NN, including activation functions that encode the stochastic constraints.

4.1 Neural Network Optimization for PCEE,, (k)

We begin by describing the NN optimization problem based on the stochastic optimal control
problem . We first recall that, in the formulation in Section |3} controls ¢; and p; are functions
of wealth only. Our goal is to choose NN weights 8, and 8, by solving , with ¢(W,; ,t;,04) and
H(W;T tF,6,) approximating feasible controls (g;,p;) € Z(W,”, W t;) for t; € T. For an arbitrary
set of controls P and wealth level W’ , we define the NN performance criteria Vyy as

M
= / - . X oty . / T . /
Vnn (P, W' sb,ty) = EPOO 0 [ ;qz + KZ(W —i-amm(WT—W,O))

+eWr| X (ty) = (s,b)

(S, By) follow processes and 2.4), t¢ T

Wi =S+ B —ai, X" = (57, B)

subject to ¢ SiF = p;(\W;", B = (1 —p;(-))W;" (4.1)
(@(),0i() € 20,7, Wi t;)

(i=0,....,.M, ;€T

The optimal value function Jyn (at ty) is then given by

JNN(s,b,ty) = sup sup Vn (P, W', s.b, ty) - (4.2)

W’ Pea

Next we describe the structure of the neural networks and feasibility encoding.

4.2 Neural Network Framework

Consider two fully-connected feed-forward NNs, with p and ¢ determined by parameter vectors
0, € R” and 0, € R", representing NN weights and biases respectively. The two NNs can differ
in the choice of activation functions and in the number of hidden layers and nodes per layer. Each
NN takes input of the same form (W (t;),t;), but the withdrawal NN ¢ takes the state variable
observed before withdrawal, (W (t;"),t;), and the allocation NN p takes the state variable observed
after withdrawal, (W (t;),t;).

In order for the NN to generate a feasible control as specified in , we use a modified sigmoid
activation function to scale the output from the withdrawal NN ¢ according to the PCEE;, (k)
problem’s constraints on the withdrawal amount g;, as given in Equation (2.10). This ultimately
allows us to perform unconstrained optimization on the NN training parameters.

Specifically, assuming x € [0,1], the function a + (b — a)z scales the output to [a,b]. We restrict
withdrawal to ¢ in [¢min, ¢max]. We note that this withdrawal range gmax — ¢min depends on wealth
W, see from (2.10)). Specifically, define the range of permitted withdrawal as follows,
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Gmax — Gmin, if Wi_ > Q@max
range = § W™ — Gumin, if Gmin < VV[ < Qmax
07 if WZ‘_ < @min

More concisely, we have the following mathematical expression:
range = max ((min(qmaX,W_) — min) O) )

Let z € R be the NN output before the final output layer of §. Note that z depends on the input
features, state and time, before being transformed by the output activation function. We then have
the following expression for the withdrawal,

N 1
A0710.00) = oo+ range (15 )

. _ 1
Gmin + Max ((mln(QmaXaW ) - Qmin)) 0) (1 T €Z> :

Note that the sigmoid function H% is a mapping from R — [0,1].

Similarly, we use a softmax activation function on the NN output for p, ensuring no-shorting
and no-leverage constraints are automatically satisfied.

With these output activation functions, it can be easily verified that (¢;(-), pi(-)) € 2 (Wi_, I/Vf7 ti)
always. Using the defined NN, this transforms the problem of finding an optimal P into the

optimization problem:

jNN(57b7 ta) = Sup sup sup VNN(OqaepaW/asybata)
W'ER 0q€RY4 O, cR"P
= sup VN (04,0, W', 5,b,t5) . (4.3)

(W/ 7011 VGP)GRVQ+VP+1

It is worth noting here that, while the original control P is constrained in , the formulation
is an unconstrained optimization over 6, 6,, and W’. Hence we can solve problem
directly using a gradient descent method. In the numerical experiments detailed in Sections [6] and
, we use Adam stochastic gradient descent [23] to determine the optimal points 03, 0,,, and w'.
Note that the output of NN ¢ yields the amount to withdraw, while the output of NN p produces
asset allocation weights.
Figure presents the proposed NN. We emphasize the following key aspects of this NN struc-

ture.

(i) Time is an input to both NNs in the framework. The parameter vectors 8, and 6, are constant
and do not vary with time.

(ii) At each rebalancing time, the wealth observation before withdrawal is used to construct the
feature vector for ¢. The resulting withdrawal is then used to calculate wealth after withdrawal,
which is an input feature for p.

(iii) Standard sigmoid activation functions are used at each hidden layer output.

(iv) The output activation function for withdrawal is different from the activation function for
allocation. Control ¢ uses a modified sigmoid function, which is chosen to transform its
output according to ([2.10)). Control p uses a softmax activation which ensures that its output

13



383 gives only positive weights for each portfolio asset and the weights sum to one, as specified

384 in (2.11). By constraining the NN output this way through proposed activation functions, we
385 can use unconstrained optimization to train NN.
Input Layer Hidden Layers Output Layer Input Layer Hidden Layers Output Layer
Feature Vector 1 node, modified Feature Vector 1 node per asset,
sigmoid activation to Softmax activation to
ensure ¢; € [qmin; Gmaz] ensure P; within constraints
VR (withdrawal amount) ——\ (portfolio weight for stocks)
t; t; Di
_ B B full set of full set of
X(ti )= (S(ti ) B(ti ) nodes and q; nodes and
\l/ connections connections
_ _ _ not shown _ t shi
S(t;) +B(t;) = W(t;) W) > W) e (1-p:)
L J L J L J
Rl Rl Rl
~ _ Withdrawal NN result A —+ .
q(Wz I tia oq) is used to create p(Wz ) tla ep)
(Withdrawal NN) feature vector for (Allocation NN)

allocation NN

FIGURE 4.1: Illustration of the NN framework as per Section @ Additional technical details can be
found in Appendiz [D}

s 4.3 NN Estimate of the Optimal Control

ss7  Now we describe the NN training optimization problem for the decumulation problem, which is
sss independent of the underlying data generation process. We assume that a set of asset return
380 trajectories are available, which are used to approximate the expectation in for any given
300 control. For NN training, we approximate the expectation in based on a finite number of
301 samples as follows:

N M 4 1 . '
3 $a0m 0000 + oo Ly - s

X(ty) = (s:) ]

((Se),
(W) =(S7) + (B ) —q (W, ) ti,0q) . (X;7)) = (S, B

subject to (S:r I=p ((Wi+)j,ti,0p) (Wi+)j, (Bj)j =(1-p ((Wf)j,ti,ap)) (Wf)j ,
(

)
i =0,....M, t; €T
(4.4)

se2 where the superscript j represents the j™ path of joint asset returns and N is the total number
303 of sampled paths. For subsequent benchmark comparison, we generate price paths using processes
304 and . However, any method can be used to generate these paths. We are not restricted to
305 parametric SDEs. We assume that the random sample paths are independent, but that correlations
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can exist between returns of different assets. In addition, correlation between the returns of differ-
ent time periods can also be represented, e.g., block bootstrap resampling is designed to capture
autocorrelation in the time series data.

The optimal parameters obtained by training the neural network are used to generate the control
functions ¢*(-) := q(-; 0;) and p*(-) := p(-; 0p), respectively. With these functions, we can evaluate
the performance of the generated control on testing data sets that are out-of-sample or out-of-
distribution. We present the detailed results of such tests in Section [7}

5 Data

For the computational study in this paper, we use data from the Center for Research in Security
Prices (CRSP) on a monthly basis from 1926:1 to 2019:12E| The specific indices used are the CRSP
10-year U.S. Treasury index for the bond assetﬂ and the CRSP cap-weighted total return index for
the stock assetﬁ. Retirees are, naturally, concerned with preserving real (not nominal) spending
power. Hence, we use the US CPI index (from CSRP) to adjust these indexes for inflation. We use
the above market data in two different ways in subsequent investigations:

(i) Stochastic model calibration: Any data set referred to in this paper as synthetic data is gener-
ated by parametric stochastic models (SDEs) (as described in Section , whose parameters
are calibrated to the CRSP data using a threshold technique [30) 10, 12]. We divide the
nominal CRSP data by the CPI as supplied by CRSP, so the the data is inflation adjusted.
Calibration to the historical data generates the results in Table [EI] In order to compute the
correlation pg,, we first remove any returns which occur at jump times (in either series). See
[12] for details of the technique for detecting jumps.

(ii) Bootstrap resampling: Any data set referred to in this paper as historical data is generated by
using the stationary block bootstrap method [37, [38] [34) [I3] to resample the historical CRSP
data series. This method involves repeatedly drawing randomly sampled blocks of random
size, with replacement, from the original data series. The block size follows a geometric
distribution with a specified expected block size. We simultaneously draw returns from both
series, in order to preserve correlation effects between asset returns. This, in effect, randomly
shuffles the original data and can be repeated to obtain however many resampled paths one
desires. Since the order of returns in the sequence is unchanged within the sampled block, this
method accounts for some possible serial correlation in market data. Detailed pseudo-code for
this method of block bootstrap resampling is given in [I5].

We note that block resampling is commonly used by practitioners and academics (see for
example [I} 13, 44 [46], 9]). Block bootstrap resampling will be used to carry out robustness
checks in Section [7] Note that for any realistic number of samples and expected block size,
the probability of repeating a resampled path is negligible [32].

“More specifically, results presented here were calculated based on data from Historical Indexes, (©2020 Center for
Research in Security Prices (CRSP), The University of Chicago Booth School of Business. Wharton Research Data
Services was used in preparing this article. This service and the data available thereon constitute valuable intellectual
property and trade secrets of WRDS and/or its third-party suppliers.

®The 10-year Treasury index was calculated using monthly returns from CRSP dating back to 1941. The data for
1926-1941 were interpolated from annual returns in [20]. The bond index is constructed by (i) purchasing a 10-year
Treasury at the start of each month, (ii) collecting interest during the month and (iii) selling the Treasury at the end
of the month.

5The stock index includes all distributions for all domestic stocks trading on major U.S. exchanges.
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One important parameter for the block resampling method is the expected block size. The
algorithm in [34] is used to determine the optimal expected block size for the bond and stock
returns separately; see Table [F.1] For our data set here, a reasonable expected block size for
paired resampling is about three months [I7]. Subsequently, we will also test the sensitivity
of the results to a range of block sizes from 1 to 12 months in numerical experiments.

To train the neural networks, we require that the number of sampled paths, N, be sufficiently
large to fully represent the underlying market dynamics. Subsequently, we first generate training
data through MC simulations of the calibrated parametric models in and . We emphasize
however that, in the proposed data driven NN framework, we only require return trajectories of
the underlying assets. In later sections, we present results from NNs trained on non-parametrically
generated data, e.g. resampled historical data. We also demonstrate the NN framework’s robustness
on test data.

6 Computational Results

We now present and compare performance of the optimal control from the HJB PDE and NN
method respectively on synthetic data, with investment specifications given in Table [6.1] Each
strategy’s performance is measured w.r.t. to the objective function in , which is a weighted
reward (EW) and risk (ES) measure. To trace out an efficient frontier in the (EW,ES) plane, we
vary k and the efficient frontier curve represents the (EW ES) performance on a set of optimal
Pareto points.

We first present strategies computed from the HJB framework described in Section 3. We
verify that the numerical solutions are sufficiently accurate, which implies that this solution can be
regarded as ground truth. We then present results computed using the NN framework of Section []
and demonstrate the accuracy of the NN results by comparing to the ground truth computed from
the HJB equation. We carry out further analysis by selecting an interesting point on the (EW,ES)
efficient frontier, corresponding to x = 1.0, to study in greater detail. The point x = 1.0 is at
the knee of the efficient frontier, which makes it desirable in terms of risk-reward tradeoff (picking
the exact xk will be a matter of investor preference, however). This notion of the knee point is
loosely based on the concept of a compromise solution of multi-objective optimization problems,
which selects the point on the efficient frontier with the minimum distance to an unattainable ideal
point [31]. For this knee point of x = 1.0, we analyze the controls and wealth outcomes under both
frameworks. We also discuss some key differences between the HJB and NN frameworks’ results
and their implications.

6.1 Strategies Computed from HJB Equation

We carry out a convergence test for the HJB framework by tracing the efficient frontier (i.e. varying
the scalarization parameter k) for solutions of varying refinement levels (i.e. number of grid points in
the (s,b) directions). Figure[6.1|shows these efficient frontiers. As the efficient frontiers from various
grid sizes all practically overlap each other, this demonstrates convergence of solutions computed
from solving HJB equations. Table [G.1] shows a convergence test for a single point on the frontier.
The convergence is roughly first-order (for the value function). This convergence test justifies the
use of the HJB framework results as a ground-truth.

Remark 6.1 (Effect of Stabilization Term eWr). Recall the stabilization term, eWr, introduced in
, where the parameter € has a small magnitude. We now provide motivation for its inclusion,

16



473

474

475

476

477

478

479

480

481

482

483

484

485

486

487

488

489

Investment horizon T' (years) 30

Equity market index CPI adjusted CRSP US Total Market Index
Bond index CPI adjusted US 10-year treasury
Initial portfolio value Wy 1000

Cash withdrawal times t=0,1,...,30

Withdrawal range [35, 60]

Equity fraction range [0,1]

Borrowing spread ,ulc’ 0.0

Rebalancing interval (years) 1

Market model parameters See Appendix

TABLE 6.1: Problem setup and input data. Monetary units: USD$ in thousands.
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FIGURE 6.1: EW-ES frontier, computed from problem (2.29). Note: Scenario in Table .
Comparison of HJB solution performance with varying grid sizes. HJB solution performance
computed on 2.56 x 108 observations of synthetic data. Parameters for synthetic data based on
CPI adjusted CRSP US Total Market Index and CRSP US 10-year treasury (see Table . Min-
imum withdrawal: 35. Mazimum withdrawal: 60. € = 107%. Monetary units: USD$ in thousands.

and observe its effect on the control P. When Wy > W' and t — T, the objective function value is
relatively insensitive to the change in control. This is because, in this situation, Pr[Wp < W'] ~ 0
and thus the allocation control will have little effect on the ES term in the objective (recall that W' is
held constant for the induced time consistent strategy, see Appendiz . In addition, the withdrawal
is capped at Gmax , SO the withdrawal control does not depend on Wy for very high value of Wy either.
The stabilization term is used to alleviate this ill-posedness of the problem.

In Figure[6.2] we present the heat map of the allocation control computed from the HJB frame-
work. Subplot (a) presents allocation control heat map for a small positive stabilization parameter
€ = 107, while Subplot (b) presents allocation control heat map with ¢ = —107%. In the ill-posed
region (the top right region of the heat maps), the presence of eWr, with e = 1079, forces the control
to invest 100% in stocks to generate high terminal wealth. Conversely, changing the stabilization
parameter to € = —107% forces the control to invest completely in bonds.

We observe that the control behaves differently only at high level of wealth as ¢ — T in both
cases. The Hth and the 50th percentiles of control on the synthetic data set behave similarly both
when € is positive and when € is negative. In contrast, the 95th percentile curves tend towards
higher wealth during later phases of the investment period when the € is positive (Figure ,
whereas the curve tends downward when e is negative (Figure|6.2(b)). When the magnitude of € is
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sufficiently small, the inclusion of eWr in the objective function does not change summary statistics
(to four decimal places when |e| = 1076). While the choice in the sign of ¢ with small magnitude
can lead to different allocation control scenarios at high wealth level near the end of time horizon,
this choice makes little difference from the perspective of the problem PCEFE; (k). If the investor
reaches very high wealth near T, the choice between 100% stocks and 100% bonds does not matter
as the investor always ends with Wp > W’. Our experiments show that the control ¢ is unaffected
when the magnitude of € is small and continues to call for maximum withdrawals at high wealth
levels as t — T, just as described in Remark

Comparing the optimal withdrawal strategy from solving stochastic optimal control problem
with a fixed withdrawal strategy (both strategies with dynamic asset allocation), [I7] finds
that the stochastic optimal strategy is much more efficient in balancing reward and risk.
With a slight increase in risk, the retiree can expect to significantly increase total cash withdrawals.
For a more detailed discussion of the optimal control, we refer the reader to [17].

Fraction in Stocks Fraction in Stocks
100% 2000

095 95th percentile 0.95

1500

2000

95th ercentil

Real Wealth (thousands)
=
8
cocooo
55833
Real Wealth (thousands)
=
8
cocooo
353883

0 5 10 30 5 10

15 15 0
Time (years) Time (years)

(a) Fraction in stocks, HJB Control, € = (b) Fraction in stocks, HIB Control, ¢ =
10-6 —-10~¢

FIGURE 6.2: Effect of €: fraction in stocks computed from the problem . Note: investment
setup is as in Table HJB solution performance computed on 2.56 x 10° observations of syn-
thetic data. Parameters for synthetic data based on CPI adjusted CRSP US Total Market Indez,
CRSP US 10-year treasury (see Tt able, Minimum withdrawal: 35. Mazimum withdrawal: 60. k =
1.0. W’ = 58.0 for PIDE results. (a)e=1075. (b) e = —1075. Monetary units: USD$ in thousands.

6.2 Accuracy of NN Strategy

We compute the NN control as in Section [d] We compare the efficient frontiers obtained from the
HJB equation solution and the NN solution. From Figure the NN control efficient frontier is
almost indistinguishable from the HJB control efficient frontier. In Appendix [H.2] we also report
numerical value for each computed point on the frontier. Objective function values corresponding
to these points from the NN and HIB controls are presented in Appendix [H.3] For most points on
the frontier, the difference in objective function values, from NN and HJB, is less than 0.1%. This
demonstrates that the accuracy of the NN framework approximation of the ground-truth solution
is more than adequate, noting that the difference between the NN solution and the PDE solution
is about the same as the estimated PDE error (see Table .

We now further analyze the control P produced by the NN framework for x = 1. Comparing
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FIGURE 6.3: Comparison of EW-ES frontier for the Neural Network (NN) and Hamilton-Jacobi-
Bellman (HJB) Partial Differential Equation (PDE) methods, computed from the problem (2.23).
Note: investment setup in Table . HJB solution performance computed on 2.56 x 10 observations
of synthetic data. Parameters for synthetic data based on CPI adjusted CRSP US Total Market Index
and CRSP US 10-year treasury (see Table . Control computed from the NN model, trained on
2.56 x 108 observations of synthetic data. Minimum withdrawal: 35. Mazimum withdrawal: 60.
e = 1075, Monetary units: USDS$ in thousands. Labels on nodes indicate x parameter.

Figure with Figure we observe that the withdrawal control ¢ produced by the NN is
practically identical to the withdrawal control produced by the HJB framework. However, there are
differences in the allocation control heat maps. The NN heat map for allocation control p (Figure
appears most similar to that of the HJB allocation heat map for negative e (Figure ,
but it is clear that the NN allocation heat map differs significantly from the HJB heat map for
positive e (Figure at high level of wealth as ¢ — T. The NN allocation control behaves
differently from the HJB controls in this region, choosing a mix of stocks and bonds instead of
choosing a 100% allocation in a single asset. We emphasize that this difference is only at higher
level of wealth near T" and the 5th percentile and the median wealth curves are indistinguishable.
The NN control’s 95th percentile curve, however, is different. Indeed the NN 95th percentile curve is
in between the 95th percentile curves from the negative and positive versions of the HJB-generated
control.

Based on above observations, we attribute the NN framework’s inability to fully replicate the
HJB control to the ill-posedness of the optimal control problem, due to fact that the objective
function is insensitive to the control in the (top-right) region of high wealth levels near 7. The
small value of € means that the stabilization term contributes a very small fraction of the objective
function value and thus has a very small gradient, relative to the first two terms in the objective
function. Moreover, the data for high levels of wealth as t — T is very sparse. As a result, the NN
appears to smoothly extrapolate in this region and therefore avoids investment into a single asset.
Recall that in Section [6.1] we stated that the choice in the sign of €, with small magnitude, in the
stabilization term is somewhat arbitrary and does not affect summary statistics. Therefore, we see
that the controls produced by the two methods only differ in irrelevant aspects, at least based on
the EW and ES reward-risk consideration.

It is interesting to observe that the proposed neural network framework is able to produce
the bang-bang withdrawal control computed in [I7], especially since we are using the continuous
function ¢ as an approximationm A bang-bang control switches abruptly as shown here: the optimal

"Note that [I7] shows that that in the continuous withdrawal limit, the withdrawal control is bang-bang. Our
computed HJB results show that for discrete rebalancing, the control appears to be bang-bang for all practical
purposes.
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FIGURE 6.4: Control heat map: withdrawals and fraction in stocks, determined by solving prob-
lem . Note: problem setup described in Table , HJB solution performance com-
puted on 2.56 x 10% observations of synthetic data. Parameters for synthetic data based on
CPI adjusted CRSP US Total Market Index and CRSP US 10-year treasury (see Table . NN
model trained on 2.56 x 10° observations of synthetic data. Minimum withdrawal: 85. Mazimum
withdrawal: 60. k = 1.0. W' = 59.1 for NN results. W' = 58.0 for the HJB results. ¢ = 107°.
Relative withdrawal (¢ — gmin)/(¢max — qmin). Monetary units: USD$ in thousands

strategy is to withdraw ¢;, if the wealth is less than a threshold, and withdraw ¢4, otherwise.
As expected, the control threshold decreases as we move forward in time. We can see that the
NN and HJB withdrawal controls behave very similarly at the 95th, 50th, and 5th percentiles of
wealth (Figures [6.5(c)| and [6.5(f)). Essentially, the optimal strategy withdraws at either gmax or
Gmin, With a very small transition zone. This is in line with our expectations. By withdrawing less
and investing more initially, the individual decreases the chance of running out of savings.

We also note that the NN allocation control presents a small spread between the 5th and 95th
percentile allocation control (Figure . In fact, the maximum stock allocation for the 95th
percentile never exceeds 40%, indicating that this is a stable low-risk strategy, which as we shall
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FIGURE 6.5: Scenario in Table , NN and HJB controls computed from the problem . Param-
eters based on the inflation adjusted CRSP index, and the inflation adjusted 10-year treasuries (see
Table . NN model trained on 2.56 x 10° observations of synthetic data. HJB framework results
from 2.56 x 105 observations of synthetic data. Minimum withdrawal: 85. Mazimum withdrawal: 60.
k=1.0. W' =59.1 for NN results. W' = 58.0 for HJB results. Monetary units: USD$ in thousands.

se0  see, outperforms the Bengen strategy [2].
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7 Model Robustness

A common potential pitfall of neural networks is over-fitting to the training data. Neural networks
that are over-fitted do not have the ability to generalize to unseen data. Since future asset return
paths cannot be predicted, it is important to ascertain that the computed strategy is not overfitted
to the training data and can perform well on unseen return paths. In this section, we demonstrate
the robustness of the NN model’s generated controls.

We conduct three types of robustness tests: (i) out-of-sample testing, (ii) out-of-distribution
testing, and (iii) control sensitivity to training distribution.

7.1 Out-of-sample testing

Out-of-sample tests involve testing model performance on an unseen data set sampled from the
same distribution. In our case, this means training the NN on one set of SDE paths sampled from
the parametric model, and testing on another set of paths generated using a different random seed.
We present the efficient frontier generated by computed controls on this new data set in Figure [7.1]
which shows almost unchanged performance on the out-of-sample test set.

o
vl

Training Performance

o
=}

5l
ol

N
«

Out-of-Sample Test

E[Average Withdrawal]

w
o

—600 -500 -400 -300 -200 -100 0 100

Expected Shortfall

FIGURE 7.1: Out-of-sample test. EW-ES frontiers, computed from the problem . Note: Sce-
nario in Table [6.1 Comparison of NN training performance results vs. out-of-sample test. Both
training and testing data are 2.56 x 10° observations of synthetic data, generated with a different ran-
dom seed. Parameters for synthetic data based on CPI adjusted CRSP US Total Market Index and
CRSP US 10-year treasury (see Table . Minimum withdrawal: 85. Mazimum withdrawal: 60.
e =1075. Monetary units: USDS$ in thousands. Labels on nodes indicate x parameter values.

7.2 Out-of-distribution testing

Out-of-distribution testing involves evaluating the performance of the computed control on a data set
sampled from a different distribution. Specifically, test data is not generated from the parametric
model used to produce training data, but is instead bootstrap resampled from historical market
returns via the method described in Section [}] We vary the expected block sizes to generate
multiple testing data sets of 2.56 x 10° paths.

In Figure we see that for each block size tested, the efficient frontiers are fairly close,
indicating that the performance of control is relatively robust. Note that the efficient frontiers for
test performance in the historical market with expected block size of 1 and 3 months plot slightly
above the synthetic market frontier. We conjecture that this may be due to more pessimistic tail
events in the synthetic market.
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FIGURE 7.2: Out-of-distribution test. EW-ES frontiers of controls generated by NN model trained
on 2.56 x 10° observations of synthetic data, tested on 2.56 x 10° observations of historical data with
varying expected block sizes. Computed from the problem . Note: Setup as in Table . Pa-
rameters based on inflation adjusted CRSP index and inflation adjusted 10-year U.S. Treasuries (see
Table . Historical data between 1926:1 to 2019:12. Monetary units: USDS$ in thousands. Mini-
mum withdrawal: 35. Mazximum withdrawal: 60. Simulated training data refers to MC' simulations

using the SDEs (2.3) and (2.4).

The out-of-sample and out-of-distribution tests verify that the neural network is not over-fitting
to the training data, and is generating an effective strategy, at least based on block resampling test
data.

7.3 Sensitivity to training distribution

To test the NN framework’s sensitivity to training data set, we train the NN framework on historical
data (with expected block sizes of both 3 months and 12 months) and then test the resulting control
on synthetic data. In Figure[7.3] we compare the training performance and the test performance.
The EW-ES frontiers for the test results on the synthetic data are very close to the results on the
bootstrap market data (training data set). This shows the NN framework’s adaptability to use
alternative data sets to learn, with the added advantage of not being reliant on a parametric model,
which is prone to miscalibration. Figure also shows that, the EW-ES control significantly
outperforms the Bengen 4% Rule |§| [2] in all cases, in the synthetic or historical market.

8The results for the Bengen strategy on the historical test data were computed with fixed withdrawals of 4% of
initial capital, adjusted for inflation. We also used a constant allocation of 30% in stocks for expected block size
of 3 months, and 35% in stocks for expected block size of 12 months. These were found to be the best performing
constant allocations when paired with constant 4% real withdrawals, in terms of ES efficiency.
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FIGURE 7.3: Training on historical data. EW-ES frontiers of controls generated by NN model trained
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each tested on 2.56 x 10° observations of synthetic data. Parameters based on the inflation adjusted
CRSP index and inflation adjusted 10-year U.S. Treasuries (see Table . Historical data between
1926:1 to 2019:12. Monetary units: USDS$ in thousands. Minimum withdrawal: 85. Mazimum with-
drawal: 60. Bengen point [J] is based on bootstrap resampling of the historical data. Labels on nodes
indicate k parameter values. Simulated testing data refers to MC' simulations using the SDEs

and (2.4). e = +1076.

8 Conclusion

In this paper, we put forward a neural network (NN) method to efficiently and accurately compute
the optimal decumulation strategy for retirees with DC pension plans. This strategy is computed
by directly solving a stochastically constrained optimal control problem based on a single standard
unconstrained optimization, without using dynamic programming.

We began by highlighting the increasing prevalence of DC pension plans over traditional DB
pension plans, and outlining the critical decumulation problem that faces DC plan investors. We
examine a Hamilton-Jacobi-Bellman (HJB) Partial Differential Equation (PDE) based approach
that can be shown to converge to an optimal solution for a dynamic withdrawal/allocation strategy.
This provides an attractive balance of risk management and withdrawal efficiency for retirees. In
this paper, we build upon this approach by developing a new, more versatile framework using NNs
to solve the decumulation optimal control problem.

We conduct computational investigations to demonstrate the accuracy and robustness of the
proposed NN solution, utilizing the unique opportunity to compare NN solutions with the HJB re-
sults as a ground truth. Of particular noteworthiness is that the continuous function approximation
from the NN framework is able to approximate a bang-bang control with high accuracy. We extend
our experiments to establish the robustness of our approach, testing the NN control’s performance
on both synthetic and historical data sets.

We demonstrate that the proposed NN framework produced solution accurately approximates
the ground truth solution. We also note the following advantages of the proposed NN framework:

(i) The NN method is data driven, and does not require postulating and calibrating a parametric
model for traded asset prices.

(i) The NN method directly estimates the low dimensional control by solving a single uncon-
strained optimization problem, avoiding problems associated with dynamic programming
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methods, which require estimating high dimensional conditional expectations (see [52]).

(iii) The NN formulation maintains its simple structure (discussed in Section [4.2)), immediately
extendable to problems with more frequent rebalancing and/or withdrawal events. In fact,
for the problem presented in , each control NN only requires two hidden layers for 30
rebalancing and withdrawal periods.

(iv) The approximated NN control maintains continuity in time and/or space, a natural choice if
solution has this continuity property. Otherwise NN control provides a smooth approximation.
Continuity in the allocation control p can be a practical implementation benefit.

Due to the ill-posedness of the stochastic optimal control problem in the region of high wealth
near the end of the decumulation horizon, we observe that the NN allocation can appear to be very
different from the HJB PDE solution. We note, however, that both strategies yield indistinguishable
performance when assessed with the expected withdrawal and ES reward-risk criteria. In other
words, these differences hardly affect the objective function value, which is a weighted reward and
risk value. In the region of high wealth level near the end of the time horizon, the retiree is free to
choose whether to invest 100% in stocks or 100% in bonds, since this has a negligible effect on the
objective function value (or reward-risk consideration)ﬂ

To conclude, the NN solution framework provides a more versatile method, in comparison the
HJB PDE approach. We expect that the NN approach can be readily extended to problems of
higher complexity, e.g., involving a higher number of assets. In addition, the NN method can be
applied to other proposed retirement planning problem formulations (for example, see [18]). We
leave such extension to future work.
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Appendix

A Induced Time Consistent Policy

In this section of the appendix, we review the concept of time consistency and relate its relevance

to the PCEEy, (k) problem, (2.22)).
Consider the optimal control P* for problem ([2.22)),

(P)(X(t7),t;); i=0,...,M . (A1)

9This can be termed the Warren Buffet effect. Buffet is the fifth richest human being in the world. He is 92 years
old. Buffet can choose any allocation strategy, and will never run out of cash.
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Equation (A.1)) can be interpreted as the optimal control for any time ¢; > to, as a function of the
state variables X (), as computed at tg.
Now consider if we were to solve the problem (2.22)) starting at a later time ¢;,k > 0. This
optimal control starting at t; is denoted by:
(P (X(t;),t:) ; i=k,...,M} . (A.2)

(2

In general, the solution of (2.22)) computed at ¢ is not equivalent to the solution computed ¢g:
(P (X (t;),t:) # (P (X(t;),ti) 3 i 2 k> 0. (A3)

This non-equivalence makes problem time inconsistent, implying that the investor will be
motivated to diverge from the control determined at time tg at later times. This type of control is
considered a pre-commitment control since the investor would need to commit to following the strat-
egy at all times following ty3. Some authors describe pre-commitment controls as non-implementable
because of the incentive to diverge from the initial control.

In our case, however, the pre-commitment control from can be shown to be identical to
the time consistent control for an alternative version of the objective function. By holding W’ fixed
at the optimal value (at time zero), we can define the time consistent equivalent problem (TCEQ).
We define the optimal value of W’ as[1]

(A4)

M

- 1

W*(s,b) = argmax sup E;)(OO o Zqi + K(W’ + —min(Wp — W’,O)) ‘X(tg) = (s,b)
Wi PoeA i—0 @

With a given initial wealth of I, this gives the following result from [14]:

Proposition A.1 (Pre-commitment strategy equivalence to a time consistent policy for an alter-
native objective function). The pre-commitment EW-ES strategy found by solving J (s,b, ta) from
, with fired W' = W* from Equation is identical to the time consistent strategy for the
equivalent problem TCEQ (which has fixed W*(0,W;")), with the following value function:

(TCEQ,, (k/a)) :

M
J(sibyt,) = sup {Eif: [ > a + = min(Wr - W0, WO>,0>]X<t;> = (s.b) }
(A.5)
Proof. This follows similar steps as in [14], proof of Proposition (6.2). O]

With fixed W/, TCEQ;,(x/a) uses a target-based shortfall as its measure of risk, which is
trivially time consistent. W’ has the convenient interpretation of a disaster level of final wealth, as
specified at time zero. Since the optimal controls for PCEEy (k) and TCEQ;, (/) are identical,
we regard TCEQy,(k/a) as the induced time consistent strategy [47] for problem EW-ES. The
retiree has no motivation to diverge from the induced time consistent strategy, determined at time
zero. Hence this policy is implementable.

For more detailed analysis concerning the subtle distinctions involved in pre-commitment, time
consistent, and induced time consistent strategies, please consult [5l 6], 53], 54, [47, [14] [4].

1%The arg max is well defined since supp{-} is a continuous function of W'.
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«» B PIDE Between Rebalancing Times

673 Applying Ito’s Lemma for jump processes [49], using Equations (2.3) and (2.4) in Equation (3.8))

674 gives

(0-8)282 S S_.S S +OO X S Ub 2b2
Vit Vs + (17 = Xe38)sVi + X¢ V(e®s,b,t)f*(x) dv + Vo
—+o00
+ (1 + gl oy — AVEDVe + Ag / V(s,€"b,0) f*(x) dz — (A + AV + pspo®a’sbVip = 0,
s>0. (B.1)

e7s where the density functions f*(z), f°(z) are as given in equation (2.1)).

e« C Computational Details: Hamilton-Jacobi-Bellman (HJB) PDE
677 Framework

678 For a detailed description of the numerical algorithm used to solve the HJB equation framework
679 described in Section (3| we refer the reader to [I7]. We summarize the method here.

680 First, we solve the auxiliary problem , with fixed values of W', k and «. The state space in
es1 s > (0 and b > 0 is discretized using evenly spaced nodes in log space to create a grid to represent
es2 cases. A separate grid is created in a similar fashion to represent cases where wealth is negative.
683 The Fourier methods discussed in [16] are used to solve the PIDE representing market dynamics
esa between rebalancing times. Both controls for withdrawal and allocation are discretized using equally
ess spaced grids. The optimization problem is solved first for the allocation control by exhaustive
ess search, storing the optimal for each discretized wealth node. The withdrawal control in can
es7 then be solved in a similar fashion, using the previously stored allocation control to evaluate the
ess right-hand side of . Linear interpolation is used where necessary. The stored controls are used
es9 to advance the solution in (3.7).

600 Since the numerical method just described assumes a constant W', an outer optimization step
s01 to find the optimal W’ (candidate Value-at-Risk) is necessary. Given an approximate solution to
602 (3.2) at t = 0, the full solution to PCEEy, (k) (2.22)) is determined using Equation . A coarse
603 grid is used at first for an exhaustive search. The coarse grid solution is used as an initial guess for
604 a univariate optimization technique on finer grids.

s D Computational Details: NN Framework

s0s D.1 NN Optimization

eo7 The NN framework, as described in Section [4] and illustrated in Figure was implemented using
698 the PyTorch library [33]. The withdrawal network ¢, and allocation network p were both imple-
e90 mented with 2 hidden layers of 10 nodes each, with biases. Stochastic Gradient Descent [42] was
700 used in conjunction with the Adaptive Momentum optimization algorithm to train the NN frame-
701 work [23]. The NN parameters and auxiliary training parameter W’ were trained with different
702 initial learning rates. The same decay parameters and learning rate schedule were used. Weight
703 decay (¢ penalty) was also employed to make training more stable. The training loop utilizes the
704 auto-differentiation capabilities of the PyTorch library. Hyper-parameters used for NN training in
705 this paper’s experiments are given in Table
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The training loop tracks the minimum loss function value as training progresses and selects the
model that had given the optimal loss function value based on the entire training dataset by the
end of the specified number of training epochs.

D.2 Transfer learning between different x points

For high values of k, the objective function is weighted more towards optimizing ES (lower risk).
In these cases, optimal controls are more difficult to compute. This is because the ES measure used
(CVAR) is only affected by the sample paths below the 5" percentile of terminal wealth, which are
quite sparse. To overcome these training difficulties, we employ transfer learning [48] to improve
training for the more difficult points on the efficient frontier. We begin training the model for the
lowest x from a random initialization (‘cold-start’), and then initialize the models for each increasing
k with the model for the previous k. Through numerical experiments, we found this method made
training far more stable and less likely to terminate in local minima for higher values of k.

D.3 Running minimum tracking

The training loop tracks the minimum loss function value as training progresses and selects the
model that had given the optimal loss function value based on the entire training dataset by the
end of the specified number of training epochs.

NN framework hyper-parameter Value
Hidden layers per network 2

# of nodes per hidden layer 10

Nodes have biases True

# of iterations (#itn) 50,000

SGD mini-batch size 1,000

# of training paths 2.56 x 10°
Optimizer Adaptive Momentum
Initial Adam learning rate for (6,,6,) 0.05

Initial Adam learning rate for W’ 0.04

Adam learning rate decay schedule [0.70 x #itn,0.97 x #itn], v = 0.20
Adam S 0.9

Adam (s 0.998

Adam weight decay ({2 Penalty) 0.0001
Transfer Learning between x points True

Take running minimum as result True

TABLE D.1: Hyper-parameters used in training the NN framework for numerical experiments pre-
sented in this paper.

D.4 Standardization

To improve learning for the neural network, we normalize the input wealth using means and stan-
dard deviations of wealth samples from a reference strategy. We use the constant withdrawal and
allocation strategy defined in [I7] as the reference strategy with 2.56 x 10° simulated paths. Let W}
denote the wealth vector at time ¢ based on simulations. Then W and o(W}) denote the associated
average wealth and standard deviation. Then we normalize the feature input to the neural network
in the following way:
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W, = W, — W}
g (Wtb)
For the purpose of training the neural network, the values W) and o(W}) are just constants, and
we can use any reasonable values. This input feature normalization is done for both withdrawal
and allocation NNs.

In Section |7}, we show in out-of-sample and out-of-distribution tests that W} and o(W}?) do not
need to be related to the testing data as long as these are reasonable values. In Section [ when
referring to W as part of the input to the NN functions ¢ and p, we use the standardized W for
computation.

E Model Calibrated from Market Data

Table shows the calibrated model parameters for processes (2.3) and (2.4), from [I7] using
market data described in §5

Calibrated Model Parameters

CRSP p o’ A u’ Ui 3 Psb
0.0877 0.1459 0.3191 0.2333 4.3608 5.504 0.04554
10-year Treasury ub o? b ub nll’ 77’2’ Psb

0.0239 0.0538 0.3830 0.6111 16.19 17.27 0.04554

TABLE E.1: Coalibrated (annualized) parameters for double exponential jump diffusion model.
CPI adjusted CRSP US Total Market Index and CRSP US 10-year treasury, also inflation adjusted.
Data from 1926:1 to 2019:12.

F Optimal expected block sizes for block resampling

Table shows our estimates of the optimal block size using the algorithm in 38, 34] using market
data described in

Optimal expected block size for bootstrap resampling historical data

Data Optimal expected
block size b (months)

CRSP US 10-year treasury 4.2

CPI adjusted CRSP US Total Market Index 3.1

TABLE F.1: Optimal expected blocksize b= 1/v, from [3])]. Range of historical data is between 1926:1
and 2019:12. The blocksize is a draw from a geometric distribution with Pr(b=k) = (1 —v)k~1o.
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G Convergence Test: HJB Equation

Table shows a detailed convergence test for a single point on the (EW, ES) frontier, using the
PIDE method. The controls are computed using the HJB PDE, and stored, which are then used
in MC simulations. These results are used to verify the PDE solution, and also generate various
statistics of interest.

HJB Method in | MC Simulation
Grid ny xny,  ES (5%) E[>;¢]/(M +1) Value Function = W’ | ES (5%) E[}, ¢]/(M +1)
512 x 512 -51.302 52.056 1.562430e+3 50.10 | -45.936 52.07
1024 x 1024 -46.239 52.049 1.567299e+3 52.47 | -45.102 52.05
2048 x 2048 -42.594 51.976 1.568671e+3 58.00 | -42.623 51.97
4096 x 4096 -40.879 51.932 1.569025e+3  61.08 | -41.250 51.93

TaBLE G.1: HJB convergence analysis. CPI adjusted CRSP US Total Market Index and
CRSP US 10-year treasury. Investment setup up in Table[6-1l Calibrated jump model in Table [E71}
2.56 x 108 MC simulations. k = 1.0, = .05. Discretization grid in Section @ ng: # of nodes in
logs. ny : # of nodes logb. Monetary units: USDS$ in thousands. (M +1): # of withdrawals. M : #
of rebalancing dates. Minimum withdrawal: 35. Mazimum withdrawal: 60. HJB method in Section

[3

H Detailed efficient frontier comparisons

Table shows the detailed efficient frontier, computed using the HJB equation method, using the
2048 x 2048 grid. Table shows the efficient frontier computed from the NN framework. This
should be compared to Table [H.I] Table [H.3] compares the objective function values, at various
points on the efficient frontier, for the HJB and NN frameworks.
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Efficient Frontier Details: HJB Framework
k ES (5%) E[},¢)l/(M+1) Median[Wr]

0.05 -596.00 07.14 124.36
0.2 -334.29 56.17 92.99
0.5 -148.99 04.25 111.20
1.0 -42.62 51.97 227.84
1.5 -8.05 50.63 298.20
3.0 17.42 48.95 380.36
5.0 24.09 48.12 414.60
50.0 30.60 45.70 519.03
00 31.00 35.00 1003.47

TaBLE H.1: Details of training performance efficient frontier in Figure for HJB
optimal strategies based on calibrated jump model. Investment setup in Table [6.1]
CPI adjusted CRSP US Total Market Index and CRSP US 10-year treasury. Jump model parame-
ters from Table . Monetary units: USDS$ in thousands. 2.56 x 106 MC simulations. Control is
computed using HJB method in ﬂ with (2048 x 2048 grid) stored, subsequently used in MC' simula-
tions. Minimum withdrawal: 35. Mazimum withdrawal: 60. (M + 1) : # of withdrawals. M : # of
rebalancing dates. € = 1076,

Detailed Efficient Frontier: NN Framework
k  ES (%) ED;ql/(M+1) Median[Wr)

0.05 -599.81 57.15 106.23
0.2 -333.01 56.14 78.59
0.5 -160.14 54.40 105.05
1 -43.02 51.95 227.79
1.5 -8.57 50.62 302.17
3 16.01 48.99 374.43
5 23.20 48.13 425.13
20 29.88 45.72 493.41
00 29.90 35.00 947.60

TABLE H.2: Details of training performance efficient frontier in Figure for NN
optimal strategies based on calibrated jump model. Investment setup in Table 6.1}
CPI adjusted CRSP US Total Market Index and CRSP US 10-year treasury. Jump model parame-
ters from Table . Monetary units: USDS$ in thousands. 2.56 x 10° MC simulations. Control is
computed using NN in Section . Minimum withdrawal: 35. Mazximum withdrawal: 60. (M + 1) : #
of withdrawals. M : # of rebalancing dates. ¢ = 1076,
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Objective Function Value Comparison: HJB Framework vs. NN Framework

k  HJB equation NN % difference
0.05 1741.54 1741.71 0.01%

0.2 1674.41 1673.81 -0.04%
0.5 1607.26 1606.44 -0.05%
1 1568.45 1567.34 -0.07%
1.5 1557.46 1556.22 -0.08%
3 1569.71 1566.86 -0.18%
5 1612.16 1607.86 -0.27%
50 2946.70 2911.10 -1.21%

TABLE H.3: Comparison in objective function values between HJB equation and NN framework model
for various k values. Objective function values for both frameworks computed according to PCEFEyo(k)
(higher is better). Investment setup in Table . CPI adjusted CRSP US Total Market Index and
CRSP US 10-year treasury. Jump model parameters from Table [Ed, HJB solution statistics based
on 2.56 x 108 MC simulations. HJB control is computed as in Section @ (2048 x 2048 grid) stored,
and then used in the MC simulations. NN Training performance statistics based on 2.56 x 10° MC
simulations. Control is computed using the NN framework in Section[f} Minimum withdrawal: 35.
Mazimum withdrawal: 60. (M + 1) : # of withdrawals. M : # of rebalancing dates. ¢ = 1076,
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