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Across-Time Risk-Aware Strategies for Outperforming a Benchmark

Pieter M. van Staden* Peter A. Forsyth! Yuying Lif
June 13, 2023

Abstract

We propose a novel objective function for constructing dynamic investment strategies with the goal
of outperforming an investment benchmark at multiple points of evaluation during the investment time
horizon. The proposed objective is intuitive, easy to parameterize, and directly targets a favorable tracking
difference of the actively managed portfolio relative to the benchmark. Under stylized assumptions, we
derive closed-form optimal investment strategies to guide the intuition in more realistic settings. In the
case of discrete rebalancing with investment constraints, optimal strategies are obtained using a neural
network-based numerical approach that does not rely on dynamic programming techniques. Compared to
the targeting of a favorable tracking difference relative to the benchmark only at some fixed time horizon, our
results show that the proposed objective offers a number of advantages: (i) The associated optimal strategies
exhibit potentially more attractive asset allocation profiles, in that less extreme positions in individual
assets are taken early in the investment time horizon, while achieving a similar terminal terminal wealth
distribution. (ii) Across-time risk awareness leads to more robust performance and a higher probability of
benchmark outperformance during the investment horizon in out-of-sample testing. The resulting strategies
therefore exhibit desirable characteristics for active portfolio managers with periodic reporting requirements.

Keywords: Finance, asset allocation, investment analysis, benchmark outperformance

JEL classification: G11, C61

1 Introduction

Active portfolio managers typically pursue investment strategies with the stated goal of outperforming a pre-
specified investment benchmark (Alekseev and Sokolov] (2016]); [Kashyap et al.| (2021); Korn and Lindberg) (2014);
ILehalle and Simon| (2021); |Zhao (2007))). In the case of pension funds, the benchmark or reference portfolios
typically consist of publicly-traded assets held in specified proportions. For example, the Canadian Pension
Plan (CPP) makes use of a base reference portfolio of 15% Canadian government bonds and 85% global equity
(Canadian Pension Plan| (2022))), while the Norwegian government pension plan (“Government Pension Fund
Global”, or GPFG) uses a benchmark of 70% equities and 30% bonds (Government Pension Fund Globall
). With the CPPEI and GPFG having CAD 540 billion and USD 1.35 trillion in assets under management,
respectively, and while performance results (risk and return) are reported relative to the benchmark strategy,
the goal of outperforming the benchmark is clearly of immediate practical relevance.

There exists a large literature on the construction of investment strategies for benchmark outperformance,
where the objective function often includes utility functions whether implicit or explicit (see for example
\Aradi and Jaimungal (2018, 2021); Basak et al. (2006); Bernard and Vanduffel (2014); Davis and Lleo| (2008);
|Gerrard et al. (2019] 2022)); [Lim and Wong| (2010); [Lu et al.| (2016)); Nicolosi et al.| (2018); [Oderdal (2015));
(2001))) or aims to penalize underperformance while encouraging outperformance (see Basak et al. (2006));
Browne| (1999al, |2000); |Gaivoronski et al.| (2005)). [Van Staden et al.| (2023) analyzed the optimal dynamic
strategies associated with two popular investment objectives, namely maximizing the information ratio, and

obtaining a favorable tracking difference relative to the benchmark.

*Cheriton School of Computer Science, University of Waterloo, Waterloo ON, Canada, N2L 3Gl, email:
pieter.vanstaden@gmail.com

TCheriton School of Computer Science, University of Waterloo, Waterloo ON, Canada, N2L 3G1, paforsyt@uwaterloo.ca
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Tt is interesting to note that the CPP 2021 annual report(Canadian Pension Planl [2021) lists personnel costs as CAD 938
million, for 1,936 employees, giving an average cost of CAD 500,000 per employee-year.
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The tracking difference simply measures the difference between the cumulative returns of the active portfolio
and the benchmark over a specific time period (Charteris and McCullough| (2020)). This is not to be confused
with the tracking error, which refers to the volatility of relative returns (Wander| (2000)) and is typically to
be minimized if the portfolio manager simply wishes to track the benchmark as closely as possible. For long-
term investors, however, the tracking difference is recognized as a critical and intuitive metric for performance
assessment (Boyde (2021)); ETF.com| (2021)); Hougan| (2015)); [Pastant| (2018); [Vanguard| (2014))), in addition to
being recognized by regulators such as European Securities and Markets Authority, who requires its disclosure
by certain regulated funds (ESMA| (2014)).

An intuitive objective function targeting a favorable tracking difference, which is based on the quadratic
deviation (QD) from an elevated benchmark, has been proposed in the literature - see discussion in [Van Staden
et al.[(2023). For illustrative purposes (to be made rigorous below), let P denote the active investment strategy
(or control) taking values in some admissible set A which encodes the portfolio manager’s constraints, and let
W (t) and w (t) denote the wealth (portfolio value) of the active and benchmark portfolios, respectively, at
time t € [to = 0,7]. For performance comparison purposes, set W (o) = W (tg) = wo. Investment strategies
targeting a favorable tracking difference over [tg, T] can then be obtained by using the following objective,

@p@): i g (W) -emi )|, a0 (1)

which is parameterized by a continuously compounded (targeted) outperformance rate of S per year. As 8
increases, the portfolio manager would be required to take on more risk in order to increase the expected
outperformance, while in the limit as § | 0, the optimal strategy is simply to invest the benchmark. Some
modifications of have also been proposed in the literature (Ni et al.| (2022)), where underperformance and
outperformance are distinguished. While is symmetric in the sense that it penalizes both the shortfall
(W (T) < ePTW (T)) as well as the excess (W (T) > e’TW (T)) relative to the targeted outperformance, similar
results are obtained in the case where only the shortfall (W (T') < e#TW (T)) is penalized (Van Staden et al.
(2023).

However, a possible criticism of the QD objective is that it only targets a favourable tracking difference
at maturity T of the investment time horizon [ty, T]. In practice, due to reporting or regulatory requirements
(ESMA! (2014)), portfolio managers may wish to target a favorable tracking difference also at some intermediate
times during [to, T].

In this paper we propose an objective function that not only retains the intuitive and transparent structure
QD objective, but extends this to the targeting of favourable tracking differences of the active portfolio relative
to the benchmark at specified intermediate times during the investment time horizon. Due to its additive
structure, we refer to the proposed objective function as the cumulative tracking difference (abbreviated as
“CD” for convenience), and in its simplest form it can be formulated as

(CD@): it EZ" VtT (W (t) e‘StW(t))zdt] . >0 (1.2)

The main contribution of this paper is the analyze the implications of objectives of the form (1.2 for the
associated dynamic investment strategies. In more detail, the contributions of this paper are as follows:

(i) The CD problem is solved in closed form using standard assumptions in order to gain intuition regarding
the behavior of CD-optimal investment strategies. We also present analytical comparison results for the
relative performance of the QD- and CD-optimal investment strategies.

(ii) Using a neural network (NN) approach that does not rely on dynamic programming techniques, the
CD problem is solved numerically in the case of discrete portfolio rebalancing and multiple investment
constraints, where closed-form solutions cannot be obtained.

(iii) Using empirical market data from 1963 until the end of 2020, with a 10-year investment horizon, we
demonstrate the resulting in-sample and out-of-sample investment results associated with the proposed
CD objective as well as the QD objective. Data sets are generated using both (i) stochastic differential
equations calibrated to historical data and (ii) block bootstrap resampling of historical data (Anarkulova
et al.l |2022; |Cogneau and Zakalmouline, 2013} [Politis and Romano, {1994)).

(iv) Based on simulations of a parametric model and resampling of market data respectively, our numerical
results demonstrate that the CD-optimal strategies require less extreme positions in individual assets
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early in the investment time horizon compared with the corresponding QD-optimal positions. In addition,
distributions of the terminal wealth of CD-optimal and QD-optimal strategies are, somewhat surprisingly,
largely indistinguishable in both training and out-of-sample testing results.

The observation that the CD-optimal strategy has a nearly identical terminal wealth distribution to that of
the QD-optimal strategy, while the positions of the CD-optimal strategy in the underlying assets exhibit signif-
icantly less variation across time, has important implications. It demonstrates that it is potentially insufficient
to evaluate the risk in a dynamic strategy based on the statistics (or even the entire distribution) of the terminal
wealth alone. Specifically, we further illustrate that while the QD-optimal strategy achieves a higher probability
of benchmark outperformance in training, the CD-optimal strategy significantly outperforms the QD-optimal
strategy in out-of-sample testing data due to its advantageous risk profile over the investment horizon.

In summary, we demonstrate both theoretically and empirically that targeting a favorable tracking difference
directly using objectives of the form can be advantageous for the active portfolio manager aiming to
outperform a benchmark while being subjected to investment constraints.

The remainder of the paper is organized as follows. Section [2]formulates the problems in general terms, while
Section [3] and Section [4] discuss the analytical and numerical solutions of the problems, respectively. Section
presents a numerical illustration of the investment results, while Section [6] concludes the paper and outlines
possible future work.

2 Formulation

In this section, we formulate the benchmark outperformance problem more rigorously. Let [tg = 0,7] denote
the investment horizon of the active portfolio manager, for simplicity referred to as the “investor”. As above, let
W (t) and W (t) denote wealth of the investor and benchmark portfolios, respectively, at time ¢ € [to = 0, T]. For
performance measurement purposes, we assume wg = W (tg) = W (to) >0. We assume the investor considers
investment in N, candidate assets, while the benchmark is formulated in terms of N, underlying assets. In
general, the sets of underlying assets are not required to be identical.

The vector p (t, X (t)) = (ﬁi (t, X (t)) =1, Na) € RV denotes the asset allocation of the benchmark
at time ¢ € [tg, T], where p; (t, X (t)) denotes the proportion of the benchmark wealth W (¢) invested in asset

i€ {1, ..,Na}, and X (t) denotes the state of the system (or informally, the information) taken into account
by the benchmark strategy.

Similarly, the vector p(t, X (t)) = (p; (t,X (t)):i=1,..,N,) € RN« denotes the asset allocation of the
investor at time ¢ € [tg, T], where p; (t, X (t)) denotes the proportion of the investor’s wealth W (¢) invested in
asset i € {1,..,N,} and X () denotes the information taken into account by the investor in making the asset
allocation decision. In the simplest cases, such as in Section we could simply have X (¢t) = (W ), W (),
but additional information can also be incorporated in X (¢) in more general scenarios addressed in Section

Let T C [to,T] denote the set of portfolio rebalancing events. In the case of continuous rebalancing,
T = [to,T], while discrete balancing limits the events to the discrete subset T C [to,T]. The investor and
benchmark investment strategies, respectively, are defined by the sets

P={pt,X®), teT}, and ﬁ:{p(t,x(t)),teT}. (2.1)

The investor’s investment constraints are encoded by A denoting the set of admissible controls, and Z denote
the admissible control space (i.e. the values obtained by the admissible controls). In other words, an admissible
investor strategy satisfies P € Aifandonly if P={p(t, X (t)) € Z:t € T}.

Finally, let E;;" "0 -] denote the expectation of some random variable taken with respect to a given initial
wealth wg = W (tg) = W (to) at time tp = 0, and using control P € A over [tg, T|. The benchmark strategy P
that the investor wishes to outperform remains implicit in this notation.

2.1 Directly targeting a favourable tracking difference

As discussed in the Introduction, the following objective function based on minimizing the quadratic deviation
(QD) of the investor’s terminal wealth from the terminal wealth of an elevated benchmark has been proposed
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in the literature (see|[Van Staden et al.| (2023))),

@o@):  ptpge |(wa-emiv @), so (22)

The QD objective directly and intuitively targets the cumulative outperformance of the investor portfolio relative
to the benchmark over [tg, T}, i.e. the tracking difference, while parameter 8 can be interpreted as the annual
(continuously compounded) outperformance spread targeted by the investor. It has been demonstrated (Van
Staden et al.|(2023)) that robust out-of-sample benchmark outperformance can be obtained using the strategies
associated with .

Since active portfolio managers may also wish to target a favourable tracking difference at intermediate
times ¢ € [to, T, instead of only considering the tracking difference at the maturity T as in the case of , we
propose the following investment objective in this paper:

T . 2
inf B / (W (1) —e‘”W(t)) dt] . 6>0, if T =[to,T], (2.3)
(€D () : v
N 2
grelaEf;;?’wo [ Z (W (t) — eétW(t)) 1 , 0>0, if T Clt,T],T discrete. (2.4)
teTUT

We subsequently refer to (2.3)-(2.4) simply as the CD problem, or as problem CD (4) if the value of the
parameter ¢ is to be emphasized. We make the following observations:

(i) Definition is subsequently used where, in order to gain the necessary intuition regarding the theo-
retical properties of the associated optimal investment strategies, the CD problem is analyzed under the
assumptions of continuous rebalancing with no investment constraints (Section . In contrast, Defini-
tion is used in more practical settings when there are discrete rebalancing and multiple investment
constraints (Section . Note that in , the terminal time T is explicitly included in the objective
function, since it is typical for T not to be a rebalancing time (7" ¢ T) in discrete rebalancing settings.
For convenience, we assumed that the tracking difference assessment times in correspond to the set
of portfolio rebalancing times, although this assumption can be relaxed without difficulty.

(ii) The definition of the CD problem retains the intuitive aspects of the QD problem, with the tracking
difference being the quantity of interest that is directly and transparently targeted.

(iii) We intuitively expect a close connection between the QD and CD problems, since as tg — T, the results
associated with the C'D (0) problem are expected to resemble the corresponding results of the QD ()
problem, provided that 8 = ¢. The closed-form solutions of Section [3] confirm this intuition.

(iv) The formulation (2-3)-(2.4) can be extended to allow for different levels of relevance/importance to be
attached to the tracking differences at different times in the investment time horizon. For example, consid-
ering just the case of continuous rebalancing for the moment, we could define a non-negative deterministic
function of time ¢ — w (t) > 0,Vt € [to, T] giving the “weight” assigned to the tracking difference at time

t, and replace the integral in (2.3]) with

T
/ @ (t) - (W (t) — W (t))2 dt, (2.5)
to
along with the corresponding modifications in the case of discrete rebalancing . The generalization
might be valuable in certain settings, for example if the investor places more value on the tracking
differences closer to maturity T, in which case a function w (¢) that is strictly increasing might be used.
However, for purposes of concreteness and simplicity, we continue with the proposed definition 7 with
the numerical results of Section [f] confirming that it yields promising investment results. As a result, we
leave further generalizations such as for future work.

The remaining sections are devoted to exploring both the analytical properties and practical implications of
using the CD problem formulation (2.3)-(2.4]) to obtain investment strategies for benchmark outperformance,
and comparing the results associated with the QD and CD problems.

Remark 2.1 (Relation between QD and CD). Note that if @ (t) = D(t — T) in equation (2.5)), where D(t) is
the Dirac function, then we recover the QD objective function from equation (2.5)).



180

185

186

187

188

189

195

196

197

198

199

204

205

206

207

208

209

3 Closed-form solutions

To gain insight into CD-optimal investment strategies, in this section we present the closed-form solution to the
CD problem —, as well as comparison results for the QD and CD problems, under idealized assumptions.
Note that these assumptions are relaxed in Section {4} where a data-driven neural network (numerical) solution
approach is presented. However, as subsequently observed (Section , the closed-form solutions of this section
remain extremely valuable for gaining intuition regarding the behavior of optimal strategies when the stylized
assumptions are relaxed. In this section, we specify parametric dynamics for the underlying assets, and in
particular we allow for jumps in the risky asset processes and cash contributions to the portfolio, aspects which
are not frequently considered in the current benchmark outperformance literature (Bo et al.| (2021); Nicolosi
et al.[(2018),Al-Aradi and Jaimungal (2018)); Basak et al.| (2006); |Browne| (1999alb, [2000); |Davis and Lleo| (2008));
Lim and Wong| (2010); |Oderda) (2015)); Tepla| (2001); [Yao et al.| (2006)); Zhang and Gao| (2017)); |Zhao| (2007)).

We start by summarizing the main assumptions for obtaining closed-form results in this section. These
assumptions are typically required in order to obtain closed form solutions for multi-period portfolio optimization
(Zhou and Li, [2000). We emphasize that these assumptions, as well as the assumption of parametric dynamics
for the underlying assets, are not required in the case of the numerical solution approach in Section [

Assumption 3.1. (Underlying assets, continuous rebalancing, no market frictions) The investor and bench-
mark invest in the same set of N, underlying assets, consisting of one risk-free asset and N risky assets
(N, = N7 +1). The investor and benchmark portfolios are rebalanced continuously, so that the set of rebalanc-
ing times is T = [to, T]. We assume that trading continues in the event of insolvency (i.e. trading continues if
W (t) < 0 for somet € [to,T]). No transaction costs are applicable, no investment constraints (such as leverage
or short-selling restrictions) are in effect, and cash is contributed at a constant rate of ¢ > 0 per year to the
investor and benchmark portfolios.

Remark 3.1. (Trading if insolvent) It is, of course, unrealistic to suppose that an investor can continue to
trade and borrow if insolvent. However, this assumption is typically required to obtain closed form solutions,
see [Zhou and Li (2000) for the case of multi-period mean-variance asset allocation.

Identical cash contributions to the investor and benchmark portfolios as per Assumption [3.1] ensure that the
performance of the two portfolios remains meaningfully comparable.

Given the underlying assets as described in Assumption[3.1] we define the proportional allocations to the risky
assets at time ¢ € [to,T] for the investor and benchmark strategies, respectively, as the vectors g (t, X (¢)) =
(o1 (1, X (), .., ony (£, X (1)) € RN and ¢ (t, X (t)) - (@1 (t, X (t)) s eoer DN (t, X (t))) e RMN:. Specifi-
cally, o; (t, X (t)) denotes the proportion of the investor’s wealth W (¢) invested in risky asset i € {1,..., NI’} at
time ¢ given information X (¢), while g; (t7 X (t)) denotes the proportion of benchmark wealth W (t) invested

in the same asset i at time ¢ given information X (¢).
We introduce the following assumption regarding the benchmark strategy for the purposes of deriving the
closed-form results of this section.

Assumption 3.2. (Closed-form solutions: Information known about the benchmark strategy) For the closed-
form solutions of this section, we assume that the benchmark’s risky asset allocation strategy is an adapted
feedback control of the form @ (LX (t)) =0 <t,W (t)) ,t € [to,T), and that the investor is limited to invest-
ing in the same set of underlying assets as the benchmark. We also assume that the investor can instanta-
neously observe the vector o (t, W(t)) at each t € [to,T], so that the investor wishes to derive o (t, X (t)) =

o (t,W t),W(t),o (t, W(t))) ,t € [to, T], the adapted feedback control representing the fraction of the in-

vestor’s wealth W (t) invested in each risky asset at time t according to the investor’s strategy.

Recalling from the Introduction that constant proportion (i.e. deterministic) benchmark strategies are
commonly used in practice by pension funds, it is clear that Assumption [3.2] is sufficiently general, since it
allows for any adapted feedback control to serve as the benchmark strategy.

Combining definition with Assumption for the purposes of this section we therefore consider



226 investor and benchmark strategies, respectively, of the following form,

Ny
227 P = p<taX (t)) =1|1- ZQi (t7X (t)) y 01 (t7X (t)) y o ONT (t’X (t)) ite [t07T] )

NI
220 P o= {p (t,W(t)) —(1- Z@i (t,W(t)) 61 (t,W(t)) s ooes N (t,W(t)) telto, ]S, (3.1)

220 where X (1) = (W ), W(t),o (t, W (t))) In this section, the risky asset allocations g (¢, X (t)) and ¢ (t, W (t))
230 will informally be referred to as the investor and benchmark strategies, respectively, due to the form of .
231 However, in more general settings (e.g. the numerical results of Section , the formal definition will be
232 used.

233 Given Assumption [3.I] and Assumption [3.2] the investor’s set of admissible controls is given in terms of the
234 risky asset allocation g as

235 Ao = {Q (t, ’11}7’&), @(t,w))| o: [to,T] X RN‘:J'_Q — RN;} R (32)

236 S0 that the investment problems analyzed in this section are given by

QD@B): it B {(W (T) — ATV (T))T . B>0, (3.3)
T 2
(CD(@): it Bp [ /t (W (t) — edtW(t)) dt] N ) (3.4)

230 Note that we use definition (2.3) of the CD problem since T = [tg, T] by Assumption

20 3.1 Wealth dynamics for closed-form solutions

21 The closed-form solutions of (3.3))-(3.4)) require the specification of underlying dynamics. The risk-free asset is
2a2  assumed to have unit value Sy (¢) with dynamics in terms of the risk-free rate » > 0 given by

243 dSo (t) = TSO (t) dt. (35)

244 In the case of the risky assets, the vector S (¢t) = (S; (¢t): 1 =1, ...,Ng)T has ith component S; (t) which
2as  denotes the unit value of the risky asset ¢ at time ¢ € [tg, T]. The superscript “T” denotes the transpose. For
2e6  the dynamics of S; (), in this section we allow for any of the popular finite-activity jump-diffusion models in
2e7  finance (see for example Kou| (2002); Merton| (1976])).

248 Let £ = (&:i=1,...,N! )T, where &; denotes the random variable with corresponding probability density
2e0  function (pdf) fe, (&) representing the jump multiplier associated with the ith risky asset. Let

Y =E[g - 1], KEQ’:E{(&—U?}, i=1,.. N, (3.6)

21 and define k(1) = (/{gl) =1, .. Ng)T and k(2 = (552) i=1, .., Ng)T. If a jump occurs in the dynamics of
252 risky asset ¢ at time ¢, its value jumps from S; (t7) to S; (t) = &; - S; (t7), where, given any functional ¢ () ,t €
as3 [to, T, we use the notation ¢ (¢7) and + (t1) as shorthand for the one-sided limits 1 (¢~) = lim, | % (t — €) and
asa P (t1) = limeo ¥ (¢ + €), respectively. For ease of exposition, we assume that € has independent components,
255 1.e. the jump components of the different risky asset processes are independent, while dependence will be
26 introduced via the diffusion components. Note that the assumption of independent jumps can be relaxed
257 without any technical difficulty (Kou| (2007)) at the cost of significantly increasing the notational complexity.

258 Let Z(t) = (Z; () :i=1,..., Ng)T denote a standard N -dimensional Brownian motion, while pp = (p; : 1 =1, ..., N(:)—r
2o denote the drift coefficients of the risky assets under the objective (or real-world) probability measure and
20 0 = (0ij); 21 nr € RNe*No denotes the volatility matrix. Let m (£) = (m (t) :i=1,..,N7)" denote

21 a vector of N/ independent Poisson processes, with each ; (t) having the corresponding intensity A; > 0,
202 and define A = (\;:i=1,..,N7)'. We assume that &, m; (t) and Zy (t) are mutually independent for all
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1,7,k € {1, ..., NI'}. Define the matrices
=00, A = diag (Amf) L= 1,...,Ng). (3.7)

We make the standard assumptions that p; > r, for all i, and assume that the covariance matrix ¥ = oo ' is

positive definite (see for example [Bjork! (2009)); [Zhou and Li| (2000)). We also define the following combinations
of parameters from the underlying asset dynamics,

a

.
a= (m —r—)\ing) t= 17...7Ng) , p=(u—r:i= 1,...,NT)T, (3.8)

n o= 4 (Z+A)T L (3.9)

The dynamics of S; (t) is therefore assumed to be of the form

ds; (t No mi(t)
Sizt()) - (“i_Ai"’“gl))'dtJF;Uz‘j'dZ )+d 2(5 ) . i=1,.,NI,  (3.10)

Where f () are i.i.d. random variables with the same distribution as &;. To simplify notation, define the vector
= (Jy7 (& N; (dt,dg;) 1 =1, ...JV;)T, where N; is the Poisson random measure (Oksendal and
Sulem (2019)) correspondmg to the dynamics of S; (t) in (3.10).
Recalling that ¢ > 0 denotes the constant rate (per year) at which cash is contributed to each portfolio
(Assumption , the investor and benchmark wealth processes for the purposes of obtaining closed-form
solutions are as follows,

daw () = (W) -[r+a o6, X ()] +at-dt+W () (e(t. X (7)) o-dZ ()

W (1) (2 (6, X (1)) " - dN (1), (3.11)
av () = {W@) [r+aTe (LW ()] +a}-at+ v () (@(t,W(t_)))Ta-dZ(t)

+W (1) (o (LW (1 )))T~d./\/(t), (3.12)

for t € (to, T], where W (t) = W (t) = wo and X () = (W(t) W (1), 0 (t,W(t))).

3.2 Closed-form solution: @D (f) problem

For subsequent reference, the following proposition recalls the closed-form solution for the QD-optimal control
available in the literature.

Proposition 3.3. (QD-optimal control) Suppose that Assumption Assumption and wealth dynamics
— are applicable. Then the optimal fraction of the investor’s wealth to be invested in risky asset

i€ {1,..,NI} for problem QD (B) in is given by the i component of the vector [ (t,XZd (t=; 8) ;ﬁ),
where

Wia (1738) - @30 (6 X0 (1738)38) = [haa (68,0) = (Wi (1738) = PTW (1)) | - (Z+ M) i
+TW () 2 (LW (1)), (3.13)
with Wi, (t; B) denoting the investor’s wealth process under the QD(3)-optimal control @}, and X7, (t; B) =
< 0a (t:53) W (t),0 (t, 1474 (t))) Here, hyq is the following deterministic function,

T
hea (t;8,9) ==q (eBT - 1) . / e " gy = g (eBT - 1) (1 - e_T(T_t)) , tElto,T]. (3.14)
t

Proof. See|Van Staden et al| (2023)). O

As shown in [Van Staden et al.| (2023)), implementing (3.13) can be viewed as pursuing (at time t) a targeted
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level of wealth given by e®TTW (t). In other words the wealth target is a multiple (¢°T) of the benchmark
wealth W (t), and for subsequent reference we observe that the multiplier e#” remains constant throughout
the time horizon [tg, T]. Previous work showed that the QD-optimal strategy delivers excellent performance
out-of-sample relative to maximizing the information ratio (IR), which is another popular objective in practice
(Goetzmann et al.| (2002, 2007)); [Van Staden et al.| (2023)).

3.3 Closed-form solution: C'D (4) problem

We now derive the closed-form solution of the CD problem ({3.4)), starting with the HJB partial integro-differential
equation (PIDE) satisfied by its value function.

Theorem 3.4. (CD problem: Verification theorem) Fiz 6 > 0. Suppose that for all (t,w,, @) € [to, T] x RNa+2,
there exist functions Veq (t,w,, @) : [to, T] x RNat2 — R and @, (t,w, 0, §;9) : [to, T] x RNat2 — RNa with
the following two properties. (i) Veq and 0%, are sufficiently smooth and solve the HIB PIDE —, and
(i) the function @, (t,w,w,p;d) attains the pointwise supremum in .

3Vcd+(w766tw)2+ inf'{ H (o;t, w,w, ) } = 0, (3.15)
ot o€RNa
Voa (T, w,%,0) = 0, (3.16)
where
av, av, s
PN cd ~ ~ cd
H(oit,w,d,0) = (w-[r+a’e]+q): 5 + (- [r+a’s]+4q)- 35 ;)\Z— Vea
1 2 T 82Vcd 1A2 AT y1a aQVcd ~ T yr aZVcd
tqu® (o7 Ze) s+ 0t (o o) - Tast v wi (7 Fe) ot
NT -
FD N [ Vel o (6 - 1)+ 0u (6 1).0) fe, (65 de (3.17)
i=1 0

Then under Assumption Assumption and wealth dynamics -, Ve.q is the value function
and @}, is the optimal control for the CD (6) problem .

Proof. See Appendix [AT] O
We proceed to solve the HIJB PIDE ({3.15))-(3.16]), with Proposition presenting the CD-optimal control.

Proposition 3.5. (CD-optimal control) Suppose that Assumption Assumption and wealth dynamics

— are applicable. Then the optimal fraction of the investor’s wealth to be invested in risky asset

1€ {Ll,.... NI} for problem CD (0) with continuous rebalancing is given by the i*" component of the vector

05 (t, X724 (t750)50), where

Wi (£750) - @t (1 X2 (1730):0) = [hea (t:6,0) = (Wi (£730) = gea (50) W (¢7)) ] - (Z+A) " o

Fgea (W (£) -2 (LW (), (3.18)

with W, (t;6) denoting the investor’s wealth process under the CD(8)-optimal control %,, and X, (t;0) =

(Wc*d (t;9), 1474 (t),0 (t, 1474 (t))) Here, heq and geq are the following deterministic functions of time,

F(t;6,q) D (t;0)
heq (80, q) = —————2, ed (t;0) = — , 3.19
where A, D and F are respectively given by the following functions,
e@r—-m(T—t) _q 99T
Alt) = ——+—— D(t;6) = ———— | 0Tt _ (@r=n)(T-t) 3.20
© 2r—mn) &9) @ —n+0) L° ‘ } (3:20)



31 and

2 @r—n)(T—t) _ o(r—n)(T—1) (r=m)(T—-t) _q
Fsg = | ¢ e ]
2r —n r r—n
2qe’T (r=m)(T—t) _ o—d(T—1) @r—m)(T—t) _ o(r—m)(T—1)
s T ‘ _Le < ) (3.21)
2r—m+9 r—n+9 r
ssa Proof. See Appendix [A.2] O

335 We therefore observe that the CD-optimal control has a similar functional form to the QD-optimal
336 control . Specifically, involves a multiple g.q (t;d) of the benchmark wealth W (t), which is now
337 time-dependent (and therefore non-constant), while the role of the contributions remains limited to the term
338 Neq (t50,9). Analyzing the properties of the functions g.q (¢;6) and heq (¢;0,q) in is therefore not only
330 helpful for the purposes of gaining intuition regarding the behavior of the CD-optimal control , but also
a0 for rigorously proving the subsequent comparison results. For convenience, we summarize some of the key
31 properties of g.q (t;0) and heq (¢; 9, ¢) to aid the intuition, with further details provided in Appendix and

sz Appendix [AT4}

343 (i) Summary of the properties of g.q4 (t;9): For any t € [to =0,T], § — geq (t;9) is strictly increasing on

344 d € (0,00), while for any fixed § > 0, t — gcq (t;9) is strictly increasing on t € [tg, T] to a maximum of
345 ged (T50) = €27, In fact, we have the bounds

346 6& < Ged (t, 5) < 66T, vVt € [to,T) . (322)
3a7 See Appendix for a proof of these properties.

sas (i) Summary of the properties of heq (t;9,q): If ¢ = 0, it is clear that h.q (¢;9,q) = 0, while we always have
349 hea (T;0,q) = 0. For any t € [to =0,T] and 6 > 0, ¢ — heq (¢;0,q) is strictly increasing on ¢ € [0, 00),
350 with & — heq (¢; 0, ¢) being strictly increasing on ¢ € (0,00). In addition, h.q satisfies the bounds

351 0 < heq(t;0,9) < hea(t;8=20,q), Yt € [to = 0,77, (3.23)
352 where hgq (£; 5, q) is given by (3.14). See Appendix for a proof of these properties.

3 For the purposes of interpreting the subsequent results, the key intuition is that the CD investor implementing
354 can be viewed as pursuing (at time ) a targeted level of W, (¢;8) given by geq (t;8) - W (t), qualitatively
sss  similar to the case of the QD investor pursuing a targeted level of e#T - W (t). However, unlike the QD investor
sse implementing a constant multiplier, the CD investor uses a multiplier g.q (¢;0) that increases over time up to
7 a maximum of /7, always remaining within the bounds . Therefore, if we were to compare the C'D (6)
s and QD (8 = ) optimal controls, shows that the CD investor has a smaller implicit benchmark outper-
30 formance target throughout the investment time horizon, with the difference likely to be especially pronounced
se0 early in the investment time horizon (¢ close to to = 0).

361 With this intuition in mind, we now present some closed-form comparison results for the QD (8)- and

sz C'D (§)-optimal investment strategies.

s 3.4 Comparison of investment strategies

ssa 10 lighten notation for the analysis of this subsection, we suppress the dependence of the optimal controls on
ses X,k € {cd, qd}, and denote the optimal allocation to the risky assets simply by

0rg (6. X5q (6:8);8) = 0hg(t:B8) = (hqr (t:8) :k=1,...,NJ), (3.24)
367 0ig (6, X755 (6:0):6) = 05y (t:0) = (0bar (5:6) :k=1,...,NJ). (3.25)

ses  Similarly, for the benchmark, we suppress dependence on W (t) and use the notation @ (t, W (t)) = (0 (t): k=1,...,NI).

seo  We emphasize that this is just for convenience, as the benchmark strategy is not required to be deterministic

a0 (see Assumption [3.2)).



379

380

381

382

383

385

388

389

For the subsequent analysis, it is helpful to define the total allocation by each strategy to the risky asset
basket as

NT NT NT
s (GB) = 0har (66), (60 =D 0 0), RO =D o(t). (3.26)
k=1 k=1 k=1

In the case of continuous-time mean-variance optimization (i.e. without a benchmark present), it can be
shown that the optimal risky basket composition does not depend on the state of the system (Zhou and Li
(2000)), whereas the QD-optimal risky asset basket composition is only weakly dependent on the state in that
particular ratios involving the risky asset allocations remain constant (Van Staden et al.[(2023)). The following
corollary can be interpreted as showing that in the case of the CD-optimal investment strategy, the risky asset
basket composition is also only weakly dependent on the state of the system.

Corollary 3.6. (Risky asset basket ratios) Let Assumption Assumption and wealth dynamics —
hold. Note that W, (¢;6) , W, (t: 8) and R (t) represent information known to the investor at time t. For
any values of 5,5 > 0, the total optimal risky asset basket allocations RY,; (t;9) and Ria (t; B) can be obtained
from the following constant ratios,

Wiy (5:0) Ry (5:0) = gea (50) W (1) R (1) Waa (t:5) - Riy (8:8) — "W (1) - R (1)
[9ea (5:8) W (8) + hea (18, )| — W, (10) [TW (t) + haa (t: 8,0)| — Wiy (8:5)
- Z [(ZJrA)_lﬂL. (3.27)
k=1

For any values of 3,0 > 0, the allocation within each risky asset basket to asseti € {1,..., NI} can be determined
from the following constant ratios,

W (850) - 08as (6:0) = gea ()W (1) 0i (8)  Wag (858) - 5 (858) — W (¢) - i (1)

Wi (£:0) - Ry (£6) = gea () W (£) - R(t) Wiy (t:8) - Ry (£ 8) — ePTW (£) - R (1)
(Z+ )],

o [ el

(3.28)

k

Proof. In (3.27)-(3.28), [v], denotes the kth component of the vector v. The results follow from combining the
results of Proposition Proposition and ((3.26)). O

Proposition shows that as a result of the constant ratios (3.27)-(3.28)), it is sufficient to consider a single
well-diversified stock index (i.e. a single “risky asset”) when illustrating the analytical solutions in Subsection

s0 [5.2] as this would give the necessary intuition regarding the behavior of these closed-form optimal strategies.

391

392

393

402

403

404

405

This intuition is helpful for understanding the behavior of the strategies when the conditions of Proposition [3.27]
no longer hold, such as when applying multiple investment constraints in the results of Subsection [5.3] where
multiple risky assets are considered.

While the results of Corollary [3.6] are general in that, subject to the stated assumptions, (3.27)-(3.28) hold
for any values of 3,0 > 0, properties such as and suggest that the QD- and CD-optimal investment
strategies exhibit a number of differences over time. To analyze the strategies in more detail, a reasonable
basis for the comparison is required (i.e. specific choices of the values of 5 and §), and two possibilities are
immediately available:

(i) Comparing investment strategies on the basis of equal expectation of terminal wealth: the parameters 6¢
and 3¢ are selected for the CD (§ = 6%) and QD (8 = %) problems, respectively, such that

to,w * .S ¢€E _ to,w * . _ n€& _
Eg%do[ o (156 =6%)] :EQ%dO[ qd(T,B—B ) =¢€. (3.29)
While (3.29) provides a very intuitive basis for comparing strategies and wealth distributions (see for
example [Van Staden et al| (2021)), we show in Appendix (Proposition [B.2)) that (3.29) also implies
that

¢ > pe. (3.30)

10
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However, in general we have to solve numerically for the parameter values 6¢ and ¢ satisfying (3.29).
Hence obtaining analytically tractable comparison results on the basis of (3.29)) is very challenging.

(ii) Comparing investment strategies on the basis of equal parameters § = (: while comparing the results
of the CD (6) and @D (8 = J) problems are also intuitive due to the role of these parameters in their
respective objective functions, we show in Appendix [B.1] (Proposition [B.1]) that setting § = 3 implies that

Eg” Wiy (t:0)] < B [Wea(t8=0)], Ve (to,T]. (3.31)

As a result, (3.31) implies that for example the comparison of terminal wealth distributions will be
significantly less intuitive if we simply set 6 = 3 .

Since these are clearly distinct but reasonable possibilities for comparing strategies, we proceed as follows: since
the assumption of equal parameters (6 = ) makes the comparison of investment strategies amenable to analysis,
we set 6 = [ in the derivation of analytical comparison results in the remainder of this section. However, we
use 8¢ > € to compare results on the basis of in the numerical results of Section [5| below. Finally, in
Appendix we combine both possibilities by comparing the results of the C D (65), CD ((5 = ﬂg) and QD (65)
problems, concluding that the difference ((5‘g — 65) > 0 in is typically sufficiently small such that the
conclusions from the analytical results (obtained by setting 6 = ) still remain qualitatively accurate regardless
of the basis of comparison.

Proposition compares the C'D (6)-optimal and QD (8 = §)-optimal risky asset basket allocations at the
two endpoints of the investment time horizon (¢t = t; = 0 and ¢t = T). As will be discussed in Section
Proposition [3.7] is particularly helpful in explaining the respective asset allocation profiles over time, as well as
the resulting out-of-sample investment results.

Proposition 3.7. (Comparison - allocation to risky asset basket: CD (§) and QD (8 = §)) Suppose that As-

sumption Assumption and wealth dynamics — are applicable. Recall the investment time
horizon is given by t € [to = 0,T].

At time t = to, if the total benchmark risky asset basket allocation satisfies R (to) = ZkN:“l O (to,wp) > 0,
we have

Ryq (to; B=106) > Req (to;6). (3.32)

At time t =T, we have
Eg Wea (Ti 8 = 8) - Ryg (T5 8= 6)] < EQ™ Wiy (T30) - Ry (T56)]. (3.33)
Proof. See Appendix [B:2] O

Note that Proposition [3.7] does not require any information regarding the functional form of the benchmark

strategy o (t, W (t))7 while (3.32) specifies only a very weak condition, namely that R (o) > 0.

Proposition [3.7] therefore shows that compared to the QD(8 = §)-optimal strategy, the CD(4)-optimal strat-
egy allocates less wealth to the risky asset basket early in the investment time horizon (¢ = tp), but is expected
to allocate more wealth to the risky asset basket at maturity (¢ = T'). Comparing the QD- and CD-optimal
allocations to individual risky assets, we have the following corollary to Proposition

Corollary 3.8. (Comparison - allocation to risky asset i € {1,....,NI}: CD(6) and QD (8 =0)) Suppose
that Assumption Assumption and wealth dynamics — are applicable. For any risky asset
i €{1,..., N}, the following comparison results hold.

At time t = tg, if the benchmark allocation to risky asset i € {1,...,NI'} satisfies g; (to, wo) > 0, we have

Qqa,i (to; 8= 0) > 05y (t0; ). (3.34)

At time t =T, we have
B [Waq (Ti8 = 0) - 0403 (T5 8 = 6)] < EQ2™ [Wiy (T30) - 0l (T39)] - (3.35)
Proof. See Appendix O
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In the numerical results of Section |5, we demonstrate that even when the assumptions of this section (e.g.
Assumption Assumption and wealth dynamics —) no longer hold, the conclusions regard-
ing the relative risky asset allocation profiles given in Proposition and Corollary remain qualitatively
applicable, with important implications for the out-of-sample benchmark outperformance of the strategies.

3.5 The limits of benchmark outperformance

As discussed in the Introduction, the benchmark strategies @ chosen in practice by large pension funds are
typically simple constant proportion investment strategies. However, it is worth investigating the feasibility of
outperforming a benchmark strategy that is already “better” in some sense than a constant proportion strategy.
This would naturally require the specification of the preferred alternative benchmark strategy, as well as the
sense in which it can be considered “better” than a standard constant proportion benchmark strategy.

For purposes of concreteness, in this section we consider the QD- and CD-optimal investment strategies
themselves as benchmark strategies to be outperformed. While outperforming a constant proportion benchmark
using the QD- and CD-optimal strategies is not too challenging (see Section , the subsequent results show that
outperforming benchmark strategies of increasing sophistication could require taking on more risk. Specifically,
as shown in the numerical results of Section [5} taking on more risk in the sense of increasing the allocation to
the risky asset basket unsurprisingly also increases the likelihood of ultimately underperforming the benchmark.

To gain the necessary intuition, we continue working under the stylized assumptions of this section (we
emphasize that these assumptions are relaxed in Section and Section, and introduce the following definition.

Definition 3.1. (m-compounded optimal investment strategies) Suppose that a benchmark strategy o satisfying
Assumption is given. Fiz values of > 0 and § > 0. Under Assumption and wealth dynamics -
, the QD (B)-optimal strategy 0,4 and CD (0)-optimal strategy o, are therefore available as a result of

Propositions and respectively. Let ggg* = 0,y and gg* = g}, for m = 0. For general m € N, define

[m]*

the m-compounded QD (B)-optimal strategy Q4 48 the QD-optimal strategy as per Proposition using the
1]

[m

(m — 1)-compounded QD (3)-optimal strategy Qq(f as its benchmark strategy to be outperformed. Similarly,

we define the m-compounded CD (§)-optimal strategy QZZ]* as the CD-optimal strategy as per Proposition
using the (m — 1)-compounded CD (§)-optimal strategy Q[czl_l]* as its benchmark strategy to be outperformed.
In other words, Definition [3.1] posits the following stylized situation: from a given benchmark strategy
0 (which may be a constant proportion strategy, but this is not a requirement), the corresponding QD- and
CD-optimal investment strategies are constructed, giving QE]’Z:O]* =0y and g([:il:o]* = o}, These QD- and CD-
optimal strategies are then in turn used as the “benchmark strategies” to be substituted into the expressions for
the QD- and CD-optimal controls ((3.13) and (3.18)), respectively), which gives the (m = 1)-compounded optimal

[m=1]*

investment strategies @, and gg;: I* Under the stylized assumptions of this section, nothing prevents the

indefinite continuation of this recursive substitution, so that we therefore arrive at the m-compounded optimal
[m]*

investment strategies o, and Q[CZL]* for arbitrary m € N as per Definition The following proposition
provides the closed-form expressions for the m-compounded investment strategies.

Proposition 3.9. (m-compounded QD- and CD-optimal strategies) We assume that Assumption Assump-
tion and wealth dynamics — are applicable. The optimal fraction of the investor’s wealth to be
invested in risky asset i € {1,..., NI} according to the m-compounded QD-optimal investment strategy for any

m € N is given by the it" component of the vector gt[;gl*, where

Wi (:8) - el (6 X0 (6758):8)
(m+1)B8T __ 2
_ [(M) g (1:8,0) — (Wi (1758) — e 09T W)} (A
+emIUST (17 . g (t,W (f)) . (3.36)

The optimal fraction of the investor’s wealth to be invested in risky asset i € {1,..., NI} according to the
]

m-compounded CD-optimal investment strategy for any m € N is given by the it" component of the vector QZ? ,
where

12
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Wi (730) - ol (1. X 0 (1730)9)
(gea (t:0)" 1 =1
ea (£;6) — 1

+ (gea (£0)™ W (£7) - & (t, W (r)) . (3.37)

) hea (t:8,q) = (W™ (4738) = (gea ()" W (t‘))} (TN R

In (3.36) and (3.37), Wq[;n]* (t; B) and W[?]* (t;0) and denote the investor’s wealth processes under the m-

C

compounded QD- and CD-optimal controls, respectively, while ng}* (t;0) = (Wq[zl]* (t:6), W (1), 0 (t, W (t)))
and X"V (t;5) = (WC[;”]* (t:6), W (), & (t, W (t))).
Proof. See Appendix [B:4 O

Recall from Propositionthat the QD-optimal strategy (i.e. g([;;:O]* =0, 4) can be interpreted as pursuing
[m=0]
C

the implicit wealth target PTW (t) at time ¢, while the CD-optimal strategy (o t = 0},;) can be interpreted
as setting an implicit wealth target of g.q (¢;0) W (t) at time ¢. Therefore, setting contributions to zero for
simplicity, Proposition shows that the m-compounded QD-optimal strategy QZZ]* and m-compounded CD-

optimal investment strategy g[gd"]* could be interpreted as simply pursuing significantly more aggressive implicit

oy (t) and (geq (t;6))™ " W (t), respectively. This implies that we
can obtain the necessary intuition regarding performance of QD- and CD-optimal strategies against increasingly
sophisticated benchmark strategies by simply making the outperformance target more aggressive against for

example a constant proportion benchmark strategy o.

wealth targets at time ¢, namely (eﬁT)

The forms of the m-compounded QD-optimal and CD-optimal strategies as per Proposition [3.3| imply
that results analogous to Corollary [3.6] Proposition [3.7 and Corollary [3.8] can be derived for comparing the
m~compounded strategies. However, it is potentially far more informative to compare the m-compounded
QD-optimal and original QD-optimal strategy, and the m-compounded CD-optimal and original CD-optimal
strategy, respectively, since this would clarify how the strategies behave when faced with more sophisticated
benchmark strategies. To this end, similar to the risky asset basket definitions for the original strategies in
, we define the total risky asset basket allocation for the m-compounded optimal strategies as

N, N,
RIV (#:8) = o (t:8),  and R (t0) = ol (£:6). (3.38)
k=1 k=1

The following proposition (Proposition compares selected aspects of the m-compounded and original
optimal strategies that are amenable to closed-form analysis. Note that the comparisons of Proposition [3.10]
require that the (original) benchmark strategy o is at least economically plausible, in the sense that a limit is
placed on the total expected amount of short-selling of risky assets by the benchmark (see condition in
Appendix for an additional details and discussion).

Proposition 3.10. (Optimal and m-compounded optimal strategies) Suppose that Assumption Assumption

and wealth dynamics - are applicable. In addition, assume that the given benchmark strategy P

m satisfies condition (B.1). Then the QD- and CD-optimal strategies as per Propositz'ons and are
outperformed in expectation by the corresponding m-compounded strategies as per Definition in the sense

that for any m € N and t € (to, 1],

e (Wil 8)] > B Waa @), and B (W (9)] > B (W (58)]. (339)
Furthermore, at time t = to, if the total benchmark risky asset basket allocation satisfies R (to) = Zivz‘ll ok (to, wo)
0, the @D- and CD-optimal strategies allocate proportionally less wealth to the total risky asset basket than their
corresponding m-compounded QD- and CD-optimal strategies. Specifically, for any m € N, we have

RUG" (t0:8) > Ryg (toi ), and  RUGY (t0:0) > Rey (to;6) (3.40)
Proof. See Appendix O
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An informal interpretation of Proposition [3.10]is that the m-compounded optimal strategies, while perform-
ing well in expectation (see (3.39))), does so by taking on more risk in the sense of increasing the allocation to
the risky asset basket (see (3.40)). Note that while is only proven at time ¢t = ty in these closed-form
results, numerical experiments (see Section [5|) show that this is typical behavior for more aggressive benchmark
outperformance targets also at times ¢ € (tg, 7.

To conclude this section, we recall that Proposition [3.9] suggested that the outperformance against more
sophisticated benchmark strategies can be assessed by considering more aggressive outperformance targets,
while Proposition [3.10] shows that these more aggressive outperformance targets are achieved by taking on more
risk. Within the framework of this section, taking on more risk is always feasible, since trading is allowed to
continue in the event of insolvency and unlimited leverage is allowed. This is clearly not possible in more realistic
circumstances, such as when leverage is restricted and trading in insolvency is ruled out. As a result, not only
does this show the limitations and real trade-offs involved in benchmark outperformance in certain settings,
but it also clearly illustrates the need to consider the numerical solutions of the outperformance problems when
multiple investment constraints are considered, which we now discuss.

4 Numerical solutions

While the analytical results of Section [3] provide valuable intuition in more realistic investment settings when
discrete rebalancing and multiple investment constraints are applicable (as confirmed by the results of Section
5), in such settings the solution techniques of Section [3| are typically no longer applicable, and therefore a
numerical solution technique would be required.

In this section, we start by formulating a more realistic investment setting, then proceed to summarize the
preferred neural network-based numerical solution approach to solve the QD and CD problems, which does not
require assumptions regarding the parametric dynamics of the underlying assets, is entirely data-driven, and
can handle discrete rebalancing and multiple investment constraints.

4.1 Discrete rebalancing with investment constraints

Instead of continuously rebalancing the portfolio in during the investment time horizon [ty = 0,7, we assume
a given set T of N,, discrete rebalancing times,

T = {tnznAt|n:O,...,NTb—1}, At:T/NTb, (41)

where the assumption of equal spacing is used for notational convenience. At each rebalancing time ¢, € T, a
given amount of cash ¢ (¢,) is contributed to the portfolio. Note that the investor and benchmark strategies
remain of the form , where 7T is now given by .

In this solution approach presented below, there is no requirement that the parametric dynamics of the N,
underlying assets (such as and (3.10)) should be specified. Instead, the approach simply requires that at
each time t,,11 € TUT, the return on each asset i € {1,.., N, } over the time interval [t,, ¢,+1], which is denoted
by R; (tn), is observabler, and a set of independent return sample paths over the investment horizon is given.
As discussed below, for training and testing purposes (i.e. the solution of the problem and the out-of-sample
testing of the resulting strategy), the returns R; (¢,) can be obtained by for example stationary block bootstrap
resampling, which allows for the consideration of both serial correlation and cross-correlation of asset returns.
Using the general formulation of Section [2] the investor and benchmark wealth dynamics are respectively given
by

N,

w (tT_L-‘rl) = [W (t;) +4q (tn)] : Zpi (tnv X (t;)) 1+ Ry ()] (4.2)
N,

W(ty) = [W (ta) +4q (tnﬂ > (tm D¢ (t;)) L+ R (ta)] (4.3)

1

.
Il

wheren =0,..., Nyy—1and W (ta) =W (ta) = wp > 0. The minimal form of the information incorporated by
the investor’s strategy is X (¢,,) = (W (tn), W (tn)), although this can be augmented with additional market
information without difficulty (Van Staden et al.| (2023)).
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579 As is typical in the case of many active funds, we assume the investor has investment constraints of no short
sso  selling and no leverage allowed, resulting in sets of admissibility for the investor strategy P given by

581 A = {P={ptn, X (tn)) :th e THp{tn, X (tn)) € Z, Vi, €T}, (4.4)
Na

582 where Z = {(yl,...,yNa) € RNe :Zyizl and y; > 0 for allil,...,Na}. (4.5)
i=1

ses  The investor’s wealth remains non-negative given (4.2)), (4.4)-(4.5) and wo > 0.
584 Solving investment problems (2.2]) and (2.4) (note that we now focus on the discrete-time formulation of the
sss QD problem) subject to these constraints requires a numerical solution technique, which we now discuss.

sse 4.2 Neural network solution approach

ss7 10 solve problems of the form and numerically, we use an existing neural network-based approach
sss  that does not rely on dynamic programming (Ni et al.| (2022); Van Staden et al.|(2023)). This approach, which
sso 18 briefly summarized in this section, offers some clear advantages over competing approaches to solve similar
seo  problems, such as the class of Reinforcement Learning (RL) algorithms (see for example Dixon et al.| (2020);
s |Gao et al (2020); [Lucarelli and Borrotti| (2020); [Park et al.| (2020)):

502 (i) The investment strategy is approximated directly using a neural network (NN), and we do not require dy-
503 namic programming (DP) based techniques such as RL to solve the benchmark outperformance problems.
504 In particular, the problem of error amplification of the high-dimensional conditional expectation functions
595 over value iterations associated with DP-based techniques (see for example [Li et al.| (2020); Tsang and
596 Wong| (2020); [Wang and Foster| (2020)) is avoided entirely. In addition, it can be shown under some con-
507 ditions that problems of the form and have optimal controls that are relatively low dimensional
s08 relative to the objective functional (Van Staden et al|(2023])). Therefore, the direct approximation of the
599 control can be considered a more efficient numerical solution approach. In somewhat different settings,
600 the approach of solving for the control directly without the use of DP techniques has also been suggested
601 in |Buehler et al.|(2019); [Han and Weinan| (2016]); Reppen et al.| (2022).

ez (ii) As discussed below, the rebalancing time ¢,, serves as an input (or feature) for the NN, which ensures that
603 the number of parameters of the NN does not scale with the number of rebalancing events. In addition,
604 use of t,, as a feature guarantees the smooth behavior of the control with respect to time in the limit as
605 At — 0, which is a practical requirement of a reasonable investment policy (see Van Staden et al.| (2023))).
606 These benefits place our approach in contrast to the approaches of for example [Buehler et al.| (2019)); [Han
607 and Weinan| (2016)); Huré et al.| (2021); [Tsang and Wong| (2020).

sos A detailed description of the NN-based numerical solution approach can be found in the literature (Van Staden
eos et al| (2023)), while some algorithm implementation details specifically for the QD and CD problems are given
10 in Appendix [E] We therefore only briefly highlight some key aspects of the approach in this section.
611 The numerical solution of problems and requires the solution of the feedback control (¢, X (t,)) —
o2 P (tn, X (tn)) = p (tn, X (tn)) € Z,Vt, € T. We approximate the control function p(t, X) by a NN F (¢, X (t); 0)
ez F(-,0), where 8 € R is the set of NN parameters (i.e. the NN weights and biases), in other words

pt,X(t) ~ F(t,X(t):0)=F(,0). (4.6)

615 In terms of the structure of the NN F', we use a fully-connected feed-forward NN with at least 3 inputs
e (or features), namely (t,, X (¢,)) = (tn, W (tn), W (tn)), while additional trading signals can be incorporated
e17 as additional features if required. The number of output nodes correspond to the number of assets, while a
e1s  softmax activation function in the output layer guarantees outputs in the set Z C R¥«. Given any particular
s10  input (t,, X (t,)), the NN therefore automatically generates the asset allocation p (t,, X (t,)) € Z as per (4.6),
620 SO that problems and now can be solved respectively as the unconstrained optimization problems

R 2 Nrp R 2
pinf ER’s) [(W (T;0) — PTW (T)) } i ERls) [Z; (W (t7:6) — IV (t;)) ] , (4.7)

622 The expectations in 1) are approximated by using a finite set of samples from the set Y = {Y(j )ij=1,.., Nd}7
62z where each Y represents a time series of joint asset return observations R;,i € {1,..,N,}, observed at each
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t, € T. Conventionally, Y is referred to as the “training” data set for the NN (Goodfellow et al.| (2016))), and
we discuss its construction in more detail below. For a given NN parameter vector 8 € R and returns path
Y €Y, dynamics -, control gives the corresponding wealth outcomes W) (t,,; ) and W) (tn)
for t,, € T, the following approximations to are solved

1 NEd W) BTV () ? ! Ed § - W@ Stn iy (4) ?
j J . J 1 J —. n J -
Grélllér’ile Ny o ( (T:6) —e (T)) ’ 013%719 Ny pacosr: ( (tn ’ 0) € (tn )>

(4.8)

Solving using stochastic gradient descent, we obtain the optimal parameter vectors 05,k € {qd,cd}.
For further details regarding hyperparameters and ground truth solutions, please refer to Appendix [E]

Using 0y, k € {qd, cd}, the resulting optimal strategies p} (-, X (-)) ~ F(-,0},),k € {qd, cd} are implemented
on a testing data set Y'*' (which is similar in structure to Y but typically contains different data or data-
generating assumptions) to assess the out-of-sample performance of the respective strategies.

As for the construction of the training and testing data sets (Y and Y'*¢%*) while the NN solution methodology
as outlined above is agnostic as to the construction technique underlying these data sets, it is clearly of great
practical significance for solving and assessing the performance of the strategies. For purposes of confirming
whether the numerical approach has been implemented correctly, it is possible to assume parametric dynamics for
the underlying assets and generate Y by sampling R; (¢,) using Monte Carlo simulation, so that the resulting
numerical solutions under certain conditions can be compared to the corresponding analytical solutions (see
Appendix [E]). However, in more practical applications as well as in the results of Section practitioners may
prefer to use historical data directly without imposing any parametric assumptions, so that some augmentation
technique is necessarily required due to the sparsity of historical financial data for long-term investments.

In this paper, for illustrative purposes we use stationary block bootstrap resampling (Politis and Romano
(1994)) to generate Y and Y*¢¢ from different historical time periods. We emphasize that the use of block boot-
strap resampling is popular with practitioners (Cavaglia et al.| (2022);|Cogneau and Zakalmouline, (2013); Dichtl
et al.| (2016)); |Scott and Cavaglial (2017); [Simonian and Martirosyan| (2022))), as well as academics (Anarkulova
et al., 2022), and is designed for weakly stationary time series with serial dependence. While bootstrap sampling
methods have been proposed for resampling non-stationary time series (Politis| (2003), [Politis et al.| (1999)), this
is not explored further in the results of Section

5 Illustrative investment results

In this section, the results associated with the QD- and CD-optimal investment strategies are illustrated first
using closed-form solutions (Section [3|) under stylized assumptions, and then using numerical solutions (Section
4)) associated with the more realistic setting of Subsection

To ensure that the examples remain relevant in practice, we assume that the investor constructs portfolios to
outperform standard constant proportion benchmarks based on a broad stock market index and Treasury bills
and bonds, similar to the benchmarks used by active portfolio managers for government pension plans (Canadian
Pension Plan| (2022); |Government Pension Fund Globall (2022))). In constructing strategies to outperform these
benchmarks, we consider cases of modest as well as more aggressive benchmark outperformance targets compared
to what is typically seen in practice, since more aggressive outperformance targets could be used as a proxy for
assessing the optimal strategy behavior against benchmarks of increasing sophistication (see Subsection .
We make the assumption that the investor may not necessarily be limited to investing in the same underlying
assets as the benchmark, but is also able to invest in some widely-recognized equity factors (Ang (2014)).

5.1 Investment scenarios

The key investment scenario assumptions used for illustrative purposes are summarized in Table[5.1] For closed-
form solutions, continuous rebalancing is approximated using 3600 time steps during the time horizon of 10
years. The time horizon is chosen to reflect the concerns of an investor with medium to long-term benchmark
outperformance requirements.

Table [5.2] provides a summary of the underlying assets and the constant proportion benchmarks considered,

while more detailed definitions of the assets and associated data sources can be found in Appendix [C] Note that
investor portfolio PO will be constructed to outperform benchmark BMO in order to illustrate the closed-form
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Table 5.1: Key investment scenario assumptions.

Parameter Closed-form solutions Numerical solutions
(no constraints) (realistic constraints)
Investment constraints None No short-selling, no leverage allowed
T 10 years 10 years
wo 120 120
Rebalancing frequency Continuous Annual Quarterly
N, (# rebalancing events) 3600 10 40
Contributions q = 12 (rate per year) q(tn) = 12,Yn q(tn) = 3,VYn
(annual contribution) (quarterly contribution)

solutions of Section (3] In this case, the broad equity market index (“Market”) plays the role of the single “risky
asset basket” in the terminology of Subsection In contrast, investor portfolio P1 will be constructed to
outperform benchmark BM1 to illustrate the numerical solutions subject to no short-selling and no leverage
investment constraints, as outlined in Section [4].

Table 5.2: Portfolios “Pz”, = € {0, 1} constructed by the investor using assets indicated by “v”, to outperform bench-
marks “BMz”, x € {0,1} with asset holdings as a percentage of wealth p; as indicated. Definitions and data sources of
historical time series are provided in Appendix@

Assets Investor portfolios Benchmarks
Label ‘ Asset description PO P1 BMO BM1
T30 30-day Treasury bill v v 30% 15%
B10 10-year Treasury bond v 15%
Market | Market portfolio (broad equity market index) v v 70% 70%
Size Portfolio of small stocks v
Value Portfolio of value stocks v
Number of candidate assets (Ng): 2 5 2 3

As discussed in Subsection we will compare investment results on the basis of equal expectations of
terminal wealth. In particular, the parameters §¢ and 3¢ are selected for the C'D (5 = 55) and QD (B = BS)
problems, respectively, such that

Eg: [Wey (T8 = 6%)] = Epi (W, (T8 = %)) = £. (5.1)
The rationale for comparing the results on the basis of equal expectation is discussed in Subsection [3.4] while the
additional numerical comparison results on the basis of equal parameters (i.e. setting § = 8 for both problems
resulting in different expectations of terminal wealth) reported in Appendix demonstrate that the main
qualitative conclusions of this section are not affected by changing the basis of comparison.

Table summarizes the data sets used for the illustration of results, as well as the target value of the
expectation chosen for illustrative purposes. As shown, the historical data periods for data sets DSO0,
DSO0b, DS1, DS1b and DS3 are chosen specifically to incorporate periods of high inflation such as 1963-1985,
since this data might be more relevant to current market conditions than more recent data (e.g. data of the
last 30 years) associated with atypically low and declining real interest rates. Note that sets DSOb and DS1b
use the same assumptions as data sets DS0 and DS1, respectively, except that the benchmark outperformance
targets implied by the chosen values of £ for DSOb and DS1b are significantly more aggressive. In particular,
the target £ is in is chosen to be some multiple e of the benchmark expected value E;“’w“ [W (T)},

where k is between 1% and 2% to reflect typical practitioner benchmark outperformance targets, whereas DS0Ob
and DS1b use values of k ~ 2.4%. We also include data sets DS2 and DS2b, not only for illustrating the effect
the rebalancing frequency on the results, but also to demonstrate the robustness of conclusions when using only
the most recent data following the popularization of equity factors Size and Value by [Fama and French| (1992]).

As for data set construction, note that DSO and DSOb are simulated using specified dynamics for the
underlying assets of investor portfolio PO (Table [5.2): the |Kou (2002) model is used for the “risky asset”
(Market), while the “risk free” asset (T30) evolves according to (3.5). The model calibrations and resulting
parameters are discussed in Appendix [C] For all other data sets, we make no parametric model assumptions
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regarding the distribution or dynamics of underlying asset returns, and instead use the historical data directly by
implementing stationary block bootstrap resampling for the construction of data sets (see [Politis and Romano
(1994)) and the discussion in Section [4]). Note that for all data sets, including in the case of estimation of model
parameters for DS0, the historical returns time series was inflation-adjusted prior to the construction of the
data sets (see Appendix |C]).

Table 5.3: Data sets, abbreviated as “DSz”, = € {0,1,2,2b,3} used for the illustration of results. “SBBR” refers to
stationary block bootstrap resampling with expected blocksize (“Exp. blksize”) in months as indicated. The training and
testing data sets consists of Ny = 10% and N*** = 5 x 10° joint paths of asset price returns, respectively.

Data set label DSO DSO0b DS1 DS1b DS2 DS2b DS3
Rebal. frequency Continuous | Continuous Annual Annual Annual Quarterly | Annual
. Model Model
Data set construction . . . . SBBR SBBR SBBR SBBR SBBR
simulation | simulation
Benchmark BMO BMO BM1 BM1 BM1 BM1 BM1
Investor portfolio PO PO P1 P1 P1 P1 P1
. 1963:07 - 1963:07 - 1963:07 - 1963:07 - 1995:01 - 1995:01 - | 1963:07 -
Data period
L 2020:12 2020:12 2009:12 2009:12 2009:12 2009:12 1995:12
Training -
Exp. blksize N/a N/a 6 6 3 3 6
data set Y
(months)
B [W (T)J 367 367 362 362 384 379 367
&= 405 465 400 460 420 420 405
to, *
Bl (W (1)
. . 2010:01 - 2010:01 - 2010:01 - 2010:01 - 1996:01 -
Testing Data period N/a N/a
2020:12 2020:12 2020:12 2020:12 2020:12
data set -
. Exp. blksize N/a N/a 3 3 3 3 3
Y est
(months)

5.2 Illustration of closed-form solutions

The closed-form solutions of Section [3] are illustrated using 2 assets, since a risky asset basket (here simply
referred to as the “risky asset” given by “Market” in Table and a risk-free asset (T30 in Table are
sufficient to illustrate the key aspects of the strategies - see Subsection[3.4} As a result, portfolio P0 is constructed
to outperform benchmark BMO (Table , with parameters based on the Kou| (2002) model and data set DS0
- see Table [5.3] and Appendix [C]

Figure compares the 95th and 50th percentiles of the proportion of wealth invested in the risky asset
according to the closed-form CD- and QD-optimal strategies, which illustrate the results of Proposition and
Corollary In particular, we observe that the CD strategy does not take similarly extreme positions as the
QD strategy early in the investment time horizon.

200 140p
E1s0f /QD 130
2 8120
2160 &
_g %110
‘= 140F =
IS £100
c c
S120F / g 4
§1oo co §
& x 80
80 . . . . . . . . . , 70

1 2 3 4 5 6 7 8 9 10
Time (years) Time (years)
(a) Proportion of wealth in risky asset: 95th percentiles (b) Proportion of wealth in risky asset: 50th percentiles

Figure 5.1: Closed-form solutions, no constraints, investor portfolio PO, benchmark BMO, data set DS0O: Selected
percentiles of the optimal proportion of wealth in the risky asset according to each strategy.
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Figure a) shows that despite the fundamental differences in investment strategies illustrated in Figure
the terminal wealth distributions associated with the closed-form investment strategies are nearly identical.
While surprising, it is not uncommon for significantly different strategies to nevertheless yield very similar
final wealth distributions - see for example Dang and Forsyth| (2016) where such strategies are described as
“non-unique” strategies.

However, Figure (b) illustrates that the probability that the investor would report outperforming the
benchmark during the investment time horizon is slightly higher for the QD strategy than for the CD strategy,
although the overall levels of outperformance in Figure (b) are unrealistically high due to the stylized assump-
tions used in deriving the closed-form solutions. Note that there is no contradiction in obtaining nearly identi-
cal wealth distributions (Figure a)) together with differences in benchmark outperformance (Figure b)),
since the latter offers pathwise comparisons relative to the benchmark while the former presents terminal wealth
distributions only. Mathematically similar marginal (wealth) distributions may be associated with different joint
distributions, and Figure b) illustrates one key aspect of the joint distribution of W7 (¢), W (t),j € {cd, qd}.

For assessing the implications of setting a significantly more aggressive benchmark outperformance target,

o
S

1 ~
£ = 405—> S
[0

08} 9 90
£
Benchmark ’ s

0.6 £ 80
&5 g
o 3

0.4 — 70
[S)
=

0.2 g 60
Qo
<}

c L 1 1 Al I I 1 1 1 a 50

0 100 200 300 400 500 600 700 800 900
Terminal wealth Time (years)
(a) CDFs of terminal wealth (b) Probability of benchmark outperformance

Figure 5.2: Closed-form solutions, no constraints, investor portfolio PO, benchmark BMO, data set DS0: (a) Simulated
CDFs of the benchmark terminal wealth W (T) , and investor’s terminal wealth W (T),j € {cd,qd}, where W} (T)
has expected value & = 405, regardless of strategy. (b) Probability of benchmark outperformance over time, ¢t —

Py [W; t) > W (t)], j € {ed, qd)}.

Figure [6.3| compares, for data sets DSO and DSO0b, the 95th percentiles of the proportion of wealth in the risky
asset basket as well as the probability of trading in insolvency over time. While the relative behavior of the QD-
and CD-optimal strategies in terms of the risky asset basket allocation in the case of DSOb remains qualitatively
similar to the case of DSO (Figure a)), it is clear that the more aggressive target for DSOb results in the
completely unrealistic behavior of the closed-form investment strategies, where for example the QD-optimal
strategy borrows to invest more than four times the total wealth in the risky asset basket around years 1 and 2.
This is clearly only plausible if unrestricted leverage and trading in insolvency is possible (which is allowed under
the stylized assumptions of Section , with Figure b) confirming that the QD strategy relies (under these
stylized assumptions) more on trading in insolvency than the CD-optimal strategy for most of the investment
time horizon. As a result, Figure [5.3] clearly illustrates the importance of assessing the behavior of the optimal
strategies under more realistic investment constraints (Subsection below).

However, valuable intuition is gained from the closed-form solutions. In particular, we observe that while
the terminal wealth distributions are nearly identical (Figure a)), the risky asset basket allocation of the
CD-optimal strategy has less variation across time (Figure 7 with more aggressive outperformance targets
resulting in larger allocations to the risky asset basket (Figure a)). While these observations remain ap-
plicable in the case of numerical solutions under more realistic assumptions, we will see that the benchmark
outperformance results (Figure b)) no longer hold qualitatively out-of-sample when investment constraints
are applied, with the CD-optimal strategy gaining the advantage.

5.3 Illustration of numerical solutions

We now illustrate the investment results using the optimal strategies obtained numerically in the case of discrete
rebalancing, multiple assets, and investment constraints. These results are obtained using the numerical solution
approach discussed in Section [d] We emphasize that we make no parametric model assumptions regarding the
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Figure 5.3: Closed-form solutions, no constraints, investor portfolio PO, benchmark BMO, data sets DSO and DSOb:
Selected percentiles of the optimal proportion of wealth in the risky asset according to each strategy.

distribution or dynamics of underlying asset returns. The results are only illustrated for data set DS1 in Table
with key out-of-sample results associated with the other data sets in Table provided in Appendix
Note that we continue comparing investment strategies on the basis of equal expectations, , where the
same expected value of terminal wealth is obtained on the training data set of the neural network. Additional
results provided in Appendix show that comparing results on the basis of equal parameters (6 = ) results
in qualitatively similar conclusions.

Figure [5.4] illustrates that in the case of discrete rebalancing and investment constraints, the qualitative
conclusions from the closed-form solutions still hold (see Figure ) In particular, since Value and T30
represents the assets with the highest and lowest standard deviation of returns of the assets in Table
the CD-optimal strategy takes less extreme positions in these assets at key points during the investment time
horizon.
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(a) Proportion of wealth in Value: 95th percentile (b) Proportion of wealth in T30: 95th percentile

Figure 5.4: Numerical solutions, with constraints, investor portfolio P1, benchmark BM1, data set DS1: 95th percentiles
of the proportion of wealth invested in Value and T30 over time. Note that the final rebalancing event isatt =T —At =9
years. Other assets are shown in Figure @

Figure [5.5] shows that in the case of discrete rebalancing and investment constraints, the terminal wealth
distributions remain almost identical, both in-sample (training data) and out-of-sample (testing data), despite
the fact that the underlying investment strategies exhibit the differences illustrated in Figure (see Figure
for other assets). As in the case of the closed-form solutions (see Figure , we can view the resulting CD-
and QD-optimal investment strategies as “non-unique” (Dang and Forsyth| (2016])) since they generate nearly
identical terminal wealth distributions.

While Figure [5.5] only shows results associated with DS1, the results for other data sets in Table [5.3] are
similar and illustrated in Appendix

Considering the probability of benchmark outperformance over time, Figure a) shows that the in-sample
(training data set) results for the CD- and QD-optimal investment strategies are very similar. However, Figure
[5.6(b) shows that out-of-sample (i.e. for the testing data set), the CD-optimal strategy consistently achieves
a higher probability of benchmark outperformance during the investment time horizon than the QD-optimal
strategy, with some “convergence” closer to maturity. While the results in Figure [5.6] are only shown for data

20



P
£ =400 ——> -
Benchmark
0.8 0.8F
Benchmark
0.6 0.6
w [T
a o
o o
0.4F 0.4}
QD
0.2 0.2f \
s -
C0 100 200 300 400 500 600 700 800 900 1000 200 300 400 500 600 700 800 900
Terminal wealth Terminal wealth
(a) CDFs of terminal wealth: Training data (DS1) (b) CDFs of terminal wealth: Testing data (DS1)

Figure 5.5: Numerical solutions, with constraints, investor portfolio P1, benchmark BM1, data set DS1: CDFs of
terminal benchmark wealth W (T') and terminal investor wealth W (T'), k € {qd,cd}, where the investor terminal
wealth has the same expected value £ = 400 on the training data set.

set DS1, the results in Appendix [D] indicate that the CD-optimal strategy also delivers qualitatively similar
out-of-sample results to those of Figure [5.6(b) in the case of the other data sets in Table
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Figure 5.6: Numerical solutions, with constraints, investor portfolio P1, benchmark BM1, data set DS1: Probability
of benchmark outperformance over time, ¢t — P;D*’;“UO [Wj* t)>wW (t)}, j €{cd, qd}.
q

Figure [5.7] illustrates the implications of using a more aggressive benchmark outperformance target for the
allocation to Value as well as for the probability of outperformance, with Figure [D.4] in Appendix [D] showing
the effect on the wealth distributions of more aggressive outperformance targets. In contrast to Figure [5.3|(a),
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Figure 5.7: Numerical solutions, with constraints, investor portfolio P1, benchmark BM1, data sets DS1 and DS1b: 95th
percentile of the proportion of wealth invested in Value over time, as well as the probability of benchmark outperformance
on the testing data sets. Note that the final rebalancing event is at t =T — At = 9 years.

the allocation to any asset now cannot exceed 100% of the total wealth since no short selling or leverage is
allowed. Figure a) shows that the allocation to Value (the asset index with the highest empirical return
but also highest standard deviation of returns) is exactly 100% for the QD-optimal strategy and around 90%
for the CD-optimal strategy when using a significant proportion of the investment time horizon a significantly
more aggressive benchmark outperformance target in the case of DS1b. This lack of diversification significantly
reduces the probability of benchmark outperformance, as the comparative results for DS1 and DS1b in Figure
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b) show, while increasing both the upside and downside wealth outcomes relative to the benchmark (Figure
D).

However, it is important to maintain a broader perspective with regards to practical applicability when
considering the aggressive outperformance target of DS1b, which has been provided for illustrative purposes
only. Considering instead the case of the fairly modest outperformance target used for DS1, we observe that
in the case of the out-of-sample results illustrated in Figure b), the CD strategy has a ~85% probability of
outperforming the benchmark. The median Internal Rate of Return (IRR) for the CD strategy in this case is
9.39% while the median IRR for the benchmark is 8.22%, which gives a median outperformance of 116 bps in
the out-of-sample testing data. As a point of reference, the CPP outperformance for the last 5 years was about
80bps (see CPP 2021 annual report(Canadian Pension Plan| 2021)). This illustrates that the proposed optimal
strategies do not require overly aggressive outperformance targets in order to yield excellent outperformance
results.

In addition, for the portfolio manager with frequent reporting requirements, the CD-optimal strategy of-
fers some clear advantages compared to the QD-optimal strategy. In particular, the CD-optimal strategy is
associated with less extreme positions in the riskiest asset early in the investment time horizon (Figure [5.4|a))
while delivering a higher probability of benchmark outperformance during the investment time horizon in out-
of-sample testing (Figure b)) At the same time, this is achieved without adversely impacting the terminal
wealth distribution of the CD-optimal strategy relative to that of the QD-optimal strategy (Figure .

6 Conclusion

In this paper, we proposed a novel objective function (the CD objective) for constructing dynamic optimal
investment strategies that directly target a favorable tracking difference relative to the benchmark at multiple
points in time during the investment time horizon.

After presenting closed-form results (derived under stylized assumptions) to gain intuition regarding the
behavior of the CD-optimal investment strategies, we discussed the numerical solutions of portfolio optimization
problems in the case of discrete rebalancing and multiple investment constraints.

Our results demonstrate that in comparison to targeting a favorable tracking difference only at maturity
via the QD objective, the CD-optimal strategies: (i) deliver very similar terminal wealth distributions both
in-sample and out-of-sample as the QD strategies, while (ii) requiring less extreme positions in the riskiest
assets early in the investment time horizon.

The fact that CD-optimal strategy has a nearly identical terminal wealth distribution as the QD-optimal
strategy, while its positions in underlying assets imply an improved risk profile across time, illustrates that it is
insufficient to evaluate risk in a dynamic strategy based on the statistics (or even the entire distribution) of the
terminal wealth alone. Risk assessment in the strategy itself is relevant, since our numerical results show that
while the QD-optimal strategy achieves slightly better results in the probability of benchmark outperformance
in training data, the CD-optimal strategy outperforms the QD-optimal strategy in testing data.

Our theoretical analysis and empirical investigations illustrate that the proposed CD objective function
may be attractive for active portfolio managers expected to deliver a favorable tracking difference relative to a
benchmark while having frequent reporting requirements to stakeholders.

We leave a comparison of the CD-optimal investment strategies to other benchmark outperformance strate-
gies in the literature (for example, strategies maximizing the Information Ratio relative to the benchmark) for
future work.
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Appendix A: Proofs of key results

In this appendix, proofs of the key results of Section [3| are presented.

A.1: Proof of Theorem [3.4]

Fix (t,w,w) € [to,T] x R?, § > 0 as well as the investor strategy o (t) = o (¢, X (t)) and benchmark strategy
o(t)y=20 (t, W (t)), where we omit dependence of the controls on X (t) and W (t) for notational simplicity.
Proceeding informally, suppose that the objective functional of problem ([3.4)),

N T . 2
J(t,w i) = ELW V (W (s) — B W (5)) ds] , (A1)
t
is sufficiently smooth. For ¢ € [0,T) and h > 0 such that ¢t + h < T, the tower property gives

Ehwd l /t o dJ (S,W(S),W (s); 9)] = —E;"" /t o (W (s) — eésW(s))st] : (A.2)

Applying 1td’s lemma for jump processes (see for example (Oksendal and Sulem| (2019))), and taking expec-
tations, we also have

Bt V;M dJ (s7W(s) 7W(s);g)1

— gl [/:Jrh (aa‘t] i % AW (s) - [r+a’oe(s)] +q} + gi - {W(s) fr+alo(s)) +Q}> 'dsl
e | [ (5 @@ e+ o W ) @) Ze ) ~ds]
e | / Ty )W (s) e () Ba ) ds]
[N t 00
Bt ;A / h [ /0 6 (s, W (s7) W (57) &) fe, (&) dgi = T (W (s7) W (s7) »s)} ds |(A.3)
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where

6 (s, W (s7) W (57) &) = J (W (s7) i (s7) W (s7) (&= 1), W (s7) + 05 (s7) W (s7) (& = 1))
(A.4)
Setting and equal, we proceed informally by dividing by h, taking limits as h | 0, interchanging
the limit and expectation, and using the dynamic programming principle to establish ([3.15).
Using the preceding results merely as a guide to the intuition as to the form of , the formal proof of
(13.15) proceeds by using a suitably smooth test function instead of the objective functional - see for example
Applebaum| (2004); |Oksendal and Sulem| (2019).

A.2: Proof of Proposition (3.5

In the definitions of the functions D and F in and , respectively, we have emphasized the dependence
on the parameters § and ¢ for the purposes of the subsequent analysis. However, for the purposes of this proof,
we will simply use the notation D (t) := D (t;0) and F (¢) := F (t;0,q). As a result of Assumption we take
© as given, so that the quadratic source term (w — e‘”uﬁ) in

Veq in Theorem [3:4] of the form

suggests an ansatz for the value function

Veq (t,w,0,0) = A(t)w?+ A(t)w? 4+ D (t)wid + F (t)w + F (t)w + C (1), (A.5)

where A, A, D, F, F' and C are unknown functions of time. If 1) is correct, then the pointwise supremum in
(3.15) is attained by g, satisfying the relationship

PVea| . OWVea 1. PV
[w'%ﬂYQW“‘[&U*2+M P Bwon (4.9)
Since (A.5) implies that the relevant partial derivatives are of the form
OWVea N *Vea ?Vea
=2A(t F(t D(t =2A(t d = t A.
S 2A(wt P+ D@0, e =24(), ad gt =D@), (A7

respectively, substitution into results in the optimal control g}, of the form , where h.q and g.q are
given by . It now only remains to determine the functions A, D and F. Substituting and into
the PIDE —, we obtain the following set of ordinary differential equations (ODEs) for the functions
A,D and F on t € [ty, T},

%A ) = —1-@2r—nA), A(T) =0, (A.8)
%D ) = —(@r—n)D(t)+ 2", D(T) =0, (A.9)
9P = ~G-mF0)-2A0) D), FT)=0 (A10

where 7 is given by (3.9). Solving the ODEs (A.8)), (A.9) and (A.10]) then results in the functions A, D and F
reported in ((3.20) and (3.21)), respectively.

A.3: Properties of g.4
The following lemma analyzes the properties of g.q in (3.19)) .

Lemma A.1. (Properties of gca) The function geq (t;6) = —3D (t;6) JA(t) in has the following properties
forteto=0,T] and § > 0:

(i) For a fized t € [to = 0,T], the function § = geq (t;9) is strictly increasing on 6 € (0,00).
(ii) For a fivred 6 > 0, the function t — geq (t;0) is strictly increasing on t € [to, T).
(iii) By continuity,

gea (T;6) = . (A.11)
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(1v) ged (t;0) admits the following bounds:

e < gea (1;0) < €7, Yt € [to, T). (A.12)

Proof. The definition (3.19) can be used to obtain the following alternative forms of g.q4,

2r—m+8)(T—t) _ 1 M — T —
N T A @r=n) (T 1)
gcd (t7 6) - € ((27' _ 77 + 5) (T _ t)) <e(2,,._n)(T_t) _ 1 (Al?))

T (n—2r—6)ud
T+ . M : (A.14)
J; etm=2nudy

To prove property (i) of Lemma it is sufficient to note that since the following auxiliary function is non-

negative and strictly increasing,
eV —1
bea (y) = (y) Vy € R, (A.15)

we can use to show that for a fixed t € [tg, T, the function 6 — g.q (¢;0) is the product of two non-
negative, strictly increasing functions of ¢ € (0, 00). Property (iii) follows from taking limits as ¢ 1 T in .
Next, we observe that since § > 0 and e (=% < 1 < &¥T=% for 4 € (t,T), the monotonicity of (Riemann)
integrals imply that

T T T
0 < / e 2ue=0u=t) gy < / eM=2ugy, < / e 2ugd(T—w) gy, Yt € [to, T) . (A.16)
t t

t

Re-arranging (A.16) and using the alternative form (A.14) of g.q, we obtain the bounds (A.12)) reported in
property (iv). Finally, to prove property (ii), we start by observing that we can use (A.14) to obtain

(n—2r)

d
Z9ea (t0) = 8- 9ea(t0) — —msymmy—

dt [ = gea (t;0)] - (A.17)

Taking limits in (A.17) as t — 7', we use (A.11) to obtain limr [%gcd (t;0)] = %(566T > 0, and therefore we only
need to show that $g.q (t;0) > 0 if £ <T'. In the case where nn — 2r > 0 (> 0), this follows in a straightforward
fashion from the expression (A.17)), the bounds (A.12)) and the properties of the function (A.15). To show that
we also have %gcd (t;6) > 0 for t < T in the case where n — 2r < §, we note that 1' can be used to show
that

(n=2r=0)(T—-t) (n=2r)(T 1)

d
7 9ed (t;0) >0 <= 6(T—1t)> [t 20— — 1] - [t =5 — 1]’ Vi<T, §>0. (A.18)

Since we are now only concerned with the case where 7 — 2r < ¢ in (A.18)), the inequality in (A.18) suggests we
consider the properties of the auxiliary function

(z—y) r
Ped (T,y) = y— [ela=v) —1] * [er — 1]

Ve <y, and y > 0. (A.19)

Taking limits in (A.19)), and noting that > 0 in a sufficiently small neighborhood of y > 0, it follows that
limgty @eca (x,y) > 0. In the case of the strict inequality « < y, the properties of ¢.q in (A.15) can again be used
to show @eq (,y) > 0. In summary, we therefore have ¢.q (z,y) > 0, Vo < y and y > 0, and thus by (A.18)
implying %gcd (t;0) >0, Vt < T and n — 2r < §, completing the proof of property (ii). O
A.4: Properties of h.y

The following lemma analyzes the properties of h.q in (3.19)) .

Lemma A.2. (Properties of heq) The function heq (t;6,q) = —3F (t;6,q) /A(t) in has the following
properties fort € [to =0,T], 6 >0 and g > 0:

(i) For fized values of t € [to =0,T] and ¢ > 0, the function 6 — heq(t;0,q) is strictly increasing on
d€(0,00). If g =0, heq (¢59,9) = 0.
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wer (1) For fized values of t € [to =0,T] and § > 0, the function ¢ — heq(t;9,q) is strictly increasing on
1062 qc [O, OO)

wes  (iii) By continuity,

1064 hcd (T, 5, q) = 0. (AQO)

wes  (10) heq (t;0,q) admits the following bounds:

1066 0 < he (t; d, q) < hqd (t; B =29, q) s vVt € [to =0, T] . (AQl)

w67 Proof. Using the function A (¢) in (3.20)), it can be shown that h.; can be written in terms of the function g.q
1es 10 (3.19)) as follows,

A(u) eww} ) A2

T
1060 hea (t;:6,q) = Q'/t [ged (u;0) — 1] - {W d

w070 Property (i) of Lemma[A 2|therefore immediately follows from the corresponding property (i) of geq (t; ) reported
172 in Lemma [A.1] Next, we observe that A (¢) > 0 for all ¢ > T, while the bounds imply that geq (¢;9) > 1
w72 for all ¢ € [tg,T] and all § > 0. Therefore, since neither g.q (¢;0) nor A (¢) depends on the rate of contribution
w73 ¢ > 0, property (ii) also follows from . Property (iii) is obvious from taking the limit as ¢ 1 7T in .
17a  Considering property (iv), we start by observing that

ceTT(umt), Yu € [t,T]. (A.23)

1075

A(w) er=mu  [A@)e@=me] 0 [e@r-nT _ Cr-nu
A(t)er—mt {A(t) 6(27"—?7)75} ¢ - [e(w—n)T —e@r—nt

176 Combining the expression (A.23) with (A.12]) and (A.11)), we observe that regardless of the sign of (2r — ), we

1077 have

A (u) e(2r—n)u 66T -1
_— < < —_— . .
S Amem—r =S gy el (A.24)

1w7e  Multiplying (A.24) by ¢-[geq (u;6) — 1]-e7"(“=%) > 0, and subsequently integrating u € [t, T, the monotonicity of
1080 integrals together with (3.14), (A.22)) and (A.23)) yields the desired bounds (A.21)) reported in property (iv). O

1081 Note that Lemma does not report the behavior of the function ¢t — h.q (¢; 6, q) for fixed values of ¢ and
182§, since it can be shown (using results (A.22) and (A.8]) ) that

1078 0

1083 %hed (t;6,q) = (7“ + Al(t)> “heq (80,q) — q - [gea (50) — 1] (A.25)

108 The first term of is typically non-negative (for example it is guaranteed if » > 0) by , while the
1085 second term of is non-positive by . Numerical experiments show that ¢t — heq (¢; 6, q) ,t € [to = 0, T
1ss  can therefore be increasing or decreasing on different sub-intervals of [tg, T'| depending on the exact combinations
187 of parameters. However, the properties of h.q (t;0,q) reported in Lemma are sufficient to analyze the
1ss implications of using the CD-optimal control.

s Appendix B: Additional results - comparison of investment strategies
1000 This appendix complements the discussion and results of Subsection [3.4] and Section [5]

wer  B.1: Comparison of expectations and parameters

102 We show that under the assumptions of Section [3| (Assumption Assumption and wealth dynamics
103 (13.11)-(3.12))), the claims (3.30) and (3.31]) hold.

1008 Naturally, some information regarding the benchmark strategy as feedback control @ (t, 144 (t)) = (@k (t, W (t)) ck=1,...
1005 is required, specifically that it has to be at least somewhat economically reasonable. To make this concrete, the
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following two propositions place a very weak requirement on the benchmark strategy, namely that o satisfies

r
a

Bl [Vv (t)-pT@(t,W(t))} =3 (i ) Bl [Vv (t) - o, (mW(t)ﬂ >0, Vtelto,T].  (B.1)

i=1

Condition can be interpreted as a “weighted no short-selling in expectation” restriction, since it is for
example satisfied if Eg”w” [W (t) - 0; (t,VAV(t))} > 0 for all ¢ € {1,...,N7}, i.e. if there is no risky asset
for which the benchmark’s expected investment is negative (this follows since (u; —r) > 0 by assumption).
Condition is clearly reasonable for most benchmark strategies used in practice, where trading (let alone
short-selling) would typically be restricted when W () < 0. Furthermore, considering the application of
in the proofs of Proposition and Proposition it is clear that can be refined substantially when
more is known about the benchmark strategy, for example in the case where the benchmark is a deterministic
function of time (e.g. “glide path” strategies) or a constant proportion investment strategy (see |[Forsyth and
Vetzal (2019))). However, for our current purposes, is convenient due to its relative generality.
We start by verifying the relationship under the assumption of equal parameters, § = .

Proposition B.1. (Comparison of wealth expectations, CD (§) and QD (8 = ¢)) Suppose that Assumption
and wealth dynamics - are applicable. In addition, assume that the given benchmark
strategy P in satisfies the condition .

Let E;(i’dwo va (&8 = 5)] denote the expectation of the QD (8 = 0)-optimal wealth under control (3.1

with parameter value § = &, where § is the value used to obtain Ez)(i;wo (W, (t;6)] under control (3.18). Then

Assumption

B2 Wiy (t:0)] < B [Wey(t:8=0)],  Vte (to,T]. (B.2)

Proof. For any benchmark strategy satisfying Assumption and wealth dynamics 1) let K (t) and x (t)
denote the functions

K (t) = Elowo [W(t)], (t) = Elowo [W(t)-gT@(t,W(t))}, t € fto,T), (B.3)

e e

where the wealth dynamics (3.12) imply that K (£) can be written in terms of ¥ (¢) as
t
K@{) = woe™ —|—/ [X (u) + q] "% du. (B.4)
0

For benchmark strategies also satisfying condition (B.1]), which by (B.3) means that we are given x (t) > 0,
then by (B.4) we also have K (t) > 0. As a result, with 7 given by (3.9), we have

n-K@)+x@t) > 0, Vtel[t,T]. (B.5)

Now consider the investor strategies. Substituting the CD-optimal control (3.18]) into the investor wealth
dynamics (3.11]), we take expectations and use the definitions (B.3)) to obtain

t t
Eg Wiy (6:6)] = woe " +q/ e(r‘"’(t‘“)du+n~/ hea (u; 6,q) - "M dy
¢ 0 0

t
+ / Gea (u38) - [+ K (w) + % (w)] e, (B.6)
0
where h.y and g.q are given by (3.19). . Note that if more is known about the benchmark strategy,
closed-form expressions for K (¢) and x (¢) might allow further simplification of .

Similarly, substituting the QD-optimal control (3.13)) into the investor wealth dynamics (3.11)) and taking
expectations yields

t t
By [Waa (58)] = woel™" +q/ e du 41 / hqa (u; B,q) - "1 du
4 0 0

_|_/Ot AT [Tl K (u) +>A<(U)} e(r=m(t=u) gy (B.7)
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132 where hyq is given by (3.14). Setting 8 = ¢ in (B.7)), the difference in expectations (B.7)) and is given by

Byt Wy (48 = 0)] — Ege™ [Wey (4:9)]
t
= Tl'/ [hga (u; B = 6,q) = hea (u; 6,q)] "M du
0
t
+ / (9T — gea (u;6)] - {n K (u) + j((u)} er=mi=w) gy, (B.8)
0

u3s  From Lemma we know that €7 > g.q (¢;6) ,Vt < T (see (A.12))), while Lemma|A.2|shows that h,q (t; 8 = 6, q) >

137 heq (80,q), V& < T (see (A.21)). Combining these results with (B.5)), expression (B.8) implies that (B.2)
13s holds. O

1130 The following proposition verifies the claim that if we insist on achieving equal expectations of terminal

a0 wealth (3.29)), the parameters satisfy (3.30).

una  Proposition B.2. (Comparison of parameter values 6¢ and B¢, equal expectations £ ). Suppose that Assumption
1142 Assumption and wealth dynamics - are applicable. In addition, assume that the given
a3 benchmark strategy P in satisfies the condition .

1144 If the investor chooses parameter values 6¢, 5 > 0 such that the resulting C’D(5 = 55) -optimal and QD(ﬂ = 55) -
1as  optimal controls both result in the same expected value of terminal wealth &,

B [Wey (116 =6°)] = B Wy (T8 = 5%)] = &, (B.9)
1147 then
1148 (56 > Bg. (BlO)

1as  Proof. Since the benchmark strategy satisfies Assumption wealth dynamics (3.12)) and condition (B.1)), we
uso  know that (B.3)), (B.4) and (B.5]) hold. Considering the QD-optimal strategy, suppose that the investor chooses

us:  the parameter value 5 = 3¢ > 0 for the QD problem such that Etgi’;”o [W;d (T; B¢ )} =¢&. By 1) we therefore
q

1s2  have
B W (Ti0=5°)] < B2 [We (1:59)] =¢. (B.11)

1154 Considering the CD-optimal strategy, the definition of the value of §¢ in together with (B.11)) therefore
1155 implies that

1156 Eto*’wo |: c*d (T, 0= 55)] < Etg%;wg [ c*d (T, 0= 55)]

Qca

E. (B.12)

sz By Lemma we know that for any ¢, the function § — g.q (¢; ) is strictly increasing in § € (0, 00). Similarly,
1ss by Lemma we know that if ¢ > 0, the function & — heq (t; 9, ¢) is also strictly increasing in J, otherwise it
use is identically zero. Therefore, setting ¢t = T in , we conclude that the function § — Ez)‘l’;”‘) (WX, (T;0)] is

ueo  strictly increasing on & € (0, 00). This observation, together with (B.12)), implies that we must have 6¢ > 3¢,
uex thereby proving (B.10)). O

1z B.2: Proof of Proposition
ues  For any ¢ € [to = 0, T, recalling the definition of K (¢) in (B.3), define the functions

a1 (t:8) = B [Woy (1:8)] v (t58) = B [Wey (4:6)]. (B.13)
1es  as well as
F(t) = B [Wey(t:5=0) Rig(t:5=0)] = EZ" Wiy (t:6) - Rig (t:0)]. (B.14)

1167 Using the expressions for the optimal controls (3.13) and (3.18)), and setting 5 = ¢ in the QD-optimal control
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(3.13), F (t) is given by

M)

F @) = [hea(t;0,q) = hea(t;0,9)] - [(2+A)*1ﬁ}k

k

Il
-

83

(K (1:0) = Ko (10)] - 3 [(2+4) 7

k=1
Ng
T g 0] - | By [0 ROJ RS [=87 8] ). @19
k=1

Setting t = to, we have K, (to;0) = K (to;0) = K (to) = wo, so || simplifies to

F(ty) = wp- [de (to;0) — Ry (to; 5)] (by definition ), (B.16)
Ng
= [haa (t0:6.9) = hea (to:6.0)] - Y [(Z+A) &,
k=1
N
+ [ = gea (03 0)] - wo [ R(to) + {(2 +A)7 ﬁh : (B.17)
k=1

By Lemma[A.2] (see (A.21))), we have [hga (to; 6,q) — hea (to; 6,¢)] > 0. Furthermore, by Lemmal[A.1] (see (A.12)),

we have the strict inequality [e‘sT — Ged (to; (5)] > 0. Given the additional assumption of R (ty) > 0 in Proposition
3.7, and since ch\;&l [(2 +A)7! ﬂ} > 0 and wg > 0, we therefore have the strict inequality F (t9) > 0. Using
k

B.16)), we have therefore confirmed that [R;d (to;60) — RE, (tos 5)} > 0, which is the claim (3.32) of Proposition
(!
Setting t =T in (B.15]), we have

F(T) =B (Wi (T30) - Riq (T:6)] — L™ (Wi, (T58) - Riy (T:0)] (by definition (B18)),  (B.18)
N,

Q3

—[hya (T36,) = hea (T36,0)] - 3 [(B+ M) 1|

=
Il
—

Qs

+ K2 (T50) = Koy (T39)] -3 [(B+0) 1]

k=1
FT g ()] - | By @) R )|+ & @)Y [ a0 (B.19)
k=1

By Lemma [eéT — 9ea (T} 5)] = 0, the final term of 1) vanishes, and thus no assumptions (other than
Assumption [3.2) regarding the benchmark strategy is required. In addition, the first term of vanishes as
well, since heq (159, q) = hga (T';9,¢) = 0 by Lemma By Proposition and definitions , we have
K, (T;0) < K;; (T8 = 6), and since Zgil [(2 +A)7! [L}k > 0, we therefore have F'(T') < 0. Rearranging

(B.18]), we therefore obtain result (3.33)) of Proposition

B.3: Proof of Corollary
Recalling the definitions in (3.26)), as well as the definition of F (¢) in (B.14]), by linearity we have

F(it) = Z(L:Fz (t), (B.20)
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where F; (t),i € {1,..., NI} is defined as
RO = B W00) s (:0)] — Bl (W2 50) o 50
= [hqa (t:6,9) — hea (t;6,9)] - [(2 +A)! u}
+ [K2 (456) = Koq (£0)] - {(2—1— A ,11L

[T = gea (B0)] - (Eg™ [ () s W )] + K@) [(B+ M) A] ). (B21)

Comparing (B.21]) with (B.15), it is therefore clear that the results reported in Corollary follow from the

results of Proposition

B.4: Proof of Proposition

We prove Propositionfor the m-compounded CD-optimal strategy (3.37)), since the proof of the m-compounded
QD-optimal strategy (3.36)) proceeds along similar lines. In order to lighten notation in the subsequent

proof, we fix time ¢ and parameter 6 > 0, and drop the arguments to write o = (t, W(t_)), WC[ZL]* =
WC[ZL]* (t;9), W o= W(t*), hea = heq (¢0,9) and geq = gea (t;6).  Similarly, the m-compounded CD-
optimal strategy as per Definition at the given time ¢ with parameter ¢ > 0 will simply be denoted by

g([!;]* = Q[g;]* (t, X[CZL]* (t—; 6)% in this proof.

Let m = 0. By Definition |3.1 g[m:m* is simply the CD-optimal investment strategy (3.18). In particular,

C

given the benchmark strategy @, the assumptions of Proposition imply that by Proposition we simply
have

WO Qo [hcd - (ng]* - gcdw)] (ZAHA) T i+ gV b (B.22)

[m=0]*

. as its benchmark

By Definition Q[CTZZ:”* is the CD-optimal investment strategy that uses strategy o
strategy to be outperformed. Applying Proposition [3.5] again, we therefore have

WG = [ (W )] (T4 M kg G (B23)

Substituting (B.22)) into (B.23]) and simplifying, we obtain

whl ol = {hcd + gedhed — W™+ (gea) W} (ZHA) T i+ (9a)’ W0

- [(%) hed = Wc[tli]* + (gcd)2 W‘| . (2 + A)_l o+ (gcd)2 W b, (B24)

which confirms that (3.37) holds for m = 1. Now assume that (3.37) holds for the (m — 1)-compounded CD-
optimal strategy Q[CZ;_ *, which means that we assume

m—1|x* m—1|x* cm_1 m—1]* m 1 —1 ~ myis -
Wc[d ! 'QLd = [(%) 'th_Wc[d ! + (ed) W} (X +A) 1N+(9cd) W o. (B.25)

By Definition the m-compounded CD-optimal strategy QL’ZZ]* uses g&rg_l]* as its benchmark strategy to be
outperformed, and therefore applying Proposition [3.5] again we have

Wc[Zln]* : Q[crcrll]* = {hcd - (WC[ZT]* - gchc[:inil]*)] ' (2 + A)_l /j" + gch[:inil]* : 9[57;71]*' (B'26)

C

Substituting (B.25) into (B.26)), we therefore obtain

mix mjx c "1 m]x m 2 —1 ~
Wailted” = [{1+gcd<@£—1>}'hch£d] +(gea)" W] (2 A)
+(gea)" W - 0, (B.27)

which confirms (3.37). By induction, (B.27) therefore holds for an arbitrary m € N. Since (3.36) can be
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1223 established using similar arguments, this completes the proof of Proposition [3.9]

12« B.5: Proof of Proposition [3.10

1225 Substituting the m-compounded CD-optimal control (3.37) into the investor wealth dynamics (3.11)), we take
1226 expectations and use the definitions (B.3|) to obtain

t
1227 Et(fv}lvul)f {W[m (t; 5)} = woe(r_")t—kq/o er=mt=w) gy
t ( . m+1
ng (U, 6)) 1 ( - ) t—

+n - cheq (w38, q) - eTTMEW gy B.28

1228 Ui /0 ( God (u; 5) ] d ( CI) ( )
t

n / (9ea (6" [ K () 4 5 (w)] =0, (B.29)
0

1230 As in the case of (B.6| -7 we observe that if more is known about the benchmark strategy, closed-form expressions
123 for K (t) and ¥ (¢) might allow further simplification of -

1232 From Lemma [A.1] we know that geq (t;0) > €% > 1 for t € (to,T] (see (A.12)), while Lemma[A.2]shows that
1233 heg (80,9) >0, VE < T (see ) Combining and with given condition , we obtain,

123 for any m € N and t € (o, 7],

Bl [WhY (:0)] = B (W (19)
(gcd (u; 6))m+1 -1 — _
1236 = . —1]-h. ) celr=m(t=u) g
! /o ( Ged (u;6) — 1 a(uid,q) - Y

t
+/ [(gcd (u30))™ " = gea (us 5)} : [77 - K (u) +>Z(u)} elr=mt=w) gy,

0
1238 > 0. (B?)O)

1230 Using similar arguments, it follows that

to,w [m]* /. to,w % (4.
Bt [qu (t: 5)} B (W (1)
(m+1)BT _ 1 t
e I . L or=m)(t—u)

1241 = n ( eﬂT 1 1) /(; hqd (u7ﬁa Q) € du

t
1242 + (e(m“)BT — eﬁT) . / {77 ‘K (u) + X (u)} e(r=m(t=u) g,

0
1243 > 0- (B.31)

12 From (B.30]) and (B.31)), the result (3.39) has been established.
1245 To show (3.40) for the m-compounded CD-optimal and CD-optimal strategies, we first recall the definitions

12¢6  (B.3]) and (B.13]), and also define

KM ) = 2 [W[m]* (t; 5)] (B.32)

771

12as  Using similar steps as in the proof of Proposition [3.7] it can be shown that

Bl (Wi (:0) - R (1:6)] — Bt W (1:6) - Rl (t:9)
~((gea 8™ 1 - L
1250 = < (;Cd (t; (5) 1 - 1) “heq (t, (5, q) : I; [(2 + A) /L]k
Ny
1251 + (t 5) Cm]* t; 5 2+ A
)= )] 35 [,

Ny

+ ((gcd (t:6)™ ! = gea (t;é)) | Bl [W (1) .72(15)} +E@-Y [(z F A ﬁh . (B.33)
k=1
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At time tg = 0, K}, (t0;0) = Kc[;n]* (to;9) = wo, so the second term of (B.33)) vanishes. Note that the
condition (B.1]) ensures that K (tg) > 0 (see (B.4)) and the associated discussion), while the assumption R (tg) >

0 implies that Eg”w" [W (to) ‘R (to)| = wo - R (to) > 0. Considering in addition the properties of g.q and heg
as per Lemmas and from (B.33)

we therefore have that

Bl (W (1:0) - R (1:6)] — Bt Wea (6:0)- Rig (5:0)] > 0, (B.34)
so that (3.40) holds for the CD-optimal and m-compounded CD optimal strategies. The proof of (3.40) for the
QD-optimal and m-compounded QD optimal strategies uses similar arguments, and is therefore omitted.

B.6: Numerical results: C'D (55), CD ((5 = ﬁg) and QD (ﬁg)

In Subsection |3.4] we noted that the closed-form comparison results were derived under the assumption of equal
parameters (i.e. C'D (4) is compared to QD (8 = 0)), but that comparing results on the basis of equal expec-
tations &£ of terminal wealth (i.e. comparing C'D (55 ) with QD (65)) can be more practical when comparing
investment outcomes. In addition, we claimed in Subsection that the difference ((55 — 65) > 0 is typically
sufficiently small in numerical experiments such that the results from assuming equal parameters (§ — §) = 0 for
analytical purposes is sufficient to gain intuition into the relative behavior of the optimal strategies compared
on the basis of equal expectations. In this appendix, we verify this claim by comparing the results for problems
CD (65), CD (6 = 65) and QD (65).

In the case of closed-form solutions (no constraints), Figure a) can be compared with Figure[5.1|(b), and
Figure B.1|(b) can be compared with Figure a). Note that the qualitative conclusions regarding Figures
and remain unchanged if we use CD ((5 = 65) instead of CD (55) in the comparison with QD (65).

200 .
g QD ()
= 0.8F
3
@ 150
> 0.6
ﬁ w
= A g
= 0.4f
£ 100 (5%
S CD
g CD(6 = 5% o2t
o

50 . . . . . . . . . ' o . : . . . . . . )

0 1 2 3 4 5 6 7 8 9 10 0 100 200 300 400 500 600 700 800 900
Time (years) Terminal wealth
(a) Proportion of wealth in risky asset: 95th pctiles (b) CDFs of terminal wealth

Figure B.1: Analytical solutionsl no constraints, investor portfolio PO, benchmark BMO, data set DS0: Effect of value
of § on problem CD(§). CDFs of W (T'), W}, (T; 0= 65), and W7 (T; 55). In sub-figure (b), the CDF of W, (T; Bg) is
not shown, since it is effectively indistinguishable from the CDF of W7 (T ; 55); see Figure ([5.2)).

In the case of numerical solutions with constraints, Figure [B.2] can be compared with Figure [5.5] and
again qualitative conclusions are not affected, the CDF results of using C'D (§ = %) instead of C'D (6%) remain
similar. Note that the CDFs of QD (65 ) are not shown in Figurebecause they are basically indistinguishable
from the CDF results for C'D (55).

For numerical solutions with constraints, Figure shows how the investment strategy is affected by using
CD (5 = 55) instead of C'D (55 ) in a comparison analysis with QD (BE ) The qualitative conclusions regarding
Figure [5.4] remain unaffected.

In the case of numerical solutions with constraints, Figure [B.4] shows the same results as Figure but

with the results for C'D (6 =p¢ ) added. Again, we observe that the qualitative conclusions regarding Figure
are not affected.
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(b) CDFs of terminal wealth: Testing data (DS1)

Figure B.2: Numerical solutions, with constraints, investor portfolio P1, benchmark BM1, data set DS1: CDFs of
o (T; Bs) on the training and testing data are not shown,
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o (T 55); see Figure (5.5).
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Figure B.3: Numerical solutions, with constraints, investor portfolio P1, benchmark BM1, data set DS1: 95th percentile
of the proportion of wealth invested in each asset over time on the training data set (DS1). Zero investment in Size, thus
it is omitted. Note the same scale on the y-axis, and that the last rebalancing event is at t = T — At = 9 years.

o
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Figure B.4: Numerical solutions, with constraints, investor portfolio P1, benchmark BM1, data set DS1: Probability
of benchmark outperformance over time.

Appendix C: Source data

In this appendix, we provide details regarding the underlying data used to obtain the results presented in Section
Bl as well as the supplementary results in Appendix [B] and Appendix

The historical returns data for the T-bills/bonds and the broad market index were obtained from the CRSPE
Historical returns data for the equity factors Size and Value (see |[Fama and French| (2015] 1992))) were obtained
from Kenneth French’s data libraryﬁ (KFDL). In more detail, the historical time series sourced for the underlying
assets, with naming conventions as in Table [5.2] are as follows:

(i) T30 (30-day Treasury bill): CRSP, monthly returns for 30-day Treasury bill.

(ii) B10 (10-year Treasury bond): CRSP, monthly returns for 10-year Treasury bond.

2Calculations were based on data from the Historical Indexes 2020(C), Center for Research in Security Prices (CRSP), The
University of Chicago Booth School of Business. Wharton Research Data Services was used in preparing this article. This service
and the data available thereon constitute valuable intellectual property and trade secrets of WRDS and/or its third party suppliers.
3See https://mba.tuck.dartmouth.edu/pages/faculty/ken.french/data_library.html
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(iii) Market (broad equity market index): CRSP, monthly returns, including dividends and distributions, for a
capitalization-weighted index consisting of all domestic stocks trading on major US exchanges (the VWD
index).

(iv) Size (Portfolio of small stocks): KFDL, “Portfolios Formed on Size”, which consists of monthly returns
on a capitalization-weighted index consisting of the firms (listed on major US exchanges) with market
value of equity, or market capitalization, at or below the 30th percentile (i.e. smallest 30%) of market
capitalization values of NYSE-listed firms.

(v) Value (Portfolio of value stocks): KFDL, “Portfolios Formed on Book-to-Market”, which consists of
monthly returns on a capitalization-weighted index of the firms (listed on major US exchanges) con-
sisting of the firms (listed on major US exchanges) with book-to-market value of equity ratios at or above
the 70th percentile (i.e. highest 30%) of book-to-market ratios of NYSE-listed firms.

All historical time series were obtained for the period from 1963:07 to 2020:12, and inflation-adjusted using
inflation data from the US Bureau of Labor Statisticsd

For the purposes of illustrating the closed-form solutions of Section [3| in Subsection the (single) risky
asset is assumed to correspond to the broad equity market index evolving according to the dynamics of the [Kou
(2002) model. As a result, log ¢ is assumed to follow an asymmetric double-exponential distribution, with the
PDF of £ given by

fe(©) = vG& O Mgsy (§) + (1 —v) & Mp<eary (§), v e[0,1] and G > 1,( >0, (C.1)

where v denotes the probability of an upward jump given that a jump occurs. Using the filtering technique
for calibrating jump-diffusion processes (see [Dang and Forsyth| (2016)); [Forsyth and Vetzal (2017) for technical
details), the resulting calibrated parameters are presented in Table

Table C.1: Calibrated, inflation-adjusted parameters for asset dynamics (3.5) and (3.10), with fe (¢) given by (C.1).
The calibration methodology of |Dang and Forsyth| (2016); [Forsyth and Vetzall (2017) is used with a jump threshold
parameter value of 3.

Parameter r m o A v G1 G2
Value 0.0074 | 0.0749 | 0.1392 | 0.2090 | 0.2500 | 7.7830 | 6.1074

Appendix D: Additional numerical results

This appendix complements the numerical results of Section [5.1} which focused on the results associated with
data set DS1 in Table In this appendix, we report the key out-of-sample (testing) results associated with
the other data sets in Table F.3

In summary, Figure [D-1] Figure[D.2]and Figure [D.3illustrate that the qualitative conclusions regarding the
out-of-sample performance of the CD-optimal strategy relative to the QD-optimal strategy remain robust to
rebalancing frequency assumptions and different data periods.

Figure compares the terminal wealth distributions obtained for DS1 and DS1b (see Table , and
therefore shows effect on the terminal wealth of using a more aggressive benchmark outperformance target.
We observe that a more aggressive outperformance target (DS1b) increases both the upside and downside
wealth outcomes compared to a more modest outperformance target (DS1), since the resulting optimal wealth
allocations are less diversified in the case of DS1b (see Figure [5.7(a)).

4The annual average CPI-U index, which is based on inflation data for urban consumers, were used - see http://www.bls.gov.cpi
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Figure D.1: Numerical solutions, with constraints, investor portfolio P1, benchmark BM1, data set DS2: Testing
(out-of-sample) results. The CDFs of terminal wealth for CD and QD are indistinguishable.
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Figure D.2: Numerical solutions, with constraints, investor portfolio P1, benchmark BM1, data set DS2b: Testing
(out-of-sample) results.
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Figure D.3: Numerical solutions, with constraints, investor portfolio P1, benchmark BM1, data set DS3: Testing
(out-of-sample) results.

Appendix E: NN approach: hyperparameters and ground truth

In this appendix, we summarize relevant implementation details of the numerical algorithm described in Section
[ and verify the numerical solutions using a ground truth analysis. Note that additional details regarding the
algorithm can be found in [Van Staden et al.| (2023).

In the numerical results reported in Section [} we implemented a fully-connected feedforward NN consisting
of two hidden layers, each with N, + 2 nodes. For training the NN for each problem, 64,000 stochastic gradient
descent (SGD) steps were used based on the Gadam algorithm (Granziol et al|(2020])), each implementing a
mini-batch size of 100 paths. For illustrative purposes, the minimal features were used (time, investor wealth,
benchmark wealth). The adequacy of this configuration was verified using ground truth results (see below), as
well as assessing the stability of results using repeated training on the same data set.

We now consider verifying the results of the implementation of the numerical algorithm using ground truth
results. As discussed in Section [ the proposed NN methodology automatically incorporates the investment
constraints of no short-selling and no leverage. However, the closed-form solutions (Section [3) are based on
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Figure D.4: Numerical solutions, with constraints, investor portfolio P1, benchmark BM1, data set DS2: CDFs of
terminal wealth for CD and QD on the Testing (out-of-sample) results of DS1 and DS1b, illustrating the effect of a more
aggressive outperformance target.

Assumption [3.1] where no such constraints are applicable.

For the purposes of a ground truth analysis, the objective is to show the convergence of the numerical
solutions (under suitable conditions) to the available closed-form solutions. Therefore, instead of changing the
NN methodology to allow for trading in the event of bankruptcy (allowed under the stylized assumptions of
Assumption , we observe as in [Van Staden et al.| (2023)) that a relatively short time horizon (7" =1 year)
and modest outperformance target imply that the closed-form solutions typically do not require short-selling or
leverage. In this case, the numerical solutions (with constraints) can approximate the closed-form solutions (no
constraints) fairly accurately if the underlying data is identical. In terms of generating the underlying data, we
use the parametric framework of Section [3] with parameters as in Table [C.I] Analytical investment strategies
are calculated based on these parameters, while the numerical approach uses 106 Monte Carlo simulations of
these dynamics as training data for the neural network (see Section .

Table [E-T] presents the resulting ground truth comparison results for investor portfolio PO, benchmark BMO
(Table , confirming that the numerical results do indeed correspond to the analytical results, as required.
Note that contributions are set to zero in order to avoid discrete approximation errors when comparing a
continuous contribution rate to discrete contribution amounts made at rebalancing times.

Table E.1: Ground truth comparison, investor portfolio PO, benchmark BM0: wo = 100, ¢ = ¢ (t») =0, T' = 1 year,
£ = 105.25. Analytical solutions based on 360 rebalancing events approximating continuous rebalancing. Numerical
results are based on only 36 discrete rebalancing events to ensure that computation times remain reasonable. The
column “Ratio” gives W (T) /W (T),j € {qd, cd}.

Quantity Analytical solutions: PO Numerical solutions (using NN): PO
BMO QD(B%=0.054) CD(8¢=0.072) BMO QD(B%=0.054) CD(8%=0.072)
W(T) || W, (T)| Ratio W, (T) | Ratio W(T) || Wz, (T) | Ratio W, (T) | Ratio
Mean 104.2 105.3 1.01 105.3 1.01 104.2 105.2 1.01 105.3 1.01
CExp 5% 85.6 80.2 0.93 80.3 0.93 85.6 80.2 0.93 80.3 0.93
5th pctile 90.7 87.4 0.96 87.4 0.96 90.7 87.2 0.96 87.3 0.96
Median 104.1 105.5 1.01 105.5 1.01 104.1 105.5 1.01 105.5 1.01
95th pctile 117.9 122.1 1.04 122.3 1.04 117.9 122.0 1.03 122.2 1.04
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