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The surprising robustness of dynamic Mean-Variance portfolio
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Abstract

Model misspecification errors occur when the investor derives an optimal investment strategy
based on some chosen model for the underlying asset dynamics (the investor model), but implements
this strategy in a market driven by potentially completely different dynamics (the true model). In
this paper, we investigate the surprising robustness to model misspecification of dynamic Mean-
Variance (MV) portfolio optimization under the pre-commitment MV (PCMV) and time-consistent
MV (TCMV) approaches. We find that, since the error in MV outcomes is driven by certain ratios
of combinations of model parameters, individual parameters only play a secondary role, and hence
MYV outcomes are, in general, very robust to model mispecification. Furthermore, under certain
conditions, PCMYV is shown to be less robust than TCMV when no realistic investment constraints
are applied. However, numerical tests show that the opposite can hold true when constraints are
included.

Keywords: Asset allocation, constrained optimal control, time-consistent, mean-variance

AMS Subject Classification: 91G, 65N06, 656N12, 35Q93

1 Introduction

Mean-variance (MV) portfolio optimization, originating with Markowitz (1952), has become the foun-
dation of modern portfolio theory (Elton et al. (2014)). In dynamic settings, since the variance compo-
nent of the MV objective is not separable in the sense of dynamic programming, two main approaches
to perform MV optimization can be identified. The first approach, referred to as pre-commitment MV
(PCMV) optimization, usually results in time-inconsistent optimal strategies (Basak and Chabakauri
(2010)). However, since the PCMV problem is solved using the embedding approach of Li and Ng
(2000); Zhou and Li (2000), the resulting optimal controls are time-consistent from the perspective
of the quadratic objective function with a fixed target used in the corresponding embedding problem
(see Vigna (2014, 2016)). This induced time-consistent objective function (see Strub et al. (2019)) is
therefore feasible to implement as a trading strategy.

The second approach, referred to as time-consistent MV (TCMV) optimization, is based on a game-
theoretic approach (Bjork and Murgoci (2014)). By optimizing only over a subset of controls which are
time-consistent from the perspective of the original MV problem, or equivalently, by imposing a time-
consistency constraint, the resulting TCMV-optimal strategies are guaranteed to be time-consistent
(Basak and Chabakauri (2010); Bjork and Murgoci (2014); Wang and Forsyth (2011)).

Regardless of approach, dynamic MV optimization in a parametric setting requires the dynamics
of the underlying assets in the market to be specified by the investor. The MV problem is then solved
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under the implicit assumption that the specified dynamics provide an accurate description of reality.
It is well-known that incorrect modelling assumptions in portfolio optimization can potentially result
in substantial investment losses (Best and Grauer (1991); Britten-Jones (1999)).

To address this problem, a number of approaches has been proposed in the literature. Perhaps the
most common approach consists of implicitly acknowledging the possibility of using incorrect model
parameters, and then performing a parameter sensitivity analysis of the optimization results (Li et al.
(2015a, 2012); Lin and Qian (2016); Sun et al. (2016); Zhang and Chen (2016)). Another approach
is to consider the MV optimization problem under partial information, where the specified dynamics
for the risky asset might incorporate, for example, a random drift component which is not observable
in the market, with only the asset prices being observable (Li et al. (2015b); Liang and Song (2015);
Zhang et al. (2016)). A third approach consists of explicitly incorporating concerns regarding model
parameters in some way in the objective of the portfolio optimization problem, thereby constructing
a “robust” variation of the original problem - see, for example, Cong and Oosterlee (2017); Garlappi
et al. (2007); Gulpinar and Rustem (2007); Kim et al. (2014); Kuhn et al. (2009); Titiincii and Koenig
(2004). However, it appears that all of the above-mentioned approaches consider a scenario which could
perhaps best be described as parameter misspecification, where the concerns are associated with the
model parameters of a fized assumed underlying model type.

A more general, and perhaps more realistic, situation than parameter misspecification is model
misspecification. Specifically, model misspecification describes the scenario where an optimal invest-
ment strategy (i) is obtained by solving the MV optimization problem based on some chosen model
for the underlying asset dynamics, hereinafter referred to as the “investor model”, but (ii) is then im-
plemented in a market driven by potentially completely different dynamics, unknown to the investor,
hereinafter referred to as the “true model”. The MV outcome in the model misspecification scenario is
potentially different from the MV outcome associated with the investor model-implied optimal strat-
egy obtained in (i). We define the difference between these two quantities as a model misspecification
error.

In the context of PCMV optimization, Dang and Forsyth (2016); Forsyth and Vetzal (2017a)
numerically assess the impact of model misspecification. Preliminary findings therein show that, in
the particular case of PCMV optimization with discrete rebalancing, the MV outcomes of terminal
wealth can be surprisingly robust to such model misspecification errors. By robustness to model
misspecification errors, we mean that these errors are surprisingly small even in cases where there are
fundamental differences between the investor and true models.

Motivated by the above interesting preliminary findings, the main objective of this paper is a
systematic investigation of the robustness of MV portfolio optimization to model misspecification.
Our main contributions are as follows.

e We rigorously define and analyze the model misspecification problem in the context of PCMV
and TCMV optimization, where the risky asset dynamics are allowed to follow pure-diffusion
dynamics (e.g. GBM) or any of the standard finite-activity jump-diffusion models commonly
encountered in financial settings.

e Under certain assumptions, we derive analytical solutions which enable us to quantify the impact
of the MV approach (PCMV or TCMV) and rebalancing frequency (continuous or discrete
rebalancing) on the resulting model misspecification error in MV outcomes. This allows us to
provide a rigorous and intuitive explanation of the robustness of MV optimization.

e Numerical tests are performed to (i) assess the practical implications of the analytical solutions
using realistic investment data, and (ii) to compare the conclusions with numerical results for
the case where multiple investment constraints (liquidation in the event of bankruptcy, leverage
constraint) are applied simultaneously. To draw realistic conclusions from the numerical experi-
ments, we consider multiple models and different calibration choices, with calibration data being
inflation-adjusted, long-term US market data (89 years).



87

88

89

90

91

92

93

94

95

96

97

98

99

100

101

102

103

104

105

106

107

108

109

110

111

112

113

114

115

116

117

118

119

120

121

122

123

124

125

e As an additional check on robustness, we also carry out tests using bootstrap resampling of
historical data.

The remainder of the paper is organized as follows. Section 2 describes the underlying dynamics,
the rebalancing of the portfolio, as well as the PCMV and TCMV optimization approaches. The
robustness of MV optimization to model misspecification is rigorously defined in Section 3, where
new analytical results are derived and discussed. Numerical results are presented in Section 4, while
Section 5 concludes the paper and outlines possible future work.

2 Formulation

Let T > 0 denote the fixed investment time horizon or maturity. We consider portfolios consisting of
a well-diversified stock index (the risky asset) and a risk-free asset, which allows us to focus on the
primary investment question of the risky vs. risk-free mix of the portfolio under the different model
specifications, instead of secondary questions such as risky asset basket compositions!. Furthermore,
since in practical applications investors are mostly concerned with inflation-adjusted outcomes (see,
for example, Forsyth and Vetzal (2017b)), we introduce the following assumption.

Assumption 2.1. (Inflation-adjusted parameters) Both the risky and risk-free asset dynamics are
assumed to model inflation-adjusted (i.e. real) asset returns, so that all parameter values (including
the risk-free interest rate) are assumed to reflect the appropriate real values.

As a result, we make the following assumption throughout this paper.

Assumption 2.2. (Correct real risk-free rate) We assume that the investor correctly specifies the
underlying real dynamics of the risk-free asset. In particular, we assume that the constant, continuously
compounded real risk-free rate, denoted by r, used by the investor is equal to the true real risk-free rate,
which is also assumed to be constant and continuously compounded.

We argue that Assumption 2.2 is reasonable given (i) the long time horizon under consideration
(for example T' = 20 years), together with (ii) the mean-reverting nature of interest rates, and (iii) As-
sumption 2.1, which typically results in an inflation-adjusted (real) risk-free rate of approximately
zero?, as expected. Nonetheless, in Appendix A, we include numerical tests of our conclusions using
resampled historical interest rates to validate our results.

In contrast, we consider the realistic scenario where the investor might make an incorrect assump-

tion regarding the underlying dynamics of the risky asset, which is formalized in Definition 2.1.

Definition 2.1. (“investor model” and “true model”) An investor model is a model specified by the
investor for the (inflation-adjusted) risky asset dynamics of the MV portfolio optimization problem
which is to be solved to obtain the optimal control. The true model is the model that the (inflation-
adjusted) risky asset dynamics follow in reality, which may or may not correspond to the investor
model.

Our distinction between the investor model and true model in Definition 2.1 leads to the following
definition.

Definition 2.2. (Model misspecification) Model misspecification is defined as the scenario where the
investor model does not correspond to the true model, either in terms of the model parameters or in
terms of the fundamental model types (e.g. pure diffusion vs. jump-diffusion).

The following definition distinguishes between two different categories of model misspecification.

!The available analytical solutions for multi-asset PCMV and TCMV problems (see, for example, Li and Ng (2000)
and Zeng and Li (2011)) show that the overall composition of the risky asset basket remains relatively stable over
time, indicating that the overall risky asset basket vs. risk-free asset composition of the portfolio is indeed the primary
investment question.

2See Section 4 for a concrete example using US T-bill rates, where the risk-free rate of 7 = 0.00623 is obtained.
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Definition 2.3. (Category I and Category II model misspecification) A Category I model misspec-
ification is defined as the scenario where the investor makes an incorrect assumption regarding the
fundamental type of model (e.g. GBM vs the Merton jump-diffusion). A Category II model misspec-
ification, or parameter misspecification, is defined as the scenario where the investor model and the
true model refer to the same fundamental type of model, but the investor model’s parameters differ
from the true model’s parameters.

It is implicitly assumed in Definition 2.2 and Definition 2.3 that the investor does not update
the investor model (either the model type or the calibrated parameters) over [0,7]. Not only is this
assumption justified given our aim of quantifying the impact of model misspecification, but it can also
be argued that it is a reasonable assumption if the model and parameter choice is based on a very long
historical time series of data together with a significantly shorter (though still comparatively large)
maturity T - see, for example, Section 4.

We also distinguish between discrete and continuous (portfolio) rebalancing. Discrete rebalancing
refers to the case where the investor adjusts the wealth allocation between the risky and risk-free assets
(portfolio rebalancing) only at fixed, pre-specified, discrete time intervals separated by a time interval
of length At > 0. In contrast, in the case of continuous rebalancing the relative portfolio wealth
allocations are adjusted continuously. In the limit as At | 0, discrete rebalancing and continuous
rebalancing results should agree, as we will show subsequently.

For simplicity and clarity, we introduce the following notational conventions. Quantities applicable
to discrete rebalancing are identified by the subscript At to distinguish them from their continuous
rebalancing counterparts. Additionally, a subscript j € {iv,tr} is used to distinguish the investor
model, denoted by the case of j = iv, from the true model where j = tr.

We will occasionally use the term “investor model-implied” to identify quantities associated with
the investor model. For example, an “investor model implied optimal control” is an optimal control
obtained by solving an MV optimization problem under the investor model j = iv.

In analyzing the model misspecification error, the subscript (iv — tr) is reserved for quantities
related to the case where the investor model-implied optimal control (i.e. using j = iv) is implemented
in a market evolving according to the true model (i.e. j = tr).

Finally, a superscript “p” is used to identify quantities related to PCMV optimization, while
quantities related to TCMV optimization will be denoted using a superscript “c”.

We now describe the model and portfolio rebalancing assumptions in more detail, starting with
the case of discrete rebalancing.

2.1 Discrete rebalancing

Let S; (t) and B (t) denote the amounts invested in the risky and risk-free asset®, respectively, at
time t € [0, 77, where j € {iv,tr}. Let X; (t) = (S (t),B(t)),t € [0,T] denote the multi-dimensional
controlled underlying process, and = = (s,b) the state of the system. The controlled portfolio wealth
W; a¢ (t) in the case of discrete rebalancing is simply given by

Wine(t) =W (S;(t),B(t)) = S;(t)+B(t), te 0, 7], je{iv,tr}. (2.1)
We define 7, as the set of m discrete, predetermined, equally spaced rebalancing times in [0, 77,
T = {tpltn=(n—-1)At, n=1,....,m}, At=T/m. (2.2)

For any functional f, let f (t7) = lim._,o+ f (t —€) and f (t7) == lim._,o+ f (t + €). Informally, ¢~
(resp. tT) denotes the instant of time immediately before (resp. after) the forward time t € [0, 7.
Fix two consecutive rebalancing times t,,t,+1 € T),. Since there is no rebalancing by the investor

according to some control strategy over [tj, i, +1}, the dynamics of the amount B (¢) in the absence

3 As observed in Dang et al. (2017), in the case of the discrete rebalancing of the portfolio, it is simpler to model the
dollar amounts invested in the risky and risk-free asset directly.
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of control is assumed to be given by

dB(t) = rB(t)dt, te [t} t4], (2.3)
with r > 0 denoting the real risk-free rate. Observe that we do not make use of a stochastic interest rate
model, partly due to the inflation-adjusted risk-free rates being approximately zero (see Assumptions
2.1 and 2.2). However, we include a bootstrap resampling test using historical real interest rates to
validate our results (see Appendix A), confirming that explicitly modelling stochastic interest rates
are not particularly important in this setting.

For the purposes of modelling the amount invested in the risky asset, it is reasonable to consider
incorporating (i) jumps and (ii) stochastic volatility in the process dynamics. However, the results
from Ma and Forsyth (2016) show that the effects of stochastic volatility, with realistic mean-reverting
dynamics, are not important for long-term MV investors with time horizons greater than 10 years. As
a result, we incorporate jump-diffusion and pure diffusion models for the risky asset in our analysis, as
highlighted in the following assumption, leaving alternative model specifications for our future work.

Assumption 2.3. (Types of models for the risky asset) We assume that any risky asset model under
consideration, whether the investor model or the true model, can be classified into one of the following
two fundamental model types: (i) pure diffusion (geometric Brownian motion / GBM), or (i) any
of the finite-activity jump-diffusion models commonly encountered in financial settings (such as the
Merton (1976) and Kou (2002) models).

For defining the jump-diffusion model dynamics, let &; be a random variable denoting the jump
multiplier with probability density function (pdf) p; (£), where j € {iv,tr}. For subsequent reference,
we define k1 = E[{; — 1] and Ko = E [(fj - 1)2]. Between any two consecutive rebalancing times

tn,tnt1 € Tpn, we assume the following dynamics for the amount S; in the absence of control,

m;(t)
ds; (t J )
Sj(t()) = (,uj — )\jlﬁj@) dt + O'dej +d E (f; — 1) , te [ti’tr_wrl} , ] € {iV, tI‘}, (24)
J =1

where 1; and o are drift and volatility respectively, Z; denotes a standard Brownian motion, 7; (t) is a
Poisson process with intensity A\; > AO, and 5; are i.i.d. random variables with the same distribution as
§j- 1t is futhermore assumed that &3, ; (t) and Z; for j € {iv,tr} are all mutually independent. Note
that pure diffusion (GBM) dynamics for S;(t) can be recovered from (2.4) by setting the intensity
parameter \; to zero. For subsequent reference, we use At > 0 as in (2.2) to define

. . 1/2 of 1
aj = ettt _ erAt g — [6(2“7”?“]”%2)“ - 62’”“] , Ajar = <¢_]2 : E) , j € {iv,tr}. (2.5)
J

Discrete portfolio rebalancing is modelled using the impulse control formulation as discussed in for
example Dang and Forsyth (2014); Van Staden et al. (2018, 2019), which we now briefly summarize.
Suppose that the system is in state z = (s,b) = (S (¢,,), B (t,,)) for some t,, € Ty,. Let ua; (t,) denote
the impulse value or amount invested in the risky asset after rebalancing the portfolio at time t,, and
let Z denote the set of admissible impulse values. If (S; (¢,), B (t,)) denotes the state of the system

immediately after the application of the impulse uay (t,,), we define
Sj(tn) = uae(tn), B (tp) = (s+b) —ua¢ (tn), Jj€{iv,tr}. (2.6)

Let Aa; denote the set of admissible discretized impulse controls in the case of discrete rebalancing,
defined as

Apar = {um ={uat (tn)tm1, ot tn € T and uae (tn) € Z, forn=1,... ,m} . (2.7)

Let E5l [W;ae (T)] and Vargtr [W; a¢ (T)] denote the mean and variance of the terminal wealth
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as per model j € {iv, tr}, respectively, given that we are in state z = (s,b) = (S (¢,,), B (t,,)) for some
tn € Tm, and using impulse control uay € Aa; over [t,, T]. Using the standard scalarization method
for multi-criteria optimization problems (Yu (1971)), the MV objective using investor model dynamics
(j =iv) is given by

sup (B2 Wit (T)] = p- Varkdy [Wivae (7)) (28)

uat€AAL

where the scalarization (or risk-aversion) parameter p > 0 reflects the investor’s level of risk aver-
sion. Dynamic programming cannot be applied directly to (2.8), since variance does not satisfy the
smoothing property of conditional expectation. Instead, the technique of Li and Ng (2000); Zhou and
Li (2000) embeds (2.8) in a new optimization problem, often referred to as the embedding problem,
which is amenable to dynamic programming techniques.

We follow the convention in literature (see, for example, Cong and Oosterlee (2017); Dang and
Forsyth (2014)) of defining the PCMV optimization problem as the associated embedding MV prob-
lem*. Specifically, in the case of discrete rebalancing, PCMV s (t,;7) denotes the PCMV problem at
time ¢,, using embedding parameter v € R under the assumption that the investor model is used,

(PCMV i (tn:y)) VR, (s,b,ty) = inf EDn |:(I/Viv,At (T) — 1)1 7 v €R, (2.9)
uat€EAAL 2
where the risk-free and risky asset dynamics between rebalancing events are respectively given by
(2.3) and (2.4) with j = iv. The optimal control which solves (PCMV a; (tn;7)) will be denoted by
u?:,At = {ufj’m (ty) :k=mn,... ,m}.

For any fixed value of v € R, we note that the optimal control uf’: A, 18 a time-consistent control for
the corresponding quadratic shortfall objective function in (2.9), and is therefore feasible to implement
as a trading strategy (see Strub et al. (2019)).

The TCMV formulation involves maximizing the objective (2.8) subject to a time-consistency
constraint (see, for example, Wang and Forsyth (2011)), so that the resulting optimal control is time-
consistent from the perspective of the original MV objective. In the case of discrete rebalancing, given
that the portfolio is in state z = (s,b) = (S(t,), B (t,)) for some t,, € T, the TCMV problem is
defined for p > 0 by

(TCMVar (tuip) s Vs (sbitn) = sup (E5S Wt ()] = p- Varidy Wi (1)) (2:10)
UAtEAAL
s.t. ua; = {uAt (tn),uf\f’m (tn+1),...,uf\f’m (tm)}, (2.11)

where ug; \, = {uf\f arte) ik=m, ... ,m} is the optimal control® for problem TCMV z; (tn; p).

Remark 2.4. (Portfolio optimization and model misspecification) The PCMV and TCMV problems,
and associated optimal controls, have been defined using only the investor model (j = iv). While
the formulation and analytical results presented in this section also hold for j = tr, this seemingly
additional generality obscures the fact that by practical necessity, these problems are defined and solved
by the investor only under the investor model dynamics (which the investor believes to be correct),
which may of course agree with the true model dynamics in the special case where j = iv = tr.

The following lemma gives the analytical solutions for the PCMV and TCMYV problems in the case
of discrete rebalancing with no investment constraints.

4For a discussion of the elimination of spurious optimization results when using the embedding formulation, see Dang
et al. (2016). Note that it might be optimal under some conditions to withdraw cash from the portfolio (see Cui et al.
(2012); Dang and Forsyth (2016)), but in order to ensure a like-for-like comparison with the TCMV results, we do not
consider the withdrawal of cash. While this treatment potentially penalizes large gains, the robustness of the PCMV
problem incorporating free cash flow is numerically investigated in great detail in Forsyth and Vetzal (2017a), and it is
clear from their results that the fundamental conclusions of this paper are not affected by excluding the withdrawal of
cash.

Sufv*’ A satisfies the conditions of a subgame perfect Nash equilibrium control, so that the terminology “equilibrium”
control is sometimes used (see e.g. Bjork et al. (2014)). We follow for example of Basak and Chabakauri (2010); Cong
and Oosterlee (2016); Wang and Forsyth (2011) and retain the terminology “optimal” control for simplicity.
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Lemma 2.5. (Discrete rebalancing: investor model, no investment constraints) Assume the discrete
rebalancing of the portfolio, with given state v = (s,b) = (S (t,), B (t;))) and wealth w = s+b for some
tn € Tm, n € {1,...,m}, investor model wealth dynamics (2.1) with j = iv, and that no investment
constraints are applicable (Z = R). Solutions to problem PCMV ay (tn;y) in (2.9) are given by

Anr AL e v
PE(t) = . T (T—tn) [_ _ r(T—tw} —1,... 2.12
uw,At( ") (1 +Aiv,At - At) i € 9 we y T ) , M, ( )

1 B <1 B AiQAt . At )m—n—l—l
(14 Ajpar - At)

1
Apar- At \™H Aac- At \~mmmeD 12
- v, At w,At
e v ) = (1- : 1= 7 -
Stdevu%,m [(Wiv.ae (T)] < 1+ A - At)) [( (14 Ajpar - At))

Eiét*n [Wiv,At (T)] _ wer(T—tn)_'_

v, At

(3 —wer™=] , 2.13)

X [% - weT(T_t")} . (2.14)

Solutions to problem TCMV ay (tn;p) in (2.10)-(2.11) are given by

1 erAt -
u?:,At (tn) = % : (Aiv,At : At) : a— . eir( 7t"), n=1,...,m, (215)
w
_ 1
Ep [Winad(T)) = we'T=) 4 5, Anae (T —tn), (2.16)
T, ln 1
Stdeviir, Wiad(T)] = 5oy Awac (T = t), (2.17)

Proof. The PCMV results (2.12)-(2.14) can be obtained by applying the results of Li and Ng (2000)
to our formulation, while TCMV results (2.15)-(2.17) using the impulse control formulation can be
found in Van Staden et al. (2019). O

2.2 Continuous rebalancing

In the case of continuous rebalancing, we specify the controlled wealth dynamics of the self-financing
portfolio in terms of a single stochastic differential equation by (implicitly) modelling the value of a
unit investment in each asset (see, for example, Bjork et al. (2014); Zeng et al. (2013)).

Let W; (t) also denote the controlled wealth process in the case of continuous rebalancing, where
we again distinguish the dynamics of the investor model and true model using j € {iv,tr}. Let u :
(W (t),t) = u(t) =u(W;(t),t), t €[0,T] be the adapted feedback control representing the amount
invested in the risky asset at time ¢ given wealth W (t), and let A = {u (t) = u (w,t)| v : R x [0,T] — U}
denote the set of admissible controls in the case of continuous rebalancing, where U C R is the admis-
sible control space.

If the unit value of the risky asset has the same dynamics as (2.4), then the dynamics of W; (),
for j € {iv,tr}, is given by

7 (t)
dW;(t) = [rW; )+ (5 — A\jkja —r)u (b)) dt + oju(t)dZ; + u(t)d Z (&-1)].(218)
i=1

For subsequent reference, we define the following combination of parameters associated with (2.18),

(1 —1)° R
A, = L2 € {iv, tr}. 2.19
j P j € {iv,tr} (2.19)

Given state = = (s,b) at time ¢ € [0,7] and w = s + b, we denote the mean and variance of
terminal wealth W (T) under control u, respectively, by Ey"' [W; (T)] and Vary"* [W; (T)]. In the
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case of continuous rebalancing, the PCMV optimization problem PCMYV (t;~) is given by

(PCMYV (t;7)) : VP (w,t) = UI,IEI.E\E;Ut [(Wiv (T) - %)2] , v € R, (2.20)

where the controlled wealth Wi, has dynamics given by (2.18) with j = iv. We denote by uf’v* the
optimal control which solves (PCMV (t;7)) using the investor model dynamics.

We follow Wang and Forsyth (2011) in defining the TCMV problem in the case of continuous
rebalancing, TCMV (t; p), as

(TCMV (t;p)): VC(w,t) = sup (BEY' Wi (T)] —p-Vary Wiy (T)]), p>0, (2.21)
ucA
st ufy (by,v) = uy (tsy,v), forv>t ¢ e[t,T], (2.22)

where u{ (t;y,v) denotes the optimal control for problem TCMYV (t; p) calculated at time ¢ and to be
applied at some future time v > ¢’ > ¢ given future state Wiy (v) = y, while uf* (¢';v,y) denotes the
optimal control calculated at some future time ¢’ € [t, T] for problem TCMV (; p), also to be applied
at the same later time v > ' given the same future state Wi, (v) = y. To lighten notation, we will
simply use the notation u{ (t) to denote the optimal control for problem (2.21)-(2.22).

We have the following analytical solutions for the PCMV and TCMV problems in the case of

continuous rebalancing with no investment constraints.

Lemma 2.6. (Continuous rebalancing: investor model, no investment constraints) Assume the con-
tinuous rebalancing of the portfolio, with wealth w at time t € [0,T], investor model wealth dynamics
(2.18) with j = iv, and that no investment constraints are applicable (U =R). Solutions to problem
PCMYV (t;7) in (2.20) are given by

A; y
Py - i -t [V r(T-t) 9.23
W) = e | —wer ] (223)
EZLU,,’E Wi (T)] = we' ™ 4 (1 - efA“’(Tft)) [% - wer(Tft)} , (2.24)

1
Stdevt [Wiy (T)] = e A0 [eAMT—t) - 1} : [g —wer(T_t)]. (2.25)
Solutions to problem TCMV (t;p) in (2.21)-(2.22) are given by

1 A
uy (1) = 5o e, 2.26
Q 20 (piw—1) (2.26)

1
Eyt Wiy ()] = wer™ + 5,40 (T =), (2.27)
1

Stdev's! Wiy (T)] = 5 Ay (T —t). (2.28)

Furthermore, taking the limit as At | 0 in the discrete rebalancing results (2.12)-(2.14) and (2.15)-
(2.17) recovers the continuous rebalancing results (2.23)-(2.25) and (2.26)-(2.28), respectively.

Proof. The PCMV results (2.23)-(2.25) can be found in Zhou and Li (2000); Zweng and Li (2011),
while the TCMV results (2.26)-(2.28) are given in Basak and Chabakauri (2010); Zeng et al. (2013).
The convergence results as At | 0 using our impulse control formulation can be found in Van Staden
et al. (2019). Here we simply observe that (2.2) implies (m —n + 1) At = T — t,,, and we note the
following limits which are useful for proving subsequent results: limay o Aiv,a¢ = Ajy and

lim Aivar - A = lim
A0 iy (1 4+ Ajy ar - At)  AL0 Qv (tiv — )" Atlo

Ajy.ar - At Aiy . Ajoac- At \YAT
. = lim (1 — ’ = e 4iv,
(1 + Aiv,At . At)
(2.29)



292

293

294

295

296

297

298

299

300

301

302

303

304

305

306

307

308

309

310

311

312

313

314

315

316

317

318

319

320

321

322

2.3 MV efficient points under the investor model

The following definition of MV efficient point and MV efficient frontier is standard in the literature
(see, for example, Dang et al. (2016)).

Definition 2.7. (MV efficient point, MV efficient frontier) Assume a given initial state xo = (s, bo)
with initial wealth wg = sg + by > 0, at time tg = ¢; = 0, and investor model wealth dynamics (2.1)
with 7 = iv. For a fixed value of the scalarization parameter p > 0 and the embedding parameter
v € R, an MV efficient point in R? is defined as follows:

(5,6 = (St Wiy ()], BA2" Wiy () for POMV (tg:7).

e - (8,8 = (Stdev;”i%’to Wiy (T)], By [mv(:r)]), for TCMV (to; p),230)
’ (S.E)P = <Stdev$2*tit[ Wiva: (T)], Ezotz [WiV,At(T)D, for PCMV , (th ,
| (85 = (Stdevjjgv;fi[ v (D] S (Wi (T)]), for TCMV a; (to: p) -

The MV efficient frontiers traced out in R? using (2.30) are respectively given by )P = U (8,5)17’,
vER

Y= U (8,5);, ygt = U (8’5)17)7At’ and th = U (S’g);:),At’

p>0 yER p>0

It is well-known that the coordinates of the MV efficient point in Definition 2.7 exhibit a linear
relationship if no investment constraints are applicable. This is given by the following lemma.

Lemma 2.8. (MV efficient point linear relationship, no investment constraints) If no investment
constraints are applicable, the relationship between the coordinates (S,E) of an MV efficient point in
Definition 2.7 is given by

E = wee'T +Ty-S, (2.31)

where Ty, the slope of the associated efficient frontier, is given by

1
re = (eMT —1)7, for PCMV (to;7),
IS = AT TCMYV (to;
Ty = ¢ o v o, Jor TOMV (toip), (2.32)
FmAt = [(1+ Aw,At A" —1]2, for PCMVaq (to;7)
F(i:v,At = vV A niT, for TCMYV a4 (tOQ p)-

Here, Aj, ar and Aj, are respectively defined in (2.5) and (2.19).

Proof. Follows from rearranging the results of Lemmas 2.5 and 2.6. O

2.4 Investor efficient point

After considering the MV efficient frontier (Definition 2.30), by necessity, the investor has to choose a
particular reference MV efficient point according to their risk appetite/preferences. We make the prac-
tical assumption that the investor chooses some target value of the investor model-implied standard
deviation of terminal wealth, Sy, with the intention of implementing the corresponding optimal strat-
egy over [0,7]. Associated with the fixed target Sj, is a particular expected value of terminal wealth
Wiy (T'), denoted by &y, for which the pair (Siy, &iv) is an MV efficient point as per Definition 2.7. In
subsequent discussion, we refer to the point (Siv, &yv) as an investor efficient point.

Naturally, in this case, fixing the target Si, > 0 is equivalent to fixing particular values of the
parameter p € {piv, piv.at} and v € {7iv, 7iv,at}. That is, with these fixed values, the optimal controls
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of PCMV (to;viv), TCMV (to; piv), PCMV At (to; Viv.ae) and TCMV a¢ (to; piv.ae) all achieve a standard
deviation of terminal wealth Wi, (T") equal to Siy. These values can be obtained by (numerically)
solving for p € {piv, piv,at} and v € {7iv, Viv,a¢} in the (non-linear) equations

S ={(8)%(S)sn s and S = {(3)2, (5)?;7&} , (2.33)

where (S)5, (S)§ as» (S)5, and (S)! 5, are defined in Definition 2.7. When investment constraints are
not applicable, the values of 7iy, piv, Yiv,At, and piy.A¢ can be obtained in closed-form as follows:

_1
Yy = 2wt +28;, - e T [eAivT -1] 2, (2.34)

piv = VAST/(2-Sw), (2.35)

A; - At - A - At o
. — rT . o iv,At - iv,At -
vvar = 2woe’T +28;, (1 o At)) "‘{(1 e At)) 1] ,(2.36)
pivaat = Aiwal/(2-Sy), (2.37)

with Ajy A and Ajy, respectively given in (2.5) and (2.19). We now formally define an investor efficient
point.

Definition 2.9. (Investor efficient point) For a fixed target S, > 0 for the investor model-implied
standard deviation of terminal wealth, an investor efficient point, denoted by (Siy, &), is defined as

(Stdevw,f’fo (Wi (T)], B2 [W, (T)]> for PCMV (to; 7iv)
<5tdev;"£f0 Wi (1)), B2 Wy (T)]) for TCMV (to; piv)
(Siv, &) = ( v (2.38)

1v At 1v At

Stdev™0" [Wiyae (T)], EZ02" [Wiv.ae (T)]> for PCMV a; (to; Yiv.Ar) »

(Stdevzg*to (Wiv.at (1)), Exg*tAot Wiy, At (T)]) for TCMV A (to; piv.at) -

Here, 7iv, piv, Viv,at and piy A are obtained by solving (2.33). When investment constraints are not
applicable, these values are given in (2.34)-(2.37), respectively.

We conclude by noting that, without investment constraints, (Siy, &) also satisfies Lemma 2.8.

3 Analysis of robustness

3.1 True efficient points and efficient point errors

We take the perspective of an investor who believes that the investor model provides a sufficiently
accurate representation of reality. The investor has fixed an investor efficient point (Siy,&iv) (Defi-
nition 2.9). Associated with this efficient point is an investor model-implied optimal control u}, €

{uf : Aps u1V Ab> ufj , ulv} This control is obtained by solving the respective MV optimization problem

under the investor model with v € {7y, %iv,at} or p € {piv, piv,ac} being solution to (2.33). When
no investment constraints are applicable, these v and p values are given by (2.34)-(2.37), and the
closed-form of u, are given in Lemma 2.5 or Lemma 2.6.

The optimal control wj, is then implemented under the true model (Definition 2.1) over the in-
vestment time horizon [0,7] in a market where the risky asset evolves according to the dynamics
(2.4) given by the true model j = tr. The resulting mean and standard deviation of the true terminal
wealth under the control u}, are respectively denoted by Exqi" [Wtr At (T)] and Stdevxqi" [Wtr A (T)]

in the case of discrete rebalancing, where g € {p, ¢} (pre- comm1tment or time- consmtency) Similarly,
for the case of continuous rebalancing, we have the notation qu* (Wi (T')] and Stdequf (Wi (T)].

These MV outcomes are collectively referred to as the “true efficient point”, and are denoted by
(S(w—m), E(W_>tr)). We formally define the true efficient point (S(IVﬁtr),E(w_)tr)) in Definition 3.1.

10
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Definition 3.1. (True efficient point) Associated with each investor efficient point (Siy, &) defined
in Definition 2.9 is the true efficient point (S(iv_m), E(iv_m)), defined by

(Stdevt:'® [Wer (T)], L [Wae (1)) aw. PCMV (to; %)

(Stdevy® Wi, (1) Ew Wi (T))) aw. TCMV (to: piv)
(Stivstr)s Evrtr) = (St e (We e (1)) B2 [We (T)]> . POMVA (twv(A 1?

<Stdev£?§2t [Wient (T)], E xOvtO Werae (T )]) a.w. TOMVa; (to; piv.at) -

Here, iy, pivs Viv,at and piy a¢ are obtained by solving (2.33). When investment constraints are
not applicable, these values are given in (2.34)-(2.37), respectively. Note that “a.w.” abbreviates
“associated with” for purposes of clarity.

In a model misspecification scenario, the true efficient point (S(iV—H;r) , S(iv_m)) does not necessarily
coincide with the investor efficient point (Siy, &yv). In Definition 3.2, we formally define three different
measures of the resulting error or difference between the above-mentioned points, each measure being
associated with certain advantages and disadvantages.

Definition 3.2. (Efficient point error, relative efficient point error, error norm) The efficient point
error is defined as (AS,A€f) = (S(iv—>tr) — Siv, Elivotr) — &V). The relative efficient point error is
defined as

Siv r — Siv giv r_giv
(BAS, %AE) = (=i , livotn) x 100. (3.2)
Siv giv
The (relative) error norm is defined as the Euclidean norm of (%AS, %AE), namely
Rivom = \(BASY + (HAE). (3.3)

We observe that (3.2) enables the investor to distinguish the sign and contribution of the standard
deviation and expected value components to the error. For example, all else being equal, the investor
is likely to prefer an outcome of (—%AS,+%AE) to an outcome of (+%AS, —%AE). In contrast,
(3.3) reduces the relative efficient point error to a single number, so that all else being equal, a smaller
value of Ry would imply that the MV results for that particular choice of (iv — tr) are more
robust to model misspecification errors. In this sense, the relative efficient point error (3.2) and error
norm (3.3) are complementary measures of the extent to which the MV outcomes are robust to a
model misspecification error.

While the investor does not have access to the true wealth dynamics, for analysis purposes, we
assume the true model belongs to a certain class of dynamics (see Assumption 2.3). This assumption
allows the computation of the mean and variance outcomes of the above-mentioned implementation
of u,. When investment constraints are not applied, these outcomes can be computed in closed
form (Subsection 3.2 below), enabling the derivation of some interesting results. When investment
constraints are applicable, the computation of u, and its implementation under the true model must
be achieved by a numerical method. More details for this case are given in Subsection 3.3.

3.2 No investment constraints

We introduce below ratios involving combinations of model parameters which play a key role in the
subsequent analysis.
r Oty Jt2r + AtrKir,2

2
t - )
M=t = [=Ju T 2 LAtzwt;.
Hiv — T alv o, + )\ivﬁiv,2 iv

(3.4)

11



390

391

392

393

394

395

396

397

398

399

400

401

402

403

404

405

406

407

408

409

410

411

412

413

414

415

416

417

418

419

420

421

422

423

Note that limas o Mar = M and limago Las = L. The ratios (3.4) capture the degree to which the
investor model (j = iv) and true model (j = tr) agree in terms of the expected excess returns and
variance of returns of the risky asset®. Perfect correspondence between the investor model and true
model obviously implies that the ratios (3.4) are equal to one, but the converse does not necessarily
hold.

Starting with the case of discrete rebalancing, we have the following analytical result.

Theorem 3.3. (Discrete rebalancing - MV of true terminal wealth, no investment constraints) Assume
the discrete rebalancing of the portfolio, a given state x = (s,b) = (S (t;,),B(t;,)) and wealth w =
s+ b for some t, € Tpy, n € {1,...,m}, and that no investment constraints are applicable (Z = R).
Implementing the investor model PCMV-optimal control uﬁim given by (2.12) in the true model wealth
dynamics (2.1) with j = tr, results in the mean and standard deviation of the true terminal wealth

respectively given by

MagAipar - AL\
Z,tn _ r(T—ty) . AT A At [1 _ r(T—tn)]
Euﬁ,*,m Wirae (T)] = we + |1 <1 T+ Amar A At> 5 — we , (3.5)
MagAp g - A\ ™™ LagAua - At o
Stdev™yr [Winat (T)] = (1 - %) 14 AtAiv At i .
YAt 1+ Ajpae- At (14 (1 = Mag) Aijp,ar - At]
X [% - wer(T_t”)] . (3.6)

Similarly, implementing the investor model TCMV-optimal control uf;m given by (2.12) in the true
model wealth dynamics (2.1) with j = tr, gives

_ 1
EZt"N (Wirae (T)] = we"™=) 4 3 MatApat (T = tn), (3.7)
T,tn 1
Std@vu%At [Wtr,At (T)] = %\/LAtAiv,At (T - tn) (38)

Proof. We summarize the proof of (3.5)-(3.6), since the results (3.7)-(3.8) are obtained in a simi-

lar way. Using the auxiliary functions and recursive relations g}, (z,t,) = Ei,’,t*"A (Wirar (T)] =
iv,At
ytn — . itn tn -
qufjm [ggt (X (tn+1) ’thrl)] and hgt (z,tn) = Ezfv*m |:Wt2r,At (T)} = qufjm [hit (X (thrl) ’t"+1)]’

where X (t;_H) = (Str (t;_H) ,B (t;_H)) and Sy has dynamics (2.4) with j = tr, we solve problem
PCMV a¢ (tn;~y) recursively backwards from n = m using terminal conditions gX, (2, tm+1) = (s +b) =
w and hR, (z,tm41) = w?. Using backward induction on n, it follows that the function g4, satisfies
(3.5), while the function A%\, is given by

(m—n+1)
MaiAigar - At\?  LatAigar - At 2
hit (2,0n) = <1 _ MaAtAiv,At ) AtAiv, At . P wer(Tftn)]
1+ AiV,At At (1 + Aiv,At . At) 2
Y MagAig,ag - AL\ 7 H(T—ty) 72

o (2 (1 - 2facdivar 2t T _ n AN 3.9
(2)( 1+Aiv,At-At> {2 we }+<2> (3.9)
Taking the square root of b}, (z,t,) — (g4, (2, tn)]2 gives (3.6). O

In the case of continuous rebalancing, the corresponding analytical results are given below.

Theorem 3.4. (Continuous rebalancing - MV of true terminal wealth, no investment constraints)
Assume the continuous rebalancing of the portfolio, with given wealth w at time t € [0,T], and that
no investment constraints are applicable (U =R). Implementing the investor model PCMV-optimal
control ub given by (2.23) in the true model wealth dynamics (2.18) with j = tr, results in the mean

%This follows since we can write, informally, E [dS; (t) /S; (t7)] = p;dt and Var [dS; (t) /S; (t7)] = (07 + Ajkj.2) dt.

12
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and standard deviation of the true terminal wealth respectively given by

E;Upf (Wi (T)] = we' T8 4 [1 - e_MA"“(T_t)} [% — weT(T_t)} , (3.10)
1
Stdev;‘;’i Wy (T)] = o~ MAu(T—t) [eLAw(Tft) _ 1] 2 [% B wer(T—t)] . (3.11)

Implementing the investor model TCMYV-optimal control u$; given by (2.26) in the true model wealth
dynamics (2.18) with j = tr, gives

1
EYL Wiy (T)] = we’“(T_t)+2—p-MAw(T—t), (3.12)

1
Stdev's! Wy, (T)] = % LA, (T —1). (3.13)

Proof. We summarize the proof of (3.10)-(3.11), since the proof of (3.12)-(3.13) proceeds similarly. Im-
plementing control ul” (¢) as per (2.23) in the true wealth dynamics ((2.18)) for the case of continuous
rebalancing, we establish that the auxiliary function ¢? (1) = ¢? (1;w,t) = E;Upf Wie (T)],7 € [t,T]
satisfies the following ODE, N

P
dgd(T) = (T—MAiv)gp(T)+MA1V%€_T(T_T)a Te(tT],
T
0 = w (3.14)

which is solved to obtain ¢? (T') = E;”pf (Wi (T)] given by (3.10). Using Ito’s lemma to obtain

the dynamics of the squared true wealth W2 using control ufj (t), the auxiliary function h? (1) =
h? (15w, t) = E;Upf [Wfr (T)] , T € [t,T] satisfies the ODE

dnr(r) _ gt (r—MAw)(r—t)—r(T—7) | Y _—2r(T—r) ~MAy(r—t)
o = 2= DA (5] [ue e (1-¢ )]
+[2r + (L — 2M) Ay WP (7) + LA (1)2 e 2T s (1,T]
v v 2 ) ) 7
RP(t) = w? (3.15)
which is solved to obtain AP (T') = E;"pf (W2 (T)]. Together with (3.10), this gives (3.11). O

Although the discrete and continuous rebalancing formulation is structurally different, Lemma 3.5
establishes the expected convergence result in the limit as A¢ | 0 in (2.2).

Lemma 3.5. (Convergence, no investment constraints) Fix a rebalancing time t, € T, and state
x=(s,b)=(S(t,),B(t,)). Set time t =t, and wealth w = s+ b. Taking the limit as At | 0 in the
discrete rebalancing results (3.5)-(3.8), we have

lim E50 (Wiae (T)] = E%52 Wi (T)], lim Stdev®;r  [Winar (T)] = Stdev's2 [Wir (T)],(3.16)

AtL0 Wi, At v Atl0 v, At
Effo E;f%; Waa (T)] = Egg (W (T)], Effo Stdevggm (Wirat (T)] = Stdev;'g (W (T)] . (3.17)

Proof. This follows from the limits (2.29), as well as

1/At
MayAso ap - AL VA LA ap - At
lim (1_ AtAiv, At ) :e—MAiV’ lim |1+ Ativ At . :eLAiv.
L+ Ao & A0\ " (14 (1 = Mag) Awae - A

(3.18)
O

13



452

453

454

456

457

458

459

460

461

462

463

464

465

466

467

468

469

470

471

472

473

474

475

476

477

478

479

480

481

482

483

3.2.1 Quantifying robustness

As a first step toward quantifying the MV robustness with respect to an efficient point error, we
show that, when no investment constraints are applicable, the efficient point error can be expressed
elegantly in terms of S;, using the notion of error multipliers.

Lemma 3.6. (Efficient point error in terms of error multipliers, no investment constraints) Assume
that no investment constraints are applicable. We have

g(iv%tr) & = G(ivatr) Ty - Siw, (319)
S(iv—>tr) =S = \Ij(w—n‘r) - S (320)

Here, the appropriate slope Ty, of the investor MV frontier defined in (2.32). The error multiplier
O (jusr) associated with the expected value error (8.19) is given by

Gz()ivﬁt?“) = [(1 — e*MAWT) / (1 - e*AWT)} -1 a.w. PCMV (to; viv) ,
c _ o ..
Olivstry = ;MHW) - 1_1E1+(1—MA,5)AW7M.At)m(1+AW7M.At)_m e TOMV i) (’3.21)
@(w—m),At = (14 A At) — 1, a.w. PCMV a¢ (to; Yivat)
fiv—>tr),At = My — 1. a.w. TCMVAt (tO; piv,At) 5

The error multiplier W ;4 associated with the standard deviation error (3.20) is given by

WOy = MDA [(PAT — 1) / (AT — 1)]? ~ 1, a.w. PCMYV (to; vi)
Voo = Vi =VL—1, a.w. TCMV (to; pav) , (322)
\Iﬂ(?iwtr),Atv a.w. PCMV a¢ (to; Vivat)
Vi, ae = Viar =1, a.w. TCMV ay (to; piwv,at)
1
where \Pl(jivﬁtv”),At - L Mg AMT);LAt : A1t/]2m ’ [( Farua .,At 2>m - 1] 2 - L
[(1 + Az‘v,At . At) — 1] [1 + (1 - MAt) Aw,At . At]

In the above, Aj,ar and Aj, are respectively defined in (2.5) and (2.19).

Proof. The results (3.19)-(3.22) follow from combining and rearranging the results from Theorem 3.4,
Theorem 3.3, and Lemma 2.8. ]

The analytical results of Lemma 3.6 allow us to draw several interesting conclusions about MV
robustness to model misspecification errors. Specifically, consider a fixed T', and, for discrete rebal-
ancing, a fixed At. Examination of (3.19)-(3.20) indicates that the efficient point errors depend on (i)
the investor target Siy, (ii) the ratios M, Ma¢, L, and L, defined in (3.4), as well as (iii) Ajy,a¢ and
Aiy. Note that, once selected, the target Si, remains fixed. For a chosen investor model, A;, A+ and
A;y are also fixed, since they depend only on the parameters of the investor model. The ratios M,
May, L, and Ly, defined in (3.4), depend on certain combinations of parameters of both the investor
and true models, not individual parameter values. These ratios play a key role in quantifying efficient
point errors, implying that individual parameter values only play a secondary role. Specifically, the
closer the ratios M, Ma;, L, and La; are to one, the smaller the model misspecification errors, hence
the more robust MV outcomes, regardless of differences in fundamental types or individual parameter
values between the investor and true models.

Finally, the impact of a model misspecification error on the tradeoff between mean and variance
of terminal wealth is worth highlighting. In particular, the slope I'y, = (Siv - woe’"T) /Siv (see Lemma
2.8) can be interpreted as the price of risk (Zhou and Li (2000)) as per the investor model. All else
being equal, the investor would prefer a larger slope, since for a fixed level of risk as measured by Siy,
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a larger slope would imply a larger value of &. However, the true efficient point (S(iv—H:r)a E(iv_m)) is
associated with a different (true) price of risk, I'Gy_y), which is quantified by the following lemma.

Lemma 3.7. (True price of risk, no investment constraints). If no investment constraints are appli-
cable, the true price of risk I () is related to the price of risk according to the investor model, 'y,
as follows:

g(ivﬁtr) - wOerT |:1 + G(ivﬁtr)] T

_ — 3.23
1+ \Ij(w—n‘r) ( )

T, = =
(iv—tr) 8( i)
with the values of O (i) Y(ivstry and Ly given by (3.21), (3.22) and (2.82) respectively, all
consistent with the chosen investment objective and rebalancing frequency. In particular, T,y is
given by

) ) —1/2
Dy = [eMAT — 1] [elAnT — 1] 712 a.w. PCMV (to; 7).
Ty = [MALT) [LA,T)Y? = /A,T, a.w. TCMV (to; piv) ,
Lo tr) » 3.24)
F(iv—)tr),At’ a.w. PCMV (tO; ’Yiv,At) )
F?ivﬁtr),At = [MatAiaiT) [LAtAw,AtT]_l/Q = VAl aw. TCMV sy (to; Piv,At) 5

MnaiAip At - At) - 1

m —1/2
LaA; - A
where P’(’iHm Ap = ( _—atwa —- 1+ AtAw At - At I ‘
7 1+ Aiar- AL [1+ (1 — Mag) Aj,ar - At

Proof. The results follow from Lemma 2.8, Definition 3.1 and Lemma 3.6. U

Lemma 3.7 has some interesting theoretical consequences, which we illustrate using the case of
continuous rebalancing. According to the investor model, Lemma 2.8 implies that 'Y /T'¢, > 1; in
other words, all else being equal, the PCMV strategy should result in a better trade-off between
mean and variance of terminal wealth than the TCMV strategy as measured by the corresponding
price of risk. However, when a model misspecification error occurs, Lemma 3.7 shows that the ratio

Fl(jivﬁtr) /F((:ivﬁtr) is given by
R4 i MAT
(ivortr) _ LA,T ]2 [ef7v —1 (3.25)
Ty LefT -1 M AT '

<1 1

Given fixed values of A;, and T, the first component of (3.25) depends on L while the second component
depends on M. As such, it is possible that a situation might arise where Fl()iv St /Ffiv Str) < 1; in
other words, it is possible that the TCMV strategy might outperform the PCMYV strategy on the basis
of the corresponding true price of risk”. However, this particular scenario is never observed in the

numerical results in Section 4.

3.2.2 A robustness comparison between PCMV and TCMV

We further explore and compare the robustness of PCMV and TCMV with respect to model misspeci-
fication when no investment constraints are applicable. From Lemma 3.6, assuming fixed values of Aj,
and 7', we observe that the expected value error (£(;y—;) — &iv) depends only M (PCMV and TCMV,
continuous rebalancing) or Ma; (PCMV and TCMYV, discrete rebalancing). We have the following
theorem.

Theorem 3.8. (Comparison of expected value error multipliers, no investment constraints) Assume
that no investment constraints are applicable, and that p; > r and o > 0 for j € {iv,tr}. In the case

"Interestingly, a similar observation is made in Cong and Oosterlee (2017), where an entirely different formulation of
the robustness problem is used.
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of continuous rebalancing, we have

‘ or

<[e

, VM >0, (3.26)

(iv—tr) (iv—>tr)

with strict inequality except when M = 1. In the case of discrete rebalancing, for any At > 0 there

exists a unique value Moay > 1+ ﬁt'At such that

o | <le,

VMay € (0, Moad] , At >0, (3.27)

(iv—tr),At (iv—tr),At

VMar > Monat, At > 0, (3.28)

‘@ w—rtr), At‘ > ‘@(iv—nr),At )

with the inequality (3.27) strict except when Ma; = 1 or May = Monat. Furthermore, comparing
continuous and discrete rebalancing, we also have

YM > 0,At > 0, (3.29)

w~> tr

K

c
‘ © (iv—tr),At

with strict inequality except when M = 1.

Proof. The results follow from the error multiplier definitions in Lemma 3.6. Note that the exact value
of Meat in (3.27)-(3.28) can be determined numerically as the root of the mth degree polynomial

Mar — foat (May) = ‘@(w—m At‘ ‘@(Wﬁtr At‘ in the domain Ma; € (1 + m, > O

Theorem 3.8 shows that, when no constraints are applicable, the expected value error multipliers
for PCMYV is expected to be smaller than for TCMV. This is always the case for continuous rebalancing,
but since Mga; > 1 in typical applications (for example, the results of Section 4), this is also expected
to be true for discrete rebalancing as a result of (3.27). Furthermore, (3.29) shows that the magnitude
of e(watr) At iv—tr
continuous rebalancing. However, without any further reference to the particular underlying process
parameters, such a general statement is not possible in the case of the corresponding PCMV error

for discrete rebalancing is always bounded below by the magnitude of @( ) for

multipliers.

Lemma 3.6 also indicates that with fixed investor model and investment parameters (i.e. fixed
values of Aj, and T), the standard deviation error (S;y_) — Siv) depends on (i) both M and L
(PCMV, continuous rebalancing); (ii) only L (TCMYV, continuous rebalancing); (iii) both Ma; and
La: (PCMV, discrete rebalancing); and (iv) only La; (TCMV, discrete rebalancing). As a result, the
following theorem illustrates that comparing the standard deviation error multipliers is not as simple
as comparing expected value error multipliers.

Theorem 3.9. (Comparison of standard deviation error multipliers \I/( no nvest-

w—tr) and \I](watr)
ment constraints) Assume that no investment constraints are applicable, and that p; > r and o; > 0

for j € {iv,tr}. Define My as the following quantity,

C)

1
Mg =1— 1
NG 0og AT

24,,T

(3.30)

For any fized value of M > My, define Ly (M) > 0 as the unique root in (0,00) of the function
L — gy (L; M), where

w(LiM) = 20T (LAT 1) [ (eAT — 1) L>0,M>My.  (3.31)

Then depending on the values of the ratios M and L, we have the following relationship between

16



531

532

533

534

535

536

537

538

539

540

541

542

543

544

545

546

547

548

549

550

551

552

553

554

555

556

557

558

559

560

561

562

563

564

565

566

multipliers WP and ¢

(iv—tr) (iv—tr) :
I(jivﬁtr) > ((:ivﬁtr)’ VM < My and L > 0,
sty < Yl YM>My and 0 <L < Ly (M),
\Ijl()ivﬁtr) = Eiv—>tr)’ VM > Mg and L = Ly (M) )
Uity > Yoty VM > My and L> Ly (M). (3.32)

Proof. 1t is straightforward to show that My € (%, %), since A;yT > 0. Fix M > 0, and consider the
auxiliary function L — fy (L; M) defined by

(eLAivT _ 1)

) _ 20-M)ALT |
fu (Ls M) ¢ (eAnT — 1)

~ L, L>0M>0. (3.33)
Observe that L — fy (L; M) is strictly convex, with limp,jo fo (L; M) = 0. As aresult, L — fy (L; M)
attains a global minimum in [0, 00) at Lj,, where

0 if M < My,

(eAival

Ly = L 1o ) o - it
4.7 08 | T ( ) if M > My.

(3.34)

Comparing fy with the function gy defined in (3.31), we see that gy has a unique root Ly (M) > 0 in
the case where M > My. Furthermore, M € (Mg, 1) implies 0 < Ly (M) < 1, while M > 1 implies
that Ly (M) > 1. The result (3.32) then follows from the properties of the function fy (L; M). O

Note that the results of Theorem 3.9 can be extended to compare the magnitude of the correspond-

Zvﬁtr) and ‘\Il’(:iv Stn) |- In addition, similar results as in Theorem 3.9 can

also be derived for the other standard deviation error multiplier pairs. Unfortunately, the resulting

ing multipliers, namely ‘\Il

set of comparison results relies heavily on particular choices of the underlying investor model and
investment parameters, which makes general statements of comparable simplicity to those of Theorem
3.8 impossible. However, in the numerical results presented in Section 4 below, we see that when a
fairly large set of reasonably calibrated inflation-adjusted model parameters are compared, it is typical
to observe values of M ~ 1 but a much larger range is observed for the values of L.

As aresult, the following theorem presents a comparison of the standard deviation error multipliers
for the important special case where M = 1, since this turns out to be very useful for explaining and
interpreting the numerical results in Section 4.

Theorem 3.10. (Comparison of standard deviation error multipliers when M = 1, no investment
constraints) Assume that no investment constraints are applicable, and that p; > r and o; > 0 for
j € {ivtr}. In the special case where M = May = 1, we have the following relationships between
standard deviation error multipliers:

“I’fmm < “I’I&Htr) ; VL>0, At>0,M=1, (3.35)
‘quivﬁtr),At‘ < ‘wz(7iv*>tr)7At ) VLA > 0,At >0, Ma; =1, (336)

with strict inequality in both cases except when L = 1 or Lay = 1, respectively. Furthermore, comparing
discrete and continuous rebalancing, we also have

w—rtr)

w

< “P’Eimm,m( . VL >0,At>0,M =1. (3.37)

Proof. The proof proceeds along similar lines as the proof of Theorem 3.9, except that the analysis is
limited to the case where M = Ma; = 1. O
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Theorem 3.10 is key to providing an explanation of the numerical results presented in Section 4,
since in this special case, the relative error norm is given by (see (3.3))

Rivor) =\ (BAS) = |Upin|, i M=Ma =1 (3.38)

Therefore, in the special case where M = Ma; = 1 and no investment constraints are applicable,
Theorem 3.10 shows that PCMYV is expected to be less robust than TCMYV to a model misspecification
error, in the sense that the corresponding error norm R,y for PCMV is larger than that of TCMV,
regardless of rebalancing frequency (see (3.35)-(3.36)).

Furthermore, (3.37) indicates that for TCMYV in this special case, discrete rebalancing results
in a larger error compared to the case of continuous rebalancing. However, a general statement of
comparable simplicity to (3.37) is not available in the case of the corresponding PCMV error, since in
the case of PCMYV discrete rebalancing may in fact reduce the error depending on the particular set
of parameters under consideration - see for example the results in Section 4. Therefore, in the case of
PCMV, Lemma 3.6 is used to calculate the error norm (3.3) directly for a chosen set of model and
investment parameters.

3.3 Investment constraints

The analytical results presented up to this point assumed that no investment constraints are appli-
cable. In order to assess the effect of realistic investment constraints on the robustness to model
misspecification errors, we consider both a solvency constraint and a maximum leverage constraint in
the numerical results presented in Section 4. These constraints will only be applied in the context of
discrete rebalancing.

Fix an arbitrary rebalancing time ¢, € 7, and assume that the system is in state © = (s,b) =
(S(t,),B(t,)) € Q°, where Q*° = [0,00) x (—00,00) denotes the spatial domain. We define in-
solvency or bankruptcy as the event that Wjas(s,b) < 0, j € {iv, tr}, and define the associated
bankruptcy region as B = {(s,b) € Q> : Wj a¢(s,b) < 0}. The solvency constraint is defined as the
requirement that if (s,b) € B, the investment in the risky asset has to be liquidated, the total wealth
is to be placed in the risk-free asset, and all subsequent trading activities much cease. The maximum
leverage constraint specifies that after rebalancing at time ¢,, according to (2.6), the leverage ratio
defined as S; (t,) /[Sj (tn) + B (tn)],J € {iv, tr} should not exceed some given maximum leverage
value @mqz typically in the range [1.0,2.0], forn =1,...,m.

Since no analytical solutions are known for cases where these investment constraints are applied
simultaneously, we solve the problems numerically. For details regarding the numerical algorithms for
solving the problems to obtain a target standard deviation S;, and the associated investor efficient
point (2.38), as well as more detail on the application of the solvency and leverage constraints, we
refer the reader to Dang and Forsyth (2014); Van Staden et al. (2018).

To calculate the efficient point error as per Definition 3.2, we first solve the relevant problem
numerically to obtain (Siy, &), and store the associated investor model-implied optimal strategy for
each discrete state value. We then carry out 10 million Monte Carlo simulations of the portfolio value
over [0,7] using true model parameters, starting from an initial wealth wg, while rebalancing the
portfolio at each rebalancing time in accordance with the stored investor model-optimal strategy. For
each simulation, the resulting true terminal wealth value is stored, which allows us to calculate the
corresponding true efficient point, and calculate the relative efficient point error using (3.2).

4 Numerical results

In this section, we numerically investigate the MV efficient point errors using different model and
calibration assumptions. We illustrate the implications of the analytical results presented in Section
3, and make use of the distinction of Definition 2.2 in terms of Category I and Category II error. In
addition, we investigate the impact of the investment constraints discussed in Subsection 3.3 on the
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results.

All numerical results in this section is based on an initial wealth of wy = 100 and maturity 7" = 20
years, and the problems are viewed from the perspective of {5 = t; = 0. In the case of discrete
rebalancing, we assume At = 1 (annual rebalancing), which is not only realistic for a long-term
investor, but also provides a clear contrast with the case of continuous rebalancing. For illustrative
purposes, wherever a target standard deviation of terminal wealth is required, a value of &;, = 400
is assumed, which ensures that a material investment in the risky asset is required® at least at some
point during [0, T7.

4.1 Empirical data and calibration

For concreteness, in the case of the risky asset we consider two jump-diffusion models, namely the
Kou (2002) and the Merton (1976) models, and one pure diffusion model (GBM). In the case of the
Merton model, the pdf p; (§),j € {iv,tr} defined in Section 2 is the lognormal density with parameters

(mj,'yjz), while in the case of the Kou model p; (§) is given by the asymmetric double-exponential
density

p; (€) = v;¢a& 9 M ooy () + (1 — 1) (2692 g 1) (€) v € 0,1] and ¢y > 1,82 >0, (4.1)

where I} 4 denotes the indicator function of the event A.

In order to parameterize the underlying asset dynamics, the same calibration data and techniques
are used as in Dang and Forsyth (2016); Forsyth and Vetzal (2017a). The empirical risky asset data
is based on daily total return data (including dividends and other distributions) for the period 1926-
2014 from the CRSP’s VWD index?, which is a capitalization-weighted index of all domestic stocks
on major US exchanges. The risk-free rate is based on 3-month US T-bill rates'® over the period
1934-2014, and has been augmented with the NBER’s short-term government bond yield data'l for
1926-1933 to incorporate the impact of the 1929 stock market crash. Prior to calculations, all time
series (for both the risky and risk-free asset) were inflation-adjusted using data from the US Bureau
of Labor Statistics'?, resulting in a risk-free rate of r = 0.00623.

The calibration of the jump-diffusion models is based on the thresholding technique of Cont and
Mancini (2011); Cont and Tankov (2004) using the approach of Dang and Forsyth (2016); Forsyth and
Vetzal (2017a) which, in contrast to maximum likelihood estimation of jump model parameters, avoids
problems such as ill-posedness and multiple local maxima. If Ay, denotes the ith inflation-adjusted,
detrended log return in the historical risky asset index time series, a jump is identified in period ¢ if
|AXG| > Toj VAT, where oj is an estimate of the diffusive volatility, A7 is the time period over which
the log return has been calculated, and 7 is a threshold parameter used to identify a jump'3. In the
case of GBM, standard maximum likelihood techniques are used.

The calibrated parameters for the risky asset dynamics are provided in Table 4.1, where we also

introduce the convention of referring to GBM as Gbm0, and the Merton and Kou models respectively
as MerJ and KouJ, where J € {2,3,4} is the chosen value of the threshold parameter.

8In Lemma 3.6, as Siy | 0, the efficient point errors also vanish, since an extremely risk averse investor would simply
avoid investing in the risky asset altogther.

?Calculations were based on data from the Historical Indexes 2015@©), Center for Research in Security Prices (CRSP),
The University of Chicago Booth School of Business. Wharton Research Data Services was used in preparing this article.
This service and the data available thereon constitute valuable intellectual property and trade secrets of WRDS and/or
its third party suppliers.

0Data has been obtained from See http://research.stlouisfed.org/fred2/series/TB3MS.

" Obtained from the National Bureau of Economic Research (NBER) website,
http://www.nber.org/databases/macrohistory/contents/chapter13.html.

2The annual average CPI-U index, which is based on inflation data for urban consumers, were used - see
http://www.bls.gov.cpi .

13This means that a jump is only identified in the historical time series if the absolute value of the inflation-adjusted,
detrended log return in that period exceeds J standard deviations of the “geometric Brownian motion change”.
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Table 4.1: Calibrated risky asset parameters

No jumps Jump models

Parameters Gbm0 Mer2 Mer3 Merd Kou2 Kou3 Kou4
14 0.0816 0.0822 0.0817 0.0820 0.0896 0.0874 0.0866
oj 0.1863 0.0972 0.1453 0.1584 0.0970 0.1452 0.1584
)\j n/a 2.3483 0.3483 0.1461 2.3483 0.3483 0.1461
m; n/a -0.0192 -0.0700 -0.0521 n/a n/a n/a
i n/a 0.1058 0.1924 0.2659 n/a n/a n/a
vj n/a n/a n/a n/a 0.4258 0.2903 0.3846
Gt n/a n/a n/a n/a 11.2321 4.7941 3.7721
G2 n/a n/a n/a n/a 10.1256 5.4349 3.9943

4.2 No investment constraints

As rigorously shown in the analysis in Section 3, when no investment constraints are applicable, the
efficient point errors depend critically on the ratios M, May, L, and La; defined in (3.4). The closer
these ratios to one, the more robust the MV outcomes to model misspecification, i.e. the smaller the
resulting error measures (Definition 3.2). Using the parameters from Table 4.1, these ratios for each
(iv, tr) model combination are displayed in Table 4.2.

Table 4.2: Key ratios M, Ma¢, L and La; as per (3.4) for each combination of (iv, tr) model, At = 1.

True Ratios Investor model
model Gbm0 Mer2 Mer3 Mer4d Kou2 Kou3 Kou4d
M, Ma¢|| 1.00 , 1.00 0.99 , 0.99 1.00, 1.00 | 0.99 , 0.99 0.90,0.90 | 093,093 | 0.94,0.94
GbmO L, La: 1.00 , 1.00 0.97,0.97 | 1.03,1.03 | 0.98,0.98 0.69 , 0.67 | 0.69,0.67 | 0.64,0.63
Mepn | Mo Maef 101,101 1,00, 1.00 | 1.01,1.01 | 1.00,1.00 || 091,091 | 0.94,0.93 | 0.95,0.94
L, La: 1.03 , 1.03 1.00 , 1.00 | 1.05, 1.05 1.00 , 1.00 0.70, 0.69 | 0.71,0.69 | 0.66 , 0.65
Mer M, Ma¢|| 1.00, 1.00 0.99,0.99 | 1.00, 1.00 | 1.00, 1.00 0.91,0.90 | 093,0.93 | 0.94,0.94
ers L, La¢ 0.97, 0.97 0.95, 0.95 1.00 , 1.00 | 0.95, 0.95 0.67,0.65 | 0.67,0.66 | 0.63, 0.61
Merd | Mo Macl| 101,101 | 1.00, 100 | 1.00,1.00 | 100, 1.00 || 0.91,0.91 | 093,093 | 0.94,094
L, La: 1.02 | 1.02 1.00 , 1.00 1.05 , 1.05 1.00 , 1.00 0.70, 0.69 | 0.70, 0.69 | 0.66 , 0.65
Kou2 M, Ma¢|| 1.11, 1.11 1.10 , 1.10 1.10, 1.11 1.10 , 1.10 1.00 , 1.00 1.03 , 1.03 1.04 , 1.04
L,La || 1.46,1.49 || 1.42,1.45 | 1.49,1.53 | 1.43,1.46 || 1.00,1.00 | 1.00, 1.01 | 0.94, 0.94
Kous M, Ma¢|| 1.08 , 1.08 1.07 , 1.07 1.08 , 1.08 1.07 , 1.07 097, 0.97 1.00 , 1.00 1.01 , 1.01
L,La; || 1.45,1.48 || 1.42,1.44 | 149,152 | 1.42,1.45 || 1.00,0.99 | 1.00, 1.00 | 0.94, 0.94
Koud M, Ma¢|| 1.07,1.07 1.06 , 1.06 | 1.06 , 1.07 | 1.06 , 1.06 0.96 , 0.96 | 0.99, 0.99 1.00 , 1.00
L,La: || 1.56,1.59 || 1.52,1.54 | 1.60,1.63 | 1.52,1.55 || 1.07,1.06 | 1.07,1.07 | 1.00, 1.00

We make the following observations regarding this set of calibrated parameters. Firstly, we observe
that [M — 1| >~ 0, which by (3.38) implies that Ry =~ ‘\Il(iv _,tr){, regardless of (iv, tr) model
combination or threshold. As a result, Theorem 3.10 provides the theoretical basis for an explanation
of the errors due to model misspecification in this data set (discussed in detail below). Secondly,
|L — 1| ~ 0 for all (iv, tr) model combinations and/or thresholds, except those based on the Kou model
(KouJ) and any other model of a different fundamental type, namely Gbm0 or MerJ. For example,
(iv, tr) = (Gbm0, Mer4) gives |L — 1| = 1.02—1 = 0.02 ~ 0; however, (iv, tr) = (Mer3, Kou4) results
in|L—1]=]1.6—-1=0.6 > 0; or (iv, tr) = (Gbm0, Koud) gives |L — 1| = 1.56 — 1 = 0.56 > 0. The
same observation holds for Ma; (resp. La¢), since the values of M (resp. L ) and Ma¢ (resp. Lay)
are very similar. These observations, when considered in conjunction with the results of Lemma 3.6,
assist in explaining the Category I and Category II model misspecification errors discussed below.

4.2.1 General MV robustness
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For this set of calibrated parameters, we now calculate the different measures of the efficient point
error (Definition 3.2), and consider the results in conjunction with the analytical results of Lemma
3.6 and Theorem 3.10. First, consider the definition of the relative efficient point error (NAS, %AE)
defined in (3.2). As shown in Lemma 3.6, given fixed investor model and investment parameters, %AE
depends on M or Ma;. Since |[M — 1| ~ 0 and |Ma; — 1| >~ 0, %AE is fairly negligible for all (iv, tr)
model combinations. On the other hand, %AS depends on both (M, L) or both (Ma¢, La¢). Table
4.2 shows that for (iv, tr) model combinations based on either Gbm0 or MerJ and KouJ, we have
|L —1| > 0 and |Las — 1] > 0. It is therefore expected that for these (iv, tr) model combinations,
%AS will be large (MV results less robust to model misspecification), while it is negligible for the
rest of the (iv, tr) model combinations (more robust MV results). That is, %AS, not %AE, is the
key factor in determining the robustness of the MV optimization results for this data set as measured
by (NAS, %AE). Second, considering the error norm (3.3), these observations imply that we would

indeed expect R(jy_r) = |/ (BAS)? = |\Il(iv Htr)‘ for this data set, which highlights the relevance of
Theorem 3.10 in explaining the results.

To further illustrate this point, Table 4.3 shows (%AS, NAE) for the (iv, tr) model combinations
when the true (tr) model is Mer3 and Kou3, for both discrete and continuous rebalancing. Table 4.4
shows the corresponding results for R j,_,) for the same data set.

Based on the preceding analysis, in particular Tables 4.2, 4.3 and 4.4, we reach the following
conclusions on the robustness of MV results for this data set.

e MYV optimization is generally very robust to Category II errors, since, when (iv, tr) models are
within the same fundamental type, both (M, L) or (Ma¢, Lat) are very close to one, resulting
in very small efficient point errors regardless of chosen error measure.

e MV optimization can be surprisingly robust to Category I errors, in that the resulting efficient
point errors (largely driven by %AS in this case) can be very small even if models are not
within the same fundamental type. However, the extent to which the error remains small when
switching fundamental model types depends on certain particular aspects of the models involved,
such as the tails of the jump distribution.

Specifically, a (iv, tr) model combination of a pure-diffusion and a jump-diffusion model, such
as (Gbm0, MerJ) or (MerJ, Gbm0), J = {2,3,4}, might not have a large impact on the
MYV outcomes, in spite of the fatter tails of the return distribution arising in the case of a
jump-diffusion model. However, a (iv, tr) model combination that involves KouJ and a model
of different type, namely Gbm0 or MerJ, results in significantly larger efficient point errors
(since |L —1] > 0 or |La; — 1] > 0), regardless of error measure. The explanation of this
phenomenon is closely tied to the differences between the Merton and the Kou jump models for
modelling the tails of the jump distribution, and the resulting impact on the factor 0'J2' +rj2. To
explain this observation, we discuss the role played by the thresholding calibration methodology
in influencing the Category II error.

Assume that the chosen investor model type matches the true model fundamental type but with
potentially different sets of parameters, for example (iv, tr) = (Mer3, Mer2), or (iv, tr) =
(Mer3, Mer4). The results of Table 4.2 show that the thresholding calibration methodology
outlined in Subsection 4.1 is expected to give very robust MV results regardless of the jump
threshold J. Specifically, using the analytical results derived in Section 3, the impact of the
jump threshold J on the key ratios (3.4) is relatively straightforward. In particular, since only
the combination of parameters 0]2-+)\j/€j72 play a role in the ratio L, increasing the jump threshold
J increases the diffusive volatility o; (more asset price moves are due to the diffusion component)
and also increases the variance of the jump distribution and therefore &; 2 (the jumps that occur
are larger, regardless of direction), but at the same time fewer jumps occur implying a smaller
value of \; occur.

This robustness of MV results to the choice of jump threshold is encouraging since the threshold
can also have somewhat counterintuitive consequences. For example, Tables 4.3 and 4.4 show
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that if the true model is Mer2, then an investor model of Mer3 would result in M and L
values indicative of larger (though still comparatively immaterial) efficient point errors than if
the investor model Mer4 was chosen, which is due precisely to the above-mentioned interplay
between o, A; and k; in the thresholding calibration methodology.

Table 4.3: (NAS, %NAE), defined in (3.2). T =20, At =1, Sy = 400, wy = 100.

True Objec- Investor model

model tive Gbm0 Mer2 Mer3 Mer4d Kou2 Kou3 Kou4d
PCMV | (-5%,0%) | (-6% , 0%) (0% , 0%) (-6% , 0%) | (-22%,-2%) | (-26%,-1%) | (-32%,-1%)

Mer3 TCMV | (-1%,0%) | (-3%,-1%) | (0% , 0%) (2% , 0%) | (-18%,-8%) | (-18%,-6%) | (-21%,-5%)
PCMVay (-4% , 0%) | (-5% , 0%) (0% , 0%) (-5% , 0%) | (-21%,-3%) | (-25%,-2%) | (-30%,-2%)
TCMVad (-1% ,0%) | (-3% ,-1%) | (0% , 0%) (2%, 0%) | (-19%,-8%) | (-19%,-6%) | (-22%,-5%)
PCMV | (66% ,1%) | (60% ,1%) | (80% , 1%) | (60% , 1%) | (7% , 0%) (0% , 0%) | (-10%, 0%)

Kous TCMV | 21% , %) | (19% , 6%) | (22% , 7™%) | (19% , 6%) | (0% , -2%) (0% , 0%) (-3% , 1%)
PCMVad (55% ,1%) | (50% , 1%) | (65% , 1%) | (50% ,1%) | (5% ,-1%) | (0% ,0%) | (-9% , 0%)
TCMVad (22% ,7%) | (20% , 6%) | (23% ,7%) | (20% , 6%) | (0% ,-2%) | (0% ,0%) | (-3% ,1%)

Table 4.4: R(iv—)tr)v defined in (33) T = 20, At = 1, Siv = 400, wo = 100.

True Objec- Investor model

model tive Gbm0 Mer2 Mer3 Mer4d Kou2 Kou3 Kou4d
PCMV 5% 6% 0% 6% 22% 26% 32%

Mers | TCMV 1% 3% 0% 2% 20% 19% 21%
PCMVay 4% 5% 0% 5% 21% 25% 30%
TCMVay 1% 3% 0% 2% 21% 20% 22%
PCMV 66% 60% 80% 60% 7% 0% 10%

Kou3 TCMV 22% 20% 23% 20% 2% 0% 3%
PCMVad 55% 50% 65% 50% 5% 0% 9%
TCMVay 23% 21% 24% 21% 2% 0% 3%

4.2.2 PCMYV and TCMV

Comparing the efficient point errors in this data set for PCMV and TCMV when no investment
constraints are applicable, the analytical results in Section 3 can be used in conjunction with Tables
4.2, 4.3 and 4.4 to reach the following conclusions.

e PCMYV is less robust to model misspecification than TCMV, regardless of rebalancing frequency
or underlying models. This is clear from the results for R, ;) reported in Table 4.4, and is
indeed expected based on the result of Theorem 3.10, since in this data set we observe |M — 1| ~ 0
and |Ma; — 1| ~ 0 (see Table 4.2).

e The differences between PCMV and TCMYV efficient point errors increases further when the
(iv,tr) models are of different fundamental types, especially when one model is based on the Kou
jump-diffusion model formulation. In this particular case, the observation that |L — 1| > 0 or
|La: — 1] > 0, together with the results of Lemma 3.6 and Theorem 3.10 show that these results
are expected for this data set.

e Considering the impact of rebalancing frequency on the efficient point error, we observe that
for TCMV, discrete rebalancing increases the value of Rjy_t;) compared to the corresponding
values for continuous rebalancing, which is to be expected given the results of Theorem 3.10 (see
(3.37)). However, the overall impact of rebalancing frequency on the error norm in the case of
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734 TCMV is actually fairly negligible. In contrast, for PCMV, discrete rebalancing decreases the

735 value of Rjy_.¢;) compared to the corresponding values for continuous rebalancing.

736 As noted in the discussion following Theorem 3.10, a simple result comparable to (3.37) cannot be
737 given in the case of PCMV, so for analytical purposes these results can be explained rigorously by
738 Lemma 3.6 for this particular set of investment and model parameters. However, a more intuitive
739 explanation as to why the PCMV and TCMYV efficient point errors react so differently to changes
740 in rebalancing frequency is particularly useful when no analytical solutions are available, such
741 as in the case of the results in Subsection 4.3 below.

742 From the results of Cong and Oosterlee (2016); Van Staden et al. (2018), it is known that the
743 PCMYV strategy requires a significantly larger investment in the risky asset in the early years
744 of the investment time horizon than the TCMV strategy. Furthermore, discrete rebalancing
745 reduces this large early investment in the risky asset significantly in the case of PCMV, but has
746 a much smaller impact in the case of TCMV. The relatively larger standard deviation efficient
747 point errors for PCMV in Tables 4.3 and 4.4 can therefore be explained intuitively by noting
748 that the PCMV-optimal strategy places a much heavier reliance on the risky asset during the
749 critical early years of the investment. Therefore, the model misspecification scenario is expected
750 to have a comparatively larger impact on PCMV terminal wealth standard deviation outcomes,
751 which is magnified further if the portfolio is rebalanced continuously.

2 4.3 Impact of investment constraints

753 Tables 4.5 and 4.6 provide (%AS, %NAE) and R iy, Tespectively, when investment constraints as
754 outlined in Subsection 3.3 are applied to the results of Tables 4.3 and 4.4. Specifically, in the event of
755 insolvency we require the liquidation of the investment in the risky asset, and allow for a maximum
756 leverage ratio of ¢me. = 1.5. In this case, we conclude the following.

757 e Tables 4.5 and 4.6 show that the PCMV and TCMYV results are very robust (i.e. relatively small

758 values of (NAS, %AE) and R(jy—)) to both Category I and Category IT model misspecification
750 errors if investment constraints are applied. Even though for example a Gbm0 investor model
760 and a KouJ,J € {2,3,4} true model represents significantly different perspectives on the
761 underlying asset dynamics, values of for example %AS ~ 20% and %NAE ~ 5% accumulated
762 over an investment period of 20 years is robust indeed.

763 e Considering the results in Table 4.6, we observe that in those cases where the largest errors as
764 measured by R (i) occur, PCMV is associated with smaller errors than TCMV. This stands
765 in contrast to the case where no constraints were applied (see Table 4.4 above). Furthermore,
766 we observe that the TCMV errors are typically somewhat smaller in the case with investment
767 constraints (Table 4.6) than in the case where no constraints are applied (Table 4.4). However,
768 this error reduction effect following the application of investment constraints is significantly more
760 pronounced in the case of PCMV. This phenomenon is discussed in more detail below.

Table 4.5: (%AS,%AE), defined in (3.2). T = 20, At = 1, S, = 400, wy = 100, ¢naz = 1.5,
liquidation in the event of bankruptcy.

True Objec- Investor model

model tive Gbm0 Mer2 Mer3 Merd Kou?2 Kou3 Kou4

Mers PCMVAd (1% ,0%) | (-1%,0%) | (0% ,0%) | (-1%,0%) | (-12%,-2%) | (-12%,-2%) | (-14%,-3%)
TCMVad (0% ,0%) | (2% ,0%) | (0% ,0%) | (2% ,0%) | (-20%,-7%) | (-18%,-5%) | (-19%,-4%)

Kou3 PCMVa{ (14% , 2%) | (13% , 2%) | (13% ,2%) | (13% ,2%) | (1% , 0%) (0% , 0%) (0% , 0%)
TCMVad (20% , 6%) | (18% ,5%) | (21% ,6%) | (19% , 6%) | (-3% ,-2%) | (0% , 0%) (0% , 1%)
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Table 4.6: R (iy_r), defined in (3.3). T'= 20, At = 1, Siy = 400, wo = 100, ¢maz = 1.5, liquidation in
the event of bankruptcy.

True Objec- Investor model

model tive Gbm0 Mer2 Mer3 Mer4d Kou2 Kou3 Koud

Mer3 PCMVay 1% 1% 0% 1% 12% 12% 14%
TCMVay 0% 2% 0% 2% 21% 18% 19%

Kou3 PC MV 15% 13% 14% 13% 1% 0% 0%
TCMVay 21% 19% 22% 20% 3% 0% 1%

The results of Van Staden et al. (2018) can again be used to provide an intuitive explanation of the
relative robustness results for PCMV and TCMYV in Tables 4.5 and 4.6.

Specifically, when investment constraints are applied, the smaller errors as measured by R jy_r) in
the case of PCMV appears to be largely a consequence of the leverage constraint having a much more
significant impact on the PCMYV results compared to the TCMYV results (see Van Staden et al. (2018)
for a discussion). Compared to the case of no investment constraints, the maximum leverage ratio
leads to a substantial reduction of the amount invested in the risky asset in the case of PCMV during
the early years of the investment time horizon. TCMYV is of course also impacted by the leverage
constraint, but to a significantly smaller degree, with the solvency condition serving as the primary
driver of the lower investment in the risky asset in the early years of the investment horizon when
constraints are applied. As a result, the error in the TCMV due to model misspecification is not
affected to the same extent as the corresponding error for PCMV when investment constraints are
applied.

Figure 4.1 shows the difference in optimal controls for the Mer3 and Kou3 investor models obtained
numerically as described in Subsection 3.3. Figure 4.1(a) shows that as wealth increases, the difference
in PCMV optimal controls initially increases but then decreases again, behavior which is closely related
to the role of the implied terminal wealth target on the PCMV-optimal strategy (see Dang and Forsyth
(2016); Vigna (2014) for a discussion). In contrast, this is not the case with TCMV (Figure 4.1(b)),
which shows similar behaviour to PCMV in later years as expected', while in earlier years we see
an increase in the difference in optimal controls as the wealth level increases, but with no associated
decrease to the same extent as observed in the case of PCMYV. This can be explained by noting that
the TCMV investor acts consistently with MV preferences throughout the investment time horizon,
with no implicit terminal wealth target being present.

Figure 4.1 therefore assists in providing a numerical explanation of the results of Table 4.5. In
particular, in the case of PCMV, the implied target-seeking behavior of the PCMV-optimal strategy
implies a reduction in risky asset exposure if prior returns were relatively good, regardless of underlying
model, which helps to drive the improved robustness results (smaller errors as measured by Riv Htr))
in the case of PCMYV relative to TCMV seen in Table 4.6.

5 Conclusions

In this paper, we investigate the robustness of MV optimization to model misspecification errors.
Under certain assumptions, we derived analytical solutions to quantify the error in MV outcomes when
the investment strategy, optimal according to some chosen investor model, is implemented in a market
driven by a possibly different true model. The analytical solutions show that the error in MV outcomes
is driven by certain combinations of model parameters, so that individual process parameters only play
a secondary role, implying that fundamentally different perspectives on the underlying dynamics might
still result in very similar MV results for terminal wealth. In the absence of investment constraints,

1n the extreme case of single-period problems, there is no difference between PCMV and TCMV optimization.
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Figure 4.1: Difference in numerically-calculated optimal controls for the Mer3 and Kou3 mod-
els, expressed as the difference in the MV-optimal fractions of wealth invested in the risky asset

[“?\Zer&m/WM@r&At (t)] — [U%OU&At/WKou&At (t)}, for ¢ € {p,c} and t € [0,T]. S;, = 400, discrete
rebalancing (At = 1), ¢maz = 1.5, liquidation in the event of bankruptcy.

numerical tests show that PCMV results in larger MV errors than TCMV, and continuous rebalancing
is associated with larger errors than discrete rebalancing. The analytical results presented show that
under certain conditions, this is to be expected. However, in the more realistic scenario of discrete
rebalancing together with the simultaneous application of multiple investment constraints, PCMV can
be more robust to model misspecification errors than TCMV.

We leave the extension of our results to the recently proposed dynamically optimal MV approach
of Pedersen and Peskir (2017), as well as the impact of model misspecification on other percentiles of
the terminal wealth distribution, for our future work.

Appendix A: Additional numerical results

Bootstrap resampling test - historical bond and stock returns

To obtain the analytical and numerical results presented in this paper, we have assumed that the
underlying asset dynamics can be described in terms of some known diffusion or jump-diffusion models
(Assumption 2.3). In addition, we have explicitly not considered stochastic interest rates or stochastic
volatility due to the reasons outlined in Section 2. However, as discussed in Forsyth and Vetzal
(2017a), for purposes of risk management and validation it is useful to perform historical backtesting
of the results using for example a moving block bootstrap resampling method'®, which we perform
using the same historical data used for calibration purposes in Subsection 4.1.

Specifically, we assess the MV of true terminal wealth using 5 million resampled historical risky
and risk-free asset return paths, rebalancing the portfolio at each rebalancing time according to the
stored MV-optimal investment strategies as per the appropriate investment objective and investor
model. The resampled paths are constructed by dividing the horizon T into k blocks of size b years
(ie. T = l~d~)), where block sizes of b = 5 years and b = 10 years are considered'S. Each individual
resampled path is constructed by selecting k blocks at random (with replacement) from the historical
data, with each block starting at a random quarter and with blocks being wrapped around to avoid end
effects in the data, with selected blocks being concatenated to produce the path. In Table A.1, we use

5For more information on bootstrapped resampling tests in financial settings, see, for example, Annaert et al. (2009);
Bertrand and Prigent (2011); Cogneau and Zakalmouline (2013); Sanfilippo (2003)

16Blocks of historical data of sufficiently large size is required to capture the serial dependence possibly present in the
data (see Cogneau and Zakalmouline (2013)), but block sizes that are too large result in unreliable variance estimates.
We therefore follow Forsyth and Vetzal (2017a) in considering multiple block sizes.
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the resampled historical paths as the “true” model to report the relative efficient point error exactly
as before. We observe that (i) the relative efficient point error is of similar order of magnitude using
resampled historical data as in the case of using a model (Table 4.5), and (ii) the qualitative conclusions
regarding the relative robustness of PCMYV vs. TCMV optimization for the models considered in Table
4.5 appear to hold.

More generally, the results of Table A.1 validate our overall conclusions regarding the robustness of
MYV optimization to model misspecification errors, as well as Assumption 2.2 regarding interest rates.
We leave a detailed discussion of the different performance of PCMV and TCMV-optimal controls in
the case of resampled historical data for our future work.

Table A.1: (NAS, %AE) calculated using numerical results based on resampled historical data. T' =
20, At =1, Sy = 400, wg = 100, Gmaee = 1.5, liquidation in the event of bankruptcy.

Block Objec- Investor model

size tive Gbm0 Mer2 Mer3 Mer4d Kou?2 Kou3 Kou4d

5 years PCMVad (6% , 1%) (5% , 1%) (5% , 1%) 5% ,1%) | -7% ,-1%) | (-7% ,-1%) | (-7% , 0%)
TCMVad (2% ,0%) | (-4% ,-1%) | (2%, 0%) | (-3% ,-1%) | (-11%,-1%) | (-10%,-1%) | (-10%,-1%)

10 PCMVad (7% , 3%) (5% , 3%) (6% , 3%) (5% , 2%) 7% ,1%) | 7% ,1%) | (-7% , -1%)

years TCMVad (-8% ,0%) | (-10%,-1%) | (-9% , 0%) | (-10%,-1%) | (-14%, 0%) | (-13%,-1%) | (-12%, 0%)

Other attributes of the terminal wealth distribution

The preceding results only focused on the mean and variance of terminal wealth. However, depending
on the application, the investor may also be concerned with other aspects of the terminal wealth
distribution, especially given the possibility of jumps in the risky asset process. For example, in
pension fund applications (see, for example, Forsyth and Vetzal (2017a)) the probability that the
terminal wealth Wi, A¢ (T) falls below some minimum level (for illustrative purposes assumed here to
be wpe™”) may be of interest. Other risk metrics such as the Value-at-Risk (VaR) or Conditional Value-
at-Risk (CVaR) might also be considered important - see Rockafellar and Uryasev (2002). Table A.2
uses the Monte Carlo simulations described above to estimate the probability P [Wtr’ At (T) < wOeTT],
as well as the 95%-VaR and 95%-CVaR!".

In this case, concluding that MV optimization is robust to model misspecification errors depends
not only on some (percentile-based) definition of robustness, but also on the associated implications
of estimating some critical value incorrectly. As a result, we leave the broader implications of model
misspecification for the terminal wealth distribution for our future work.

Table A.2: Three quantities associated with the simulated true terminal wealth Wi, a¢ (T') distribution,
discrete rebalancing: P [Wiy a¢ (T) < woe'™ | (“Probability”), 95%-VaR and 95%-CVaR. T = 20, At =
1, Sy = 400, wy = 100, gmaee = 1.5, liquidation in the event of bankruptcy.

(a) PCMV (b) TCMV
True model | Quantity Investor model True model | Quantity Investor model
Mer3 Kou3 Mer3 Kou3
Probability 12.9% 12.6% Probability 11.0% 10.5%
Mer3 95% -VaR 52.4 49.0 Mer3 95%-VaR 63.4 64.8
95%-CVaR 30.3 25.0 95%-CVaR 38.3 36.5
Probability 17.1% 16.8% Probability 14.1% 13.5%
Kou3 95%-VaR 24.5 16.3 Kou3 95%-VaR 40.4 36.2
95%-CVaR 5.0 6.2 95%-CVaR 18.1 16.6

The a-VaR (resp. a-CVaR) is the VaR (resp. CVaR) corresponding to a confidence level . In our application,
this means that 5% of the simulated values of Wiy at (T') are equal to or below the reported 95%-VaR value, while the
reported 95%-CVaR value is the mean of the simulated values of Wi, a¢ (T') equal to or less than the 95%-VaR - see
Miller and Yang (2017); Rockafellar and Uryasev (2002) for a discussion.
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